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Abstract

We construct in a novel way the modified vector field used in backward er-
ror analysis of discretizations of ODEs. In addition to giving improvements of
known results, the new result includes a small, analytic time-dependent pertur-
bation so that the the flow of the modified vector field exactly reproduces the
numerical approximations produced by one-step methods. This simplifies anal-
ysis of resonance effects prevalent in conservative discretizations, and also paves
the way to easy proofs of stability results such as the KAM theorem, which
previously was proved by ad-hoc methods for numerical methods.

1 Introduction

We consider so-called one-step methods applied with constant step size h > 0! , to a
real analytic vector field F(y) : M C R? =» TM ~ R? i.e. approximations ¥}, r to
the flow map(exact solution) ¢p g : M +— M. The methods are assumed consistent
Upp — ¢pr = O("), r > 2, and that they respect M, ¥ p : M — M. The
numerical trajectory is then a sequence of vectors z, € M given by iterating the
numerical method

Tn+1 :lIJh,F(:L'n)J n:(]:]-a"'a Zo :x(O)

We will make the assumption that the method ¥, p(z) is analytic in z and h, and
study the question of existence of a modified vector field such that its flow exactly
interpolates the numerical trajectory.

Modified equations have since their inception [21] been applied in the analysis of
discretizations of differential equations. In particular for discretization of ODEs one
has through rigorous analysis of modified equations explained global effects such as
energy-preservation of symplectic schemes, error growth, and parasitic effects of dis-
cretizations such as separatrix splitting and resonances|7, 16, 22] and many others.
While mainly a technique for analyzing dynamics, it has also been used to improve
considerably the efficiency of certain algorithms[8, 1]. Due to divergences occurring
in the traditional constructions, the theory has up till now been of an asymptotic
character, and the standard result can roughly be formulated as follows [2, 6, 16]
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1Runge-Kutta methods, splitting methods naturally belong to this class. Multi-step methods
might be considered in this class by enlarging the phase-space, although in this case further compli-
cations occur.[7]



Theorem 1. Let F' be an analytic vector field in some open domain D C C* around
the trajectory with corresponding bound ||F||p. Let 1 = U r(x0) = xo + hF(20) +
O(h?) be an approzimation produced by a one-step method. Then there exists a au-
tonomous modified vector field ', bounded on the smaller domain D' C D so that

lz1 = ¢y, 2 (20) |l = O(hexp(—ho/h|F|p))

for a sufficiently small step size h. Here hg is a positive constant depending on the
distance between D and D' and the method.

By iterating this bound one finds that the flow ¢, n i Stays exponentially close to
Zpt1 = Up r(z,) up to some finite time(which might be rather short for systems
with exponentially diverging trajectories). In some applications such as molecular
dynamics these can be too short to be of much use. Also when establishing proper
stability via. e.g. KAM theory[6](i.e. for systems with only linearly diverging tra-
jectories) the approach of going via a modified equation will considerably weaken the
estimates.

In this report we show that by allowing time-dependent modified vector fields we
avoid asymptotics, and still the traditional estimates for backward error analysis
hold. Essentially we show that the numerical approximation can be viewed as the
exact solution of a system of the form

y' = F(y) + Ri(y) + Ra(y,t) € TM.

In our analysis we put particular emphasis on the regularity in ¢ of Ry as this turns
out to be closely related to the estimate in Theorem 1. We have tried to keep the
analysis focused on the problem of constructing this type of modified vector fields
without letting particular structure of the methods enter.

1.1 Outline of the paper

In Section 2 we construct a smooth time-dependent modified vector field that ex-
actly interpolates the numerical trajectory. We show that it is possible to make
this Gevrey-smooth and h-periodic in time which can be viewed as a rough modified
vector field. In Section 3 we take this modified vector field as a starting point, and
construct a time-dependent coordinate transformation, so that in the new coordinates
the time-dependent modified vector field is analytic in time. In the last section some
applications of the result are presented. For readability technical proofs are collected
in the appendix.

2 Smooth non-autonomous modified vector fields

Let g C M be an arbitrary point in phase space, and consider the set of curves, C,
parameterized as z1(7) € M, 7 € [0, h] smoothly connecting z¢ with 21 = ¥p, p(2).
We note that differentiating an element of C by 7 we get a tangent vector. We start
our discussion by simply letting z1(7) = ¥, p(z¢) € C. Differentiating z1(7) with
respect to 7 we find that the curve satisfies the differential equation

d d _1

70 = g Vrrozo= (r,p)r 0o ¥ p(21)
F(.’E1)+R(.'L'1,T) = F(.’L‘l,T)ETM, .731(0):.’170

(2.1)



by assuming invertibility and consistency of the method. The vector field R =
77 1E,.(z1) + O(r") is a non-autonomous perturbation with 77 E, the local trun-
cation error of the scheme.? A recursive scheme for expressing R for B-series methods
can be found in [3] where the emphasis was on symplectic methods. We note that for
all one-step methods the functional inverse \IJ;’IF is well defined for sufficiently small
step. Invertibility is a natural assumption since flow maps are invertible and and a
numerical method that is not invertible can therefore not be represented as a flow
map.
Since the point zy € M was arbitrary the same construction holds for all steps
n = 0,1,... with the modification that we periodically extend F to the whole real
line 7 € R.

d . =, - -
—i%=F(&,71), %(0)=1xz9, Z(n-h)=x,.

dr
In order to remove the discontinuity at 7 = n - h a non-linear scaling of “time” 7 =
x(t/h) is introduced, where x is smooth 1-periodic function such that

x(0) = 0 x(1)=1,
x®0,1) = 0, k=1,2,..

Then it is not difficult to see that we can repeat the above argument with the time-
scaled curve Cy, given by ¥, (¢/),r and obtain a modified equation similar to (2.1)
which is smooth in ¢. Unfortunately the time-scaling introduces a time-dependency
in the “unperturbed part”. To avoid this we instead introduce parametrization

Q7 = dt—nx(t/h),F © Chx(t/n),F €C

which is equivalent to the numerical method when iterated with time step ¢ = h.
The modified vector field now becomes

(iq)t) o} <I>t_1

yr = Fy=F+R,,
Rx = X'(t/h)(Se—nx(t/n),F)«R(y, hx(t/h))
(2.2) = X'(t/h) | (t = hx(t/h)) x(t/h)* Rjx

where R is defined as in (2.1), .G = d¢ - G o ¢~ '. The coefficients R consists of
higher derivatives of ' and their products. By periodically extending R, for all ¢t we
have the desired modified vector field. By construction it follows that R, = O(h"1),
r being the order of the method. See [5] for a similar, but less geometrical idea.

#(t) = ¢, 7, (20)

ZTo /:/‘//‘::

z1 = Uy, p(20)

Figure 1: The smooth interpolating trajectory.

2We make the assumption that R has a convergent Taylor expansion around 7 = 0



Note 1. (Structural properties of the vector fields) Due to algebraic constraints etc.
the manifold M need not be ]Rd, but rather be defined as the level-sets or intersections
of a set of functions on M. Several numerical methods have been constructed pre-
serving such constraints, we assume that F € TM for such methods. Phases-spaces
may well be endowed with more structure that that of just M. E.g. if M is even
dimensional we may define a symplectic two-form on T* M-the cotangent space, and
using this two form define a Hamiltonian vector field in TM. Or if T* M is endowed
with a volume form, we may define divergence free vector fields in T M. Both these
two cases represent vector fields that form Lie-sub algebras, and correspondingly their
flows form Lie sub-groups. There are numerical methods that preserve these differen-
tial forms(such as operator splitting or some Runge-Kutta methods for Hamiltonian
vector fields)[7, 11], and hence produce elements in the Lie-groups. Since time-scalings
respect group operations, . r will be in the subgroup of diffeomorphisms generated
by the one-parameter elements ¢ and ¥. The implication of this is that the tangent-
vector field will reside in the corresponding infinite dimensional Lie algebra of smooth
vector fields[16]. In particular in the Hamiltonian case the modified vector field Fx
is also Hamiltonian. A third, important type, of structure on M are time-reversing
symmetries. A wvector field F' on M is said to have a time-reversing symmetry if
there exists a mapping I so that I, F(y) = —F(y). It is known that e.g. symmetric
Runge-Kutta methods preserve linear time-reversing symmetries. In order for our
time-dependent modified vector field to retain such symmetries one can replace ®; by

Q1. F = Pij2nhjax(t/n) © Chx(t/h) © Pr/2—h/2x(t/h)>

with a similar expression for R, for which I,R,(y,t) = —Ry(y, —t).

2.1 Gevrey regularity

The exponentially small estimates associated with modified vector fields is closely
related to the smoothness of F. To make F' as smooth as possible in ¢ we now make
a choice of x € C*°(R). We say a function x is Gevrey-y[9] provided

(2.3) IX* oo < MFET*

holds for some constants M,c > 0. We denote the set of functions h—periodic and
Gevrey-yin t by I'p, . Gevrey-y = 1 functions are the analytic functions. We achieve
high smoothness by choosing

(2.4) Xn(t) = L 1tavnh (%) ,

n =1,3,5,..., with the properties that it is periodic, x,(0) = 0, x,(1) =1, X%k)(l, 0) =
0, £ > 0. It turns out that the first derivative of x needed in Rx grows as O(n) so
that there is a limit to how smooth we can make the time-dependency without making
|| Ry too large.

Proposition 1. x,(t/h) € Ty 1—141/5-

It is well known that Gevrey functions form an algebra, stable under differentiation
and composition. Applying the same proof technique as in the proof of Proposition
1 one can show that indeed the coefficients x'(t/h)(t — hx(t/h))? (hx(t/h))* of the
Taylor expansion of R, (2.2) are also Gevrey-v, thus R, is in the same class as x;.



Corollary 1. Let ¥, r be a one-step method. Then there ezists a vector field ﬁ’(y, t) =
F(y) + R(y,t; h) in Ty 4>1, so that the solution of

' = F(z,t), 2(0)=x
exactly interpolates the numerical trajectory, x(n - h) = x,,.

Lemma 1. The Fourier coefficients of R(t) € 'y, are bounded as

|R*| < Meexp (—1\7/ 27(—“6') :
e ch

where M, c are the constants appearing in (2.3).

The following result then follows immediately by splitting out the constant term R;
of R in Corollary 1.

Corollary 2. Let ¥, i be some one-step method. Then there exists a non-autonomous
vector field F' in I'y, y>1,

(2.5) F(y,t) = F(y) + Rx(y,t) = F(y) + Ri(y) + Ra(y,t)

whose flow exactly interpolates the numerical trajectory. Furthermore the Fourier
coefficients of the non-autonomous perturbation behaves for small h as

~ -1 7 4 27I'|k|
IIR’SII—(?((l—v) exp (—g\/ = ))

since X' = O(n) = O(1/(1 —~)).

Note 2. For the important class of close to integrable Hamiltonian vector fields F
discretized by symplectic numerical methods, the above result can be used together with
smooth versions of the KAM[14] and Nekhoroshev theory[17] to prove results regarding
preservation of invariants and through that linear bounds on the error growth by the
same argument as in [12].

Numerical experiments show that the bound in Corollary 2 is too pessimistic[2, 13],
and the main result of this article is the following

Theorem 2. Let ¥y, ¢ be a one-step method, and assume that F(y) and R, (y,t) as
given by (2.5) are analytic for y € D C C%, D containing the trajectory x(t). Then
there exists an analytic coordinate transformation 2y : M — N and a modified vector
field F = F(y)+R(y,t) € TN, analytic in D' C D, h-periodic and analytic in t, whose
flow exactly interpolates the numerical trajectory after transforming the trajectory by
Et. Le.

Eiod o E7 (wo) = o = Uy p(®o), fort=n-h.
The domain of convergence of F for the time-variable is {t € C : |3(t)| < &6/pe},
where p, 6 and £ > 0 are given in the following section.

Thus by allowing a coordinate transformation we have shown that the numerical
trajectory can be represented as the flow of a time-dependent vector field, h—periodic
and analytic in ¢.
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Figure 2: The interpolating flow in transformed coordinates.

3 A transform scheme for non-autonomous systems

We want to find a coordinate transform Z; : M 3 z = y € N so that in the new
coordinates (2.5) is h—periodic and analytic in ¢, and we will do this by an iterative
scheme. We start by making the assumption that Z; s is the solution of the differential
equation
(3'1) %y = W(y,t,s), y(ta § = 0) = IL'(t),

where the vector field W is to be chosen, and thus the coordinate transformation
Ets = ¢3 w- The variable s € R is a transform parameter. The transformed variable
y(t,8) = E¢,s(z(t)) then satisfies a differential equation

(3.2) =F(y,t,s) € TN, y(t=0,s)€ N given,

y'
where F = (2;),F. Differentiating (3.1) and (3.2) with respect to ¢ and s respectively
leads to

0 0 — —d
6tW+dW y = &F—I—dyF%y
(3
0 — 0 — —
&F(thas) = 6t (y7t S) [F7 W](y7tas)7 F(yatas = 0) = F(y) +R(y7t)7
(3.3)

where the Lie-Jacobi bracket [F, W](y, t,s) = d,W (y,t, s)F(y,t,s)—dyF(y,t,s)W (y,t,s).
3 Introducing Fourier series for F' and W;

Fly,t,s) =Y F*(y,s)exp ( W;“) . W(y,t,s) =Y Why,s)exp (%;th) )
kel kel

gives from (3.3) the system of equations

0 —k 2mk ‘
(3.4) 5 F = + Y [F, W9, Vkel.
pt+q=k

Since analyticity in time of F is equivalent to the Fourier coefficients satisfying a
bound [F"| < M exp(—3|k|) we choose W* = isign(k)F"* and have the PDEs

0wk 2nlk|
(3.5) %F = A il iy Z isign(q)[F*,F"], VkeZ,

p+q=k

3dy F denotes the Jacobian of the vector field F with respect to y.
4sign(k) is the sign function, sign(0) = 0.



with initial conditions

F(y,s = 0) = F¥(y) = { F(y}%;f(go(y) Z ; 8

The motivation behind the ch01ce of W can be seen if we neglect the non-linearity

n (3.5), then the solutions F clearly represent an analytic function. The equation
(3 5) evolves with s a non-analytic initial value F' into an analytic one F, and the
larger s is, the larger radius of convergence in t € R F(y,t, s) has.

To take account of the non-linearity for rigorous estimates we let

(3.6) F* = exp ( 27T|hk|8) G*

and inserting into (3.5) we arrive at the following system of equations

%GO = —ZzZ[Gl ~exp(—4nls/h)
(3.7) d%Gik = iz'[GO,Gik]i2iZ[G¢l,Gikil]exp(—47rls/h).

=1

An iterative scheme is then found by applying Picard iterations to (3.7), giving for
G* = GE + G¥ + - - -, the following recursive scheme; n > 0:

Cs) = -2 Y Y / [GL(0), G (0)]() exp(—dnlo/h) do

ptg=n—-11>1

GEh(y,s) = +i Y / GY(0), GX*(0)](y) do

p+g=n—1

YD / GF! (0), GE*+(0)](y) exp(—4rlo/h) do

pt+g=n—11>1

(3.8)

where G§(y,5) = F(y) + R°(y), G&(y,5) = R*(y) for k # 0 while Gf(y,s = 0) =
0, n > 1, Thus in order to prove analyticity in ¢ we need to show that G*(y, s) is
bounded for some s > 0. Indeed our aim in the next section is to find the largest s
which guarantees this.

Note 3. The transformation, being represented by Lie brackets leaves the Lie algebra
generated by F invariant. By considering the Fourier coefficients of the vector field,
one can also show that time-reversing symmetries are retained by F. This implies
that the structural properties of the method ¥y g are properly retained in F. Thus
structural properties such as preservation of integrals, Lie group and reversing symme-
tries of the numerical algorithm are reflected in F as in the standard modified vector

fields[16].
3.1 Rigorous estimates of the transformation

Let |2|oo := maxj=1,2,...,n |2j| the max-norm. Let D(z) C C", i =0,1,... be an open
tubular neighborhood of the trajectory z(t), t € R of (2.5) and dD(z) its boundary



while distp(z) := infyeop |w — 2|o- We found the Nagumo-norm [20] useful in our
estimates;

(3.9) |F|l; :=max sup |Fj(z)|distp(2)!, 1=1,2,...
J  zeD(z)

where F; denotes the components of the vector field®. The following lemma is then
proved by the Cauchy integral formula

Lemma 2. Let the vector fields F' and G be analytic in D(x) then
1
[dGF[ln < (m+ 1)1 + =)™ |Gllml Flla-m-1-

form=0,1,...,n—1 with (1+1/m)™ = 1 when m = 0.

Clearly the Lie-Jacobi bracket of two real analytic vector fields is real analytic, more-
over we have the bound

Corollary 3. Let the vector fields F' and G be analytic in D(x) then
||[F, G]”n—i-m—i-l < Cm,n”F”n“G”ma
where Cpy o = (L+n)(1+1/0)" 4+ (1 +m)(1 + 1/m)™.

For convergence analysis we apply weighted Fourier norms:

pi(s) = NGally =D w(k,h)||GE(s)|ln,
k0

(3.10) pu(s) = NGRSl
where w(k, h) = exp(c' {/ %)(1 + |k|)? for some constant ¢’ > 0. By Lemma 1 p{, p§
are bounded for a sufficiently small constant ¢’ > 0.

Lemma 3. Forn = 1,2, ... the functions p}(s), p%(s), satisfy the following inequali-
ties

AE) < @10 Y G [ sn)d
ptg=n—1 0
o < X Cou [ RO T Gy [ @001,

p+g=n—1 ptg=n—1

with € := 2/3exp(—c' {/1/h) < 2/3.
Lemma 4. Let p := max{||F + R%|o, || R||§}®, then p2, p} are bounded as

n n 2
pr(s) <p (%) & pals) <p (%) 1+ %),

where £(€) and E(€) are given in the proof. We note that £(€) converges very fast to 1
as h — 0.

5||F||o is the usual sup-norm often applied in rigorous perturbation theory.
6We note that for reasonable numerical methods (and choice of ¢’ in w(k,h)) ||R||§ < ||F + R%|jo
50 we may assume that p = ||F 4+ R?|o.



The emphasis in Lemma 4 was on finding a sharp upper bound on s so that »_, - A,
ano p; are bounded, and this is the case provided s < %. If sharper bounds on
the individual p,s are sought, iteratively solving the inequalities in Lemma 3 with
the corresponding initial conditions will give a significant improvement, although the
convergence bound on s is largely unaltered by this.

We are now in position to derive bounds on the Fourier coefficients, G*. If D' C D
and ||F'||; denotes the Nagumo-norm with respect to D' it follows from the definition
that

1 . .
(3.11) IFllo < 5l Flle, 6= inf distp(w).

To avoid that D' is empty we assume that § < distp(R(D)).”

Proposition 2. Assume that s < , then on the smaller domain D', we have the
bounds
A0 1IGHs < s {of + ) |
' O = 2w(k,h) Po T PSREIT la=pes/cs
)
(312) 6ol < 3+ a1+ Sy 2
3 1-2 z=pes/&d

Proof of Theorem 2. By Prop. 2 we choose 0 < s < &30/pe, recalling (3.6) we have
the modified equation

F(y.t,5) zaky, exp( Zlkl) Xp(%]g’“).

By construction the vector fields G* are analytic with the bounds given in Prop 2.
For F' we have the bound

= € 2
TG0l < @8+ p+ S 2

Z z=pes/Ed

2w (s|k|—1itk
L oxp (25212
z=pes/E§ |k|£0 ’

€8 2
< AHpl+ =) 1o

Z z=pes/&d

‘exp (_ 27r(s|l;l|7itk)) ‘
z=pes/€8 ) ||0 2(1+ |k|)2

since w(k, h) > 2 (1+|k|)%. The sum converges for ()| < s, and a simple calculation

shows that it is bounded for € € [0,2/3]. By the relation W* = isign(k)ﬁk the vector
field W is both real and analytic in ¢ with the same domain of convergence as F. [

-z

3 _
- 56 {pér +pé(€)1

"distp(R(D)) denotes the distance from 8D C C? to the real subset of D.



4 Connections with the traditional estimate

Although the Fourier coefficients _Fk decrease geometrically, we have no guarantee
that the time-dependent part of F is small, as G¥ might be correspondingly large
for small k. The bound on G* blows up for s > £§/ep while exp(—%) de-
creases for increasing s > 0 thus there is an optimal value of s € (0,&5/ep) mini-
mizing our bounds on the Fourier-term, 770 argming % exp(—2m|k|s/h) =

arg min, m“p(—%ﬂms/h) = f)—z - ﬁ If we require that the leading term
—=£1

F of the time-dependent part is small we get by the requirement s > 0 a step size
restriction

w€d 6 h
(4.1) h < i, Whens:g———.

ep pe T
By these considerations we recover a refinement of the traditional estimates for mod-
ified vector fields

Theorem 3. Let Uy be a one-step method. Suppose the step size satisfies the
bound h < w€d/ep then there exists a real analytic coordinate transformation Z;, and
modified vector field F(y,t) = F(y) + Ri(y) + Ra(y,t) h—periodic in t whose flow
exactly interpolates the numerical trajectory up to the coordinate transformation. The
non-autonomous perturbation satisfies the bound (t € R):

2 27ES
IR2(-,t)lo < 86{03*'§§%}QXP(_7S%>

where p& = ||R|ly', p = ||F + R°||y. In the limit h — 0 we may insert £ = 1 and
p=1Fllo-

Compared to the traditional estimate of Theorem 1 this result contains a few improve-
ments. Firstly it does give a vector field interpolating the numerical trajectory for all
time. Second the bound on the time-dependent part is sharper than the exponentially
small discrepancy would indicate in previous results[6, 16, 13] in addition to relaxing
the step size requirement slightly.

4.1 Eliminating the coordinate transformation

In our construction we showed the existence of F by carrying out a close to identity
transformation Z;. To show that there exist an analytic vector field, F' e TM
whose flow interpolates z, at ¢ = n - h it is sufficient to compute the pull-back
(Z0)* : TN = TM, i.e. the transform given by the s—flow of W frozen at ¢t = 0;

F = (20)F = (déswi=0,5) " F 0 dswit=0,5)

Differentiating F~ with respect to s we find (in a similar way to (3.3))

(4.2) %F*: [W(o,t=0),F], F(c=0)=F

which is to be solved for F (o0 = s), where s is given by Prop. 2.

10



Theorem 4. Assume h < 7&8/ep and let D" C D' C C* be a non-empty domain
with §' = inf,epn distpr (2) such that ph < 27§’ Je. Then there exists a vector field
F'(y,t) € TM analytic iny € D" C D', t € {t € C: |3(t)| < &5/pe} and h—periodic
in t so that its flow exactly interpolates the numerical trajectory

z*(t) = ¢, 7 (¥0) = Tp = ¥}, p(0), fort=mn-h.

The time-dependent part of F" s exponentially small.

( ) ¢t Fx( ) z
\ /k/f.z,/y—”'m/;
e T (e)

o (1) = ¢>t:, 7+ (@0)

Figure 3: The analytic interpolating flow.

Theorem 4 then implies Theorem 1 by the non-linear variation of constants formula.
It seems possible to remove the coordinate transformation also in Theorem 2 but we
will not pursue this possibility here.

5 Applications to symplectic integration schemes

5.1 Energy preservation of symplectic schemes

If a symplectic scheme is applied to a Hamiltonian system with Hamiltonian H(p, q)
it follows from Theorem 3 and Note 3 that there exists a modified Hamiltonian H
and a symplectic coordinate transformation, such that the numerical approximation
is the exact flow generated by H(p,q,t) = H(p,q) + R1(p,q) + R2(p, q,t) where Ry is
analytic and h— periodic in ¢. As is well known the energy H along the (numerical)
trajectory varies as

T (p(t), a(t), 1) = F(p(0 / = Ra(p(s),a(s), 9)ds,

thus if Ry is bounded we have the result that the H grows at most linearly with
a proportionality factor that is exponentially small in h if h satisfies the smallness
assumption ph < w&d/e. If h is larger than this, Theorem 2 still applies, but now
the time-dependent part is only O(h"~1). The above integral may still be relatively
well bounded , unless there are resonances between the frequencies of the trajectory
(p(t),q(t)) and the h/|k|-periodic time-dependency, in R%(p,q) exp(2wi|k|t/h). For
large enough |k|, RS will be exponentially small by the analyticity thus it is the lower
Fourier modes that might cause instabilities. Suppose the trajectory (p(t),q(t)) is
quasi-periodic, with frequency vector w € R? ie. p(t) = Y ,.cze Prexp(iw - mt),
q(t) = >, cze G expliw - mt), d < d with some constants py, qx € C?. Inserted into
the integral and collecting terms the integral takes the form

t 6 t
G ERe@.a9d = Y / exp(i(w - m + 27k /h)s)ds,
keZ\0,meZ* 0

11



with rgm € C? some constants. Because of analyticity of Ry the sum is convergent.
The integral is

¢ ) _exp(i(w-m+21k/h)t) — 1
/0 exp(i(w - m + 2wk /h)s)ds = i m T 2mk/h)

We note on one hand that if the trajectory itself is resonant i.e. w-m = 0, this causes
no problems. If, on the other hand, we have a numerical resonance, w-m+2nk/h =0
for some m € Zdl,k € Z the integral simplifies to ¢,- thus we get a secular drift in
the energy whose proportionality factor rp,  is exponentially small if ph < w&€d/e,
and might be large if this condition is not satisfied. In that case if w,h are such
that resonances are avoided the energy drift might be bounded, but due to abundant
“near resonances”’ their total contribution can be significant. Typically strong non-
resonances conditions such as |w - m + 27k/h| > 1 /(Im|1 + |k|)? with some ,0 > 0
guarantees that that the sum (5.1) still is bounded, see [4] for analysis along these lines.
Numerical experiments [22, 18, 7] clearly show the effect of numerical resonances.
Conservative discretizations are particularly prone to such effects since resonance
effects are not damped out. In celestial mechanics such effects were observed for
symplectic schemes[22] and by careful step size selection dominant resonances were
avoided, and significant improvements in accuracy achieved. Also in molecular dy-
namics applications resonance induced instabilities have been observed and quite
some efforts have been carried out to circumvent these problems without introducing
dissipation[18]

5.2 KAM and Nekhoroshev’s theorems for symplectic schemes

KAM [19, 7] and Nekhoroshev [13] theorems have been proved for symplectic schemes
in an ad-hoc fashion. These are theorems guaranteeing the stability of discretizations
of close to integrable Hamiltonians H = Hy + €H;, given some resonance and non-
degeneracy conditions on Hy and a smallness assumption on e H;. Theorem 2 simplifies
these proofs significantly, as we know that the numerical trajectory is given as the flow
generated by H(p,q) = Ho(p,q) +€eH1(p, q) + H2(p, q,t), with p, ¢ conjugate variables.
Simply by extending the phase space to remove the time-dependency we arrive at an
Hamiltonian

H = {Hy + e} + {eH1(p,q) + H2(p,q,7)},

where e and 7 are conjugate variables. Standard KAM and Nekhoroshev theorems are
now valid by assuming that the non-resonance and non-degeneracy condition holds
for Hy + e and that the smallness assumption holds for eH;(p, q) + Ha(p,q, 7). Such
theorems lead to proofs of the celebrated linear error growth estimates for symplectic
schemes applied to close to integrable Hamiltonian systems, see [6, 12] for details.

6 Conclusions

We have by a coordinate transformation shown that the trajectory produced by it-
erating a one-step numerical approximation is exactly represented by the flow of an
analytic time h—periodic vector field. By making a step size restriction we showed
that the exponentially small error committed in autonomous modified equations is a
direct consequence of the analyticity. Our bounds appear to be close to optimal, in
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terms of constants entering the exponential bounds. In this way we paved the way
for applying known theorems for differential equations to understand the properties
of numerical discretizations. The finite-time restriction that follows from Theorem 1
can then be avoided, and proper stability theorems such as “the KAM theorem” can
be proved for infinite times.

Further generalizations and improvements of the results may include :

- In order to identify particular methods a more detailed analysis similar to that in
[3, 6] for e.g. B-series methods can be carried out within the framework of B-series
mappings. This would allow one to identify how e.g. the coefficients of RK methods
enter the estimates.

-Obstructions both in terms of F' and the numerical methods to letting s — oo or at
least further than we achieved are interesting to pursue, as this might lead to new
numerical schemes. In particular for systems with F' having a hyperbolic structure
such results seem possible, see [10] and the references therein. One first avenue to
improvement is in the commutator bound of Corollary 3. By introducing coordinates
adapted to the trajectories z(t), and a corresponding norm an improvement can be
achieved. For quasi-periodic orbits [15] Poschel used Fourier weighted norms which
in our setting can remove the factor e (originating from C), ; < e(p+ ¢+ 1) in Lemma
4), in the exponential estimates.

-The construction might be generalized to the analysis of discretizations of vector
fields, F(y) that are only Gevrey-y in y provided we can prove the equivalent to
Lemma 2. In this case an optimal truncation might have to be carried out as the
bounds on G* diverge due to worse upper bound on Cj, 4 for such vector fields.
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Appendix

Proof of Proposition 1. Periodicity follows directly. The proof of Gevrey class is
rather technical, and we only sketch the idea. The function Yy, is analytic except
at © € Z. Considering the interval z € [0,1] we estimate the derivatives by the
Cauchy integral formula

k! x4 (2) k!
(k+1) _ M n (k+1) o !
@) = 5= § dr = @) < s Xl
! 2mi |z—2|="2 (.’17 - z)k+1 | K | Tiﬁ: |z—z|="% | " |

Because X, is not analytic at & = O(the argument for the other points is similar) the
radius r, shrinks as £ — 0% so we consider bounds in a wedge in C with its vertex at
z =0, thus 7, = O(x) while sup,_, _,_[x},(2)| = O(exp(=1/r)/rI*") when z — 0.
Minimizing these contributions, using Stirling’s formula to bound the factorial gives
the desired bound on the derivatives of x,, with vy =1+ 1/n. O
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Proof of Lemma 1. The Fourier coefficients are given by

h/2
RF = / t) exp(2mikt/h)dt
B J_ny
hm— 1 h/2
Int. by parts m times = ———— R™(t) exp(2mikt/h)dt
(—2mik)™ —h/2
h™ h c"mrm
=R < ———||R™)| < M——"—
B ey 1Pl < M iy
. _ 1 . k v 27 |k|
Choosing m = Lie WJ we obtain |R*| < Meexp ( I = ) O
Proof of Lemma 2. By Cauchys’ integral formula d.GF(z) = 5= sl =7 st

= |dLGF||, = 1 Gl +sF(2) ,
2w |s|=F 52

n

1 i F
= — inf max sup C;J(L;(z))ds distp(2)"
™ T 3 zeD|J|s|=F ]
1
<infmax sup —G (z + sF(2))| distp(2)™.
T ) z2eD,|s|=F|T

By the definition of the Nagumo norm max; |G;(2)| < ||G||m/distp(2)™ for m =
0,...,n —1 and furthermore distp (2 + sF'(z)) > distp(z) — |s| max; |F;| = distp(z) —
7max; |Fj| when z € D. From this we have

infmax sup 1G (z + sF(2))|distp(2)"
T J  zeD,|s |_r
- 1 G m .
< inf sup =-— - distp(2)™
F el oe P @ty P TG =)
< (Q+m)(1+ )m||G||m||F||n m—1,

where in the last inequality we minimized the bound by choosing
7 = distp(z)/(max; | Fj(2)|(1 + m)). O

Proof of Corollary 8. Applying Lemma 2 twice, swapping indexes. O

Proof of Lemma 3. Since G,, is real ||GE||; = ||G*||; it follows that |G|, < m

1 < 2 Y% / 1[G, G exp(—dnlo /1) do

p+g=n—1[>1

oy <2 ¥ G X [ 616, ludo
p+q n—1 >1
<5 ¥ X uu | A
pt+g=n-—1 l>1
<a Y G / (0)p} (0)do,
p+q n—1
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with¢; = % exp(—2¢{/1/h) since 3=, w(l, h) 7> < exp(=2¢3/1/h) 315, m =
exp(—2¢3/1/h)(¢(4) —1).8

For p} we consider first the positive Fourier indexes(the negative contribution has
the same upper bound).

S wl G < Ywkn 3 / I[G2(0), G ()] lndo

k>1 k>1 p+g=n—1
s 2 ) XY [ G, 0. 65 @l do
k>1 p+q=n—11>1
Cor3 < Sulkh) X Co [ AOIGK o
k>1 pt+g=n—1
w(k, h) increasingin b+ 2 Y cp,qz/ 16, lpw(k + 1, B)||GEH]|, do
p+g=n—1 k,l>1
<5 X G B
pt+g=n—1
X X [ 16 o
pt+g=n—1 >1
1
<3 Y G / (00t (0)do
ptg=n—1
+ 1 Y ¢ / sdo ) 1
2 2 Craf rory w(l, h)
prg=n—1 1>1
1
S § Z p,q/ pp )pq( )d
L c +d
t 3@ Z pa | Py Pq do.

p+g=n—1

since Y5y wumy < exp(=c/1/h) s e = exp(—c/1/h)(@*/6 — 1) = c..

Adding the contribution from the negative indexes we have
py < Z Cp,q/ py(0)pf (0)do + ¢, Z Cp,q/ Py Py do
p+g=n—1 0 p+g=n—1 0
Since ¢; < ¢3/10 we obtain the bound by letting € = c». O

Proof of Lemma 4. We are interested in the asymptotic behavior of p,,n > 0. The
bound max,¢—n—1Cp,q < en follows from Cp 4 < Clppg)/2,(p+q)/2- To simplify our
analysis we also use €2/10 < €/3 for € < 2/3 Let p = max{[|F + R°[|o, ||R||§}. Then
the inequalities in Lemma 3 are satisfied by p% = D9s"e™ and pif = D} s™e™ provided

Dy = ¢/3 Y DD}, Df=p

p+g=n—1
(6.1) DY = Y DIDf+e > DSDF, Dj=p,
p+g=n—1 ptg=n-1
SC(J)ZEnZI -
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Introducing the generating functions D+ = > . D}a™ and D° = Y ., D2z™ we
find by multiplying (6.1) by " and summing over n =0, 1, ... B
D° = p+4ze/3(DT)?, DT =p+aDTD° + ze(DT)?
4
2’ s +12 +
(6.2) 0 = ?(D )’ +ze(DT) 4+ (xzp—1)DT +p
The singularity in z of the real solution DT (x) closest to the origin determines the

radius of convergence of Dt around z = 0. The dominant singularity occurs when
the discriminant is zero

4(px)® — 12(1 + €)(pz)* + 12(1 + €)*(pz) — 4 — 3¢ = 0,

and is given by pz = £(e) := 1 + € — 1(18¢ + 24¢? + 8¢%)!/3 < 1. By Decartes’ rule
of signs it follows that there is one negative and two positive roots of (6.2), and the
singularity occurs when the two positive roots coalesce. This double root is

oz =2+ \/4e(1+€—E(e))

- pé.(e) - p 265(6)
Since the coefficients of DT are positive we have by the Caucy integral formula
the bound D} = 2mf| =€/ Zn£1)dz < ﬁ" d+, giving pf < p(”es) £(e). Since

3
the coefficients of D are positive, we again have by the Cauchy formula D9 =
D € 2 " e€€? e£€>
i fuimep e < G (p+ E07) = (1 58), thus ), < p (22) (1455, O

Proof of Proposition 2. Recalling inequality (3.11) we have by Lemma 4

G”l 1
. k! < ”l
R L L D 3L A

>1 I>1
< p++p§(€)z<&>l
= 2w(k,h) |"° =\ &
T 2wk, h) PO T T S =
0
p
k=0": ||G0||6 < 0+Z ” l”l 0 5_ll
I>1 1>1
€ pes\' 8\ z
< 1+ == — = 14+ = o
< ppte(l+ = ); z po+p(L+ =) |
which is bounded for s < &6/ pe. O

Proof of Theorem 3. By inserting s = £§/pe — h/m into (3.12) we obtain
1 : Z
k(! +
IG"lls < 2wk, h) {Po +P§m |z:pes/§6}

_ peh/ns 1 s
§ o+ ok peh/€d }5 2wk, h) {p" oh }

stk
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giving

= 1 27| k| €6
IF )y < S0k T {po - '32 } Xp(—%(%—h/ﬂ))
)
By h<m&/pe < 2w(}c,h) {p3+§—,§} Xp(—%r(i—e—h/ﬂ))
)

_ e? & 27ES
= 2wk h) {p" T oen } exp(=—2")

Thus by w(k, k) > Z(1 + |k|)?

3T 2méS
IRally < 7l < { ++—}exp(——)
2llo kzﬂ) 0 ;041+|k| PO e ph
w2 3ee? 27wEd wEES 27wEd
= X {p 4——%}} pc—{g})586{p3+-{§}}expcm{§})
O

Proof of Theorem 4. There is an explicit formula available for the solution of (4.2)

(s k>1/ / / [, [W(01),F]---||doy - - -dou,

where s is chosen as in (4.1). Since W is frozen at ¢ = 0 we have for the Fourier
coefficients of F

) = F +Z/ / / [ [W(on),F']---||doy, - - - doy

k>1

Introducing the domain D" C D' C D with corresponding Nagumo norm ||F||}’, and
0" =inf,cpr(s) distpr (2), whave have by recursively applying Corollary 3 the bound

W (@), -+, [W (@), F T+ Tl CellW (@)l - W (o) Il F 1l
k
Ci=2 Cp = 2H(1+j(1+j

j=2

IN

1 . 5

using (3.11), i.e. ||F|ly < 5,k||F||k we therefore have

—xk —k TE-1 Lk L
F <P+ 23 [ [T R W el W Gl fodon - dov

k>1

63) =|F ||0{1+ 2Z<5,/ W (o ||0d0> }

k>1
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So we get the requirement fos [[W]lodo < &' [e. Since W (-,t =0,0) = E|k|¢0 isign(k)?k(-, o),
recalling Prop. 2 and (3.6),

—k -z 1 2nko
WOl < 3 IF O < {8 + 17 lempuoses | - g7y 0= )
|| £0 k>1 ’
-z 3e 1 2r|k|o
< {P(J)r +P5m |z:peg/55} gz L exp(— h )
E>1
3e(n?/6—1) [ | P 2o
= 8 pO +p€1_z |z:peg'/§5 exp(_ h/ )‘

Since [; o exp(—2mwo/h)do < %g,fos exp(—2no/h)do < J-, we have

VAN

3e(m2/6 —1) [ pth = p2éeh® 1 |
2 £6(2m)2 1 — z #=pes/E0

[ w@lide < L
0

36(7r2/6—1){ 1 + £(e)m }ph< ph

8 21 e(2m)2 =27

(pg < py41)

by using the observation that e£(e) reaches its maximum for e = 2/3. Thus I W lhde <

—«k
¢’ /e provided ph < 27/ed’, and ||F* ||§ is bounded. By the step size assumption and
Theorem 2 analyticity and exponential smallness from the same corresponding prop-
erties of F. O
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