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Abstract

Lie group methods for nonautonomoussemi-discretizedin space,partial di�eren tial
equations are considered.The choice of frozen vector �eld and its corresponding
algebra action on the manifold for such problems is discussed.A new exponential
integrator for semilinear problems based on commutator free Lie group methods
with algebra action arising from the solutions of di�eren tial equationswith nonau-
tonomousfrozenvector �elds is derived.The proposednewschemeis then compared
with someexisting methods in several numerical experiments.
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1 In tro duction

Recently a lot of Lie group integrators for solving semi-discretizedpartial
di�eren tial equations(PDEs) hasbeenderived in the literature. The original
idea was �rst introduced in [16] and then further investigated for the heat
equationin [4,12,17],sti� PDEs in [11,10,14],convection di�usion problemsin
[3] and for the Schr•odinger equation in [1]. What is commonbetweenall this
methods is that to advancefrom onepoint to another they all usean algebra
action arising from the solution of an autonomousdi�eren tial equations,which
doesnot depend explicitly on the time t.

In this paper we proposea way how to construct Lie group integrators for
nonautonomousproblemsbasedon an algebraaction arising from the solution
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of a di�eren tial equation which can depend explicitly on t. The idea is a
natural extension of the autonomouscaseand it is basedon rewriting the
di�eren tial equations in its equivalent autonomousform and then applying
the a�ne action [16] to the transformed equation. Thus what we obtain are
time dependent frozenvector �elds. This provides us someextra freedomin
the construction process,which can be usedto choosethe algebra action to
be a better approximation of the 
o w of the original vector �eld.

The paper is organizedasfollows:We start in Section2 with introducing some
notation and the basic theory involved. Then we considerthe framework for
nonautonomousproblemsand discusshow it is related with the choiceof the
algebra action. Next in Section 3 we proposea new time dependent frozen
vector �eld and its corresponding algebraaction. In addition we discusssome
further generalizations.In Section 4 we derive a new exponential integrator
for semilinearproblems,basedon the fourth order commutator freeLie group
method [4]. Finally in Section 5 we comparethe proposednew exponential
integrator with someexisting methods and discussthe advantagesof the new
approach.

2 Background theory and notations

The framework which we use in this paper is given by Lie groups and their
action upon a homogeneousmanifold [8,15,16].We take advantage of the fact
that in order to construct a Lie group integrator wedo not really needto know
what the structure of the Lie group is and how it acts on the manifold. It is
enoughto specify the genericpresentationof the di�eren tial equationand the
algebraaction on the manifold (see[14]). For simplicity, we do not include a
discussionon the structure of the underlying Lie group and how it acts on a
manifold.

Let us �rst consider the following di�eren tial equation de�ned on a d + p
dimensionalmanifold M � Rd+ p.

y0 = f(y(t)) ; y(t0) = y0: (2.1)

The very �rst question in the construction of a Lie group integrator is how
to de�ne the basic motions on M . SinceRd+ p is a linear spaceit is easyto
construct integrator which stays on the manifold. The challengein this case
is how to choosethe basic motions in such a way that they provide a good
approximation to the 
o w of the original vector �eld. In this paper we de�ne
the basicmovements on M to bethe solutionsof a simplerdi�eren tial equation

y0 = F � (y); y(t0) = y0; (2.2)

which locally approximates(2.1). Thus the Lie algebrag is generatedfrom the
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setof all coe�cien ts � of the frozenvector �elds F � and the Lie algebraaction
� : g � M ! M on the manifold is simply given by the solution of (2.2). In
other words if � 2 g its action upon the point y0 2 M , which we denoteby
h� � y0, is given by the solution of (2.2) at time t0 + h. Every frozen vector
�eld can be represented in the form F � (y) = � ~ y, where~ : g � M ! TM
and accordingto (2.2) it satis�es

� ~ y =
d
dt

�
�
�
�
�
t=0

t� � y:

Note that the map � ! F � is an algebrahomomorphismbetweeng and the
set of all vector �elds on M . If the algebraaction � is transitive i.e. starting
from a point y0 2 M we can reach any other point y1 2 M by letting some
element � 2 g act on y0, the di�eren tial equation (2.1) can be rewritten in
the form

y0 = F (y) ~ y; y(t0) = y0; (2.3)

where F : M ! g. The above formulation is called the generic presentation
of the di�eren tial equationon the manifold and plays an important role in the
theory of the Lie group integrators (see[16]).

The choiceof the frozenvector �eld F � and its corresponding algebraaction,
very much dependsof the actual structure of f(y). The simplest possiblecase
is when g = f b 2 Rd+ pg, F (y0) = f(y0) = b and Fb(y) = b ~ y = b then the
algebra action on M is given by translations and we recover the traditional
integration schemes.In the casewhen f(y) = L(y)y + N(y) one can de�ne
the Lie algebra g = f (A; b) 2 R(d+ p)� (d+ p) o Rd+ pg, the function F (y0) =
(L(y0); N (y0)) = (A; b) and the frozen vector �eld F (A;b)(y) = (A; b) ~ y =
Ay + b. This is exactly the a�ne algebra action proposedin [16]. Note that
such a representation of f(y) is always possible,for exampleby letting L(y) be
the Jacobianof f at the point y and N(y) = f(y) � L(y)y. Other choicesare
alsopossibleseefor example[12,17].

In this paper we are interesting in the construction of Lie group methods for
the following nonautonomousproblem de�ned on Rd

u0 = f (u; t); u(t0) = u0: (2.4)

Formally it doesnot �t in the above presented framework, but by adding the
trivial di�eren tial equation t0 = 1 to the system(2.4), we can rewrite it in the
form (2.1) with p = 1 and

f =

2

4 f (u; t)
1

3

5 ; y =

2

4 u
t

3

5 :

This of courseis a very well known idea in the theory of ODEs, however its
application to Lie group methods if done carefully can lead to someextra
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freedom which we would like to exploit. Note that now the time variable t
goesin the de�nition of the manifold M and thereforeit alsoappearslike one
of the arguments of the genericfunction F , the frozen vector �eld F and its
corresponding algebraaction.

From a computational point of view it might look somewhat unreasonable
to increasethe dimensionality of the problem, but we keepin mind that the
solution of (2.4) is given by the �rst d components of the solution of (2.1).
Thus the approach is to apply a Lie group method to equation (2.1) and then
to restate it in Rd.

The simplest nonautonomouscaseis when the Lie algebrag = f b 2 Rd+1 g or
equivalently g = f (b[0]; � ) : b[0] 2 Rd; � 2 Rg, then the genericfunction is given
by F

� h
u0
t0

i�
= (f (u0; t0); 1) = (b[0]; 1), the frozen vector �eld is F (b[0] ;� )

�h
u
t

i�
=

h
b[0]

�

i
and the algebra action is h(b[0]; � ) �

h
u0
t0

i
=

h
u0+ hb[0]

t0+ h�

i
. When f (u; t) =

L(u; t)u + N (u; t) then the Lie algebra g = f (A; b) 2 Rd+1 � d+1 o Rd+1 g.
It can also be represented like the set of all triples (A; b[0]; � ), closedunder
linear combinations and commutators between the elements (seesection 3),
whereA 2 Rd� d; b[0] 2 Rd; � 2 R. In this casethe genericfunction is de�ned
like F

�h
u0
t0

i�
= (L(u0; t0); N (u0; t0); 1) = (A; b[0]; 1), the frozen vector �eld

is F (A;b[0] ;� )

�h
u
t

i�
=

h
Au + b[0]

�

i
and its corresponding algebra action is given by

h(A; b[0]; � ) �
h

u0
t0

i
=

h
ehA u0+ hb[0] � [1] (hA )

t0+ h�

i
, whereehA denotesthe matrix exponen-

tial and the function � [1] is given in Lemma 2 (seesection3).

If we consider just the �rst d components of the algebra action: in the �rst
casewe simply obtain translations like basic motions on Rd; in the second
casewe again recover the a�ne action. Thus we concludethat for thes two
casesthe only di�erence betweenautonomousand nonautonomossystemsis
in the de�nition of the genericfunction F , which for nonautonomoussystems
dependsalso from the time variable. We remark that in the above two cases
the frozenvector �eld doesnot really dependsof t. This explainsthe observed
similarities betweenautonomousand nonautonomoussystems.

A more interesting situation ariseswhen the function f (u; t) has the form
L(u; t)u + N [0](u; t) + tN [1](u; t). A natural questionnow is how to choosethe
frozenvector �eld in this case.In the next sectionweproposea time dependent
frozen vector �eld and its corresponding algebra action which re
ects the
structure of f . In addition we discusshow this ideacan be further generalized
if secondand higher powersof t are included.
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3 Nonautonomous frozen vector �elds

We �rst considerthe casewhen the vector �eld of (2.4) has the form

f (u; t) = L(u; t)u + N [0](u; t) + tN [1](u; t):

If we treat the nonlinearpart asa singlefunction N = N [0] + tN [1], then we do
not gain anything in comparisonwith the a�ne casepresented in the previous
section.A more demandingtask is to allow our frozenvector �eld to be time
dependent. It is desirable in this caseto approximate the nonlinear part of
f (u; t) by a linear polynomial of t.

The only way to include t in the de�nition of the frozen vector �eld is to
append it to the dependent variables.Thus by adding the trivial di�eren tial
equation v0 = 1; v(t0) = t0 to the system(2.4) we obtain

y0 = Ly + N; y(t0) = y0; (3.1)

where

L =

2

4 L(u; t) N [1](u; t)
0 0

3

5 ; N =

2

4 N [0](u; t)
1

3

5 ; y =

2

4 u
v

3

5 ; y0 =

2

4 u0

t0

3

5 :

The advantage of rewriting (2.4) in the above form is that now we can easily
seehow to de�ne the Lie algebrag, the genericfunction F , the frozenvector
�eld F and its corresponding algebraaction (seesection2). The Lie algebra
in this caseis g = f (A; b) 2 Rd+1 � d+1 o Rd+1 g, with

A =

2

4 A b[1]

0 0

3

5 ; b =

2

4 b[0]

�

3

5 ; (3.2)

where A 2 Rd� d; b[1]; b[0] 2 Rd and � 2 R. Equivalently we can represent g
like the quadruplet (A; b[1]; b[0]; � ) closedunder linear combinations and com-
mutators. The function F which provides the generic presentation is given
by

F

 "
u0

t0

#!

=
�
L(u0; t0); N [1](u0; t0); N [0](u0; t0); 1

�
= (A; b[1]; b[0]; 1): (3.3)

To obtain an explicit form of the frozenvector �eld weusethe following result.

Lemma 1 The solution of the di�er ential equation y0 = Ay + b; y(t0) = y0,
at the time t0 + h is given by

y(t0 + h) =

2

4 u(t0 + h)
t0 + h�

3

5 ;

5



where u(t0 + h) is the solution of

u0 = Au + b[0] + t0(1 � � )b[1] + t�b [1]; u(t0) = u0:

Pro of: The proof followsdirectly by substituting (3.2) in the di�eren tial equa-
tion y0 = Ay + b and then solving it with respect to the last variable. 2

Thus we have obtained the following time dependent frozenvector �eld

F (A;b[1] ;b[0] ;� )

 "
u
t

#!

= (A; b[1]; b[0]; � ) ~

"
u
t

#

=

"
Au + c0 + tc1

�

#

; (3.4)

where c0 = b[0] + t0(1 � � )b[1] and c1 = �b [1]. Note that for � = 1 we have
c0 = b[0], c1 = b[1] and thereforethe genericpresentation F

�h
u
t

i�
~

h
u
t

i
=

h
f (u;t )

1

i

is satis�ed.

The last thing which we needto de�ne is the algebraaction corresponding to
the frozenvector �eld (3.4). In the next Lemma we give a generalformula for
the 
o w of the frozenvector �eld which approximates the nonlinear part of f
by a polynomial of t of degreep.

Lemma 2 The solution of the di�er ential equation

u0 = Au +
pX

j =0

t j cj ; u(t0) = u0;

where p 2 N; A 2 Rd� d and cj 2 Rd at the time t0 + h is given by

u(t0 + h) = ehA u0 +
pX

k=0

hk+1 � k � [k+1] (hA);

where � k =
P p

j = k
j !

(j � k)! t
j � k
0 cj ; � [1](z) = ez � 1

z and � [k+1] (z) = � [k ] (z)� � [k ] (0)
z .

Pro of: From the variation-of-constants formula it follows that

u(t0 + h)= ehA u0 + ehA
Z h

0
e� � A

� pX

j =0

(t0 + � ) j cj

�

d�

= ehA u0 +
pX

j =0

�

� j ehA 1
j !

Z h

0
e� � A � j d�

�

:

Multiple applications of integration by parts completethe proof. 2
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Combining the resultsof Lemma1 and Lemma2 leadsto the following explicit
form for the algebraaction corresponding to the vector �eld (3.4)

h(A; b[1]; b[0]; � ) �
�
u0

t0

�
=

�
ehA u0 + h(b[0] + t0b[1])� [1](hA) + h2�b [1]� [2](hA)

t0 + h�

�
(3.5)

Oncewehavede�ned the genericpresentation, the Lie algebrag and its action
on M we can use any Lie group method to �nd the solution of (2.4). The
solution of (3.1) is simply given by its �rst d components.

In the casewhena Runge-Kutta Munthe-Kaasmethod with exactExp map is
usedthe format requiresthe inverseof the dExp map (see[16]). Computation-
ally it might be very expensive to �nd exactly the dExp� 1 map and thus the
approach proposedin [16] is to replaceit with polynomial approximation of
order higher than the order of the method. This imposesthe necessity of using
commutators betweenthe elements of g. In this caseif � i = (A i ; b[1]

i ; b[0]
i ; � i )

for i = 1; 2 are two elements from g then their commutator is given by

[� 1; � 2] =
�
[A1; A2]; A1b[1]

2 � A2b[1]
1 ; A1b[0]

2 � A2b[0]
1 + � 2b[1]

1 � � 1b[1]
2 ; 0

�
;

where[A1; A2] = A1A2 � A2A1 is the matrix commutator.

The above approach can be easily generalizedwhen the function f (u; t) =
L(u; t)u +

P p
k=0 tkN [k](u; t). In this casewe append p trivial di�eren tial equa-

tions corresponding to t; t2; : : : ; tp to the system(2.4) . Thus the dimensionof
the manifold is d + p, but we keepin mind that we are only interestedin its
�rst d components. The Lie algebrais g = f (A; b[p]; : : : ; b[0]; � ) : A 2 Rd� d; � 2
R; b[k] 2 Rdg and its action upon the manifold is given by Lemma 2. The
coe�cien ts cj can be found in the sameway as in Lemma 1. For p = 2 they
are

c0= b[0] + (1 � � )t0b[1] + (1 � � )2t2
0b[2];

c1= �b [1] + 2� (1 � � )t0b[2];
c3= � 2b[2]:

We concludethis section with the observation that basedon the sameidea,
methods with approximations of the nonlinear part of f by trigonometric
polynomials can also be derived. In this casethe exact 
o w of the frozen
vector �eld can be computed in the similar manner (see[14]).
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4 Exp onential in tegrator for semilinear prob-
lems

In this sectionwe derive an exponential integrator basedon the frozenvector
�eld (3.4) and its correspondingalgebraaction (3.5) for the semilinearproblem

u0 = Lu + N (u; t); u(t0) = u0; (4.1)

whereL is a constant linear term andN is a nonlinearterm. Such systemsoften
ariseafter the spatial discretizationof certain PDEs.Comparisonsbetweenthe
stabilit y regions for di�eren t Lie group methods applied to semi-discretized
sti� PDEs is given in [11]. There the author suggeststhat for this type of
problem the best methods are likely to be the commutator free Lie group
methods (seealso [4]). This provides our motivation in the choice of the Lie
group method.

Next we give an equivalent formulation of the method proposedin [4]. This
formulation allows us to construct methods without knowing what the exact
structure of the Lie group acting on the manifold is, or how the Exp map
betweenthe Lie algebraand the Lie group is de�ned. The generalformat of
an s stage commutator free Lie group method advancing from point yn to
point yn+1 with a time step of sizeh is given by the following algorithm.

Algorithm 1 (Commutator-free Lie group method)

for i = 1; : : : ; s do
Ui = (h

P s
k=1 � k

iJ Fk) � (h
P s

k=1 � k
i 1Fk) � yn

Fi = F (Ui )
end
un+1 = (h

P s
k=1 � k

J Fk) � (h
P s

k=1 � k
1Fk) � yn

Herethe function F givesthe genericpresentation (2.3), the coe�cien ts � k
ij ; � k

j
are parametersof the method and the value J counts the number of 
o w
calculations required at each stage.In [4] the following fourth order method,
basedon the classicalfourth order method of Kutta is proposed.

0
1
2

1
2

1
2 0 1

2
1
2
1
2

1
2

-1
2

0
0

0
1

9
=

;

1
4
1
12

1
6
1
6

1
6
1
6

- 1
12
1
4

9
=

;

(4.2)
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We use the symbol g to denote all the substagesincluded in a stage with
J > 1. Note that in (4.2) the frozen vector �eld corresponding to the second
stageis the sameasfor the �rst substageof the fourth stage.This reducesthe
cost of the method.

In order to usethe frozenvector �eld (3.4) from the previoussectionwerewrite
the nonlinear part of (4.1) in the form

N (u; t) = Nn + t
N (u; t) � Nn

t
= N [0] + t N [1]; (4.3)

where Nn = N (un ; tn ) is the value of the nonlinear part at the beginning of
the step number n. Keeping in mind (3.3) and (3.5), basedon (4.2), we have
found a new fourth order exponential integrator, which written in the original
u variable is given by

U1 = un ;

U2 = e
hL
2 un + h1

2 � [1]Nn ;

U3 = e
hL
2 un + h

h
1
2 � [1]Nn +

�
tn
2 � [1] + h

4 � [2]
�

N [1]
2

i
;

U4 = e
hL
2 U2 + h

h
1
2 � [1]Nn +

�
tn � [1] + h

2 � [1] + h
2 � [2]

�
N [1]

3

i
;

bU = e
hL
2 un + h

�
1
2 � [1]Nn +

�
tn � [1] + h

2 � [2]
� �

N [1]
2
6 + N [1]

3
6 � N [1]

4
12

� �

;

un+1 = e
hL
2 bU + h

�
1
2 � [1]Nn +

�
tn � [1] + h

2 � [2] + h
2 � [2]

� �
N [1]

2
6 + N [1]

3
6 + N [1]

4
4

��

;

(4.4)

whereN [1]
j = N (Uj ; tn + cj h)� N n

tn + cj h for j = 1; : : : ; 4 and the arguments of all the � [j ]

functions are hL
2 .

It is possibleto rewrite (4.4) in equivalent form which doesnot involvessplit-
ting of the internal stages(see[1,14]). Such a representation is rather useless
sinceits implementation is moreexpensive than the oneproposed,but it shows
that (4.4) is a method basedjust on the pure Runge{Kutta idea.

If we represent the nonlinear part of (4.1), as a polynomial of seconddegree

N (u; t) = Nn + t
Nn � Nn� 1

t
+ t2 N (u; t) � 2Nn + Nn� 1

t2
;

whereNn and Nn� 1 are the valuesof N at the endof stepnumber n and n � 1
respectively, we obtain a method which �ts into the framework of general
linear methods [2]. Thus we seethat by just by changing the algebraaction,
any Lie group method basedon a pure Runge{Kutta method can result in a
more generalmethod. This is a very interesting phenomenawhich highlights
the important role of the algebraaction.
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5 Numerical exp erimen ts

In this sectionwepresent resultsfrom numericalexperiments on the Kuramoto-
Sivashinsky and Allen-Cahn equations. For both exampleswe compare the
following four methods:

� IF4 The fourth order integrating factor method [5,10,18]basedon the clas-
sical fourth order method of Kutta.

� CF4 The fourth order commutator freeLie group method (4.2) with a�ne
algebraaction [4].

� CF4A1 The method (4.4) with algebraaction given by (3.5).
� ETDRK4B The method of Krogstad [10].

Since all of the above methods are basedon the nonsti� order conditions,
to avoid possibleorder reduction, we considerexampleswhere the nonlinear
term N hassu�cien t spatial regularity. In general,for applicationsconcerning
PDEs, the classicalorder of convergenceis not always obtained. Order reduc-
tion, due to the lack of su�cien t temporal and spatial smoothness,should be
expected.For parabolic problems,full order of convergencecan be observerd,
if periodic boundary conditions are imposed[6,7].

To avoid problemswith numerical instabilit y the computation of the � [i ] func-
tions which su�er from cancelation errors when the eigenvalues in the dis-
cretized linear operator are closeto zero,we usethe approach of Kassamand
Trefethen [9]. The idea is to evaluate the � [i ] functions by Cauchy's integral
formula

� [i ] (
 hL) =
1

2� i

Z

�
� [i ](
 � ) (�I � hL) � 1 d�; (5.1)

where 
 2 R. The contour � is a closedcurve in the complex plane that en-
closesthe eigenvalueof 
 hL and such that 
 � is well separatedfrom zero.The
trapezoidal rule is then usedto approximate the integral in (5.1). If the dis-
cretized linear operator L is diagonal (Kuramoto-Sivashinskyequation) then
the integral reducessimply to the mean of � [i ] over the contour �. However
for non-diagonalproblems (Allen-Cahn equation) the computations become
more expensive and require the computation of several matrix inverses.That
is why for such problemsit is important for a method to useasfew � function
evaluations aspossible.In addition if L hasa special sparsestructure onecan
apply e�ectiv e methods to �nd it inverse[13,14].
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Fig. 1. Step size versus relative error for fourth order methods for the Ku-
ramoto-Sivashinsky equation

The Kuramoto-Sivashinskyequation

The �rst exampleis the Kuramoto-Sivashinskyequationwith initial data bor-
rowed from [9]

ut = � uux � uxx � uxxxx ; x 2 [0; 32� ]

with periodic boundary conditions and with the initial condition

u(x; 0) = cos
� x

16

� �

1 + sin
� x

16

��

:

A 128-point Fourier spectral discretizationin spaceis used.Sincethe boundary
conditions are periodic the transformed equation in the Fourier spacecan be
represented in the form (4.1), the linear and nonlinear parts are de�ned as

(Lû)(k) = (k2 � k4)û(k); N (û) = �
ik
2

(F((F� 1(û))2)) ;

whereF denotesthe discreteFourier transform. The integration in time is done
entirely in the Fourier spaceuntil t = 65. The results for the four di�eren t
numerical schemesare plotted in Figure 1.
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Fig. 2. Step size versusrelative error for fourth order methods for the Allen-Cahn
equation

The Allen-Cahn equation

The secondexample,alsoborrowed from [9], is the Allen-Cahn equationwrit-
ten in the form

ut = "u xx + u � u3; x 2 [� 1; 1];
where" = 0:01 and with boundary and initial conditions

u(� 1; t) = � 1; u(1; t) = 1; u(x; 0) = 0:53x + 0:47sin(� 1:5� x):

After discretizationin spacebasedon the Chebyshevgrid points wecanrewrite
the equation in the form (4.1), with

L = "D 2; N (u) = u � u3;

whereD is the Chebyshev di�eren tiation matrix [18], this meansthe matrix
L is full. The standard build in MATLAB function inv was usedto �nd the
matrix inversein (5.1). The integration in time is until t = 31. In Figure 2 we
have plotted the results for the four di�eren t numerical schemes.

For both exampleswe seethat all the methods exhibit the expected fourth
order, but the best with respect to the accuracy is the ETDRK4B method.
For the Kuramoto-Sivashinskyequationthe improvement of using the algebra
action (3.5) in CF4A1 is small in comparisonwith the a�ne action in CF4.
However for the non-diagonalexamplethe CF4A1 performssigni�cantly better
than CF4 and it is competitiv e with the ETDRK4B method. This together
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with the fact that it usesonly 1 exponential and 2 � function evaluations
per step (for comparisonETDRK4B uses2 exponentials and 5 � function
evaluations per step) suggeststhat CF4A1 is the best method in this case.

6 Concluding remarks

In this paper wehave introducedthe useof time dependent frozenvector �elds
in the construction of Lie group integrators for nonautonomousproblems.
This approach provides extra freedomin the choiceof the algebraaction and
allows us to choose the basic motions on the manifold to be given by the
solutions of di�eren tial equations,which better approximate the 
o w of the
original vector �eld. Basedon this idea we have derived a new fourth order
exponential integrator for semilinearproblemswith constant linear part. We
do not claim that the proposed representation (4.3) of the nonlinear part
is optimal. Other choicesare worth investigating. However, the results from
the numerical experiments suggestthat the new method basedon (4.3) is
e�cien t in the casewhen the discretizedlinear operator is non-diagonaland
a variable step size strategy is used. The content of this paper posesmany
questions which need to be answered. For example what are the stabilit y
regions of such methods and to what extend the spatial regularity of the
problem e�ects the overall order of the method. An other important question
is, For a given problem, how do we �nd a good algebraaction? The goal is to
choosea di�eren tial equation which is easierto solve, but still captures the
key featuresof the original one.This is a very challengingtask and it is likely
to be problem dependent. The option presented here is to approximate the
vector �eld by a higher order polynomial with constant coe�cien ts. However
we should keep in mind that there is a certain balancebetween the bene�t
provided by increasingthe order of the approximation and the computational
cost of its corresponding algebraaction.
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