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Abstra ct. We consider commutator free exponential integrators combined
with splitting and applied to convection di�usion problems semidiscretized
in space. Numerical results show impro ved accuracy of the new approach
compared to other methods. Numerical dispersion is however experienced
due to the classical Eulerian formulation of the problem. A semi-Lagrangian
approach is then prop osed to take care of this drawback.

1. In tro duction

Commutator-free exponential integratos were proposedin [CMO ]. These are
a new classof Lie group integrators which do not require the use of commutators
for achieving numerical approximations of order higher then 2. In [CMO ] the
good performance of these methods in dealing with sti� problems has been sub-
stantiated by numerical tests. Krogstad in [K2 ] shows the relationship betweenthe
commutator free exponential integrators and the methods developed by Cox and
Matthews in [CMt ], and by Kassamand Trefethen in [KT ], and the good proper-
ties of the commutator free methods in dealing with sti�ness is further investigated
and explained. Another classof exponential integrators for large sti� systemsof dif-
ferential equationswas intro ducedby Hochbruck and Lubich [HL ], and Hochbruck
Lubich and Selhofer [HLS ]. These methods are also 'commutator-free', but their
relationship with the classesof methods mentioned above remains to be clari�ed.

In this paper we focus on the use of commutator-free exponential integrators
on convection di�usion problems of the type

(1.1)
@
@t

u(x; t) + V � r u(x; t) = � r 2u + f (x)

with x 2 
 � Rd and V : Rd � [0; T ] ! R is a givenvector �eld, u : Rd � [0; T ] ! Rd,
and u(x; 0) = u0(x). We can distinguish between two important special casesof
the above equation. The �rst casearises when u is a conserved passive scalar,
f (x) = 0, u can represent temperature, or salt concentration in the water, V is
known a priori. The secondcaseis given by the Navier-Stokesequations where u
is a vector �eld, V = u, and f (x) = �r p, with the constraint r � u = 0:
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The source of sti�ness in these problems is due to the discretization of the
di�usion. If we semidiscretize(1.1) in spacewith a �nite element or �nite di�erence
method we obtain a system of ordinary di�eren tial equationsof the type

B yt � Cy = Ay; y(0) = y0;

hereC is the discretizedconvection operator which in somecasesis a skew-symmetric
matrix, A corresponds to the linear di�usion term often symmetric and negative
de�nite, and B a mass matrix which we assumesymmetric and positive de�nite
and we get

(1.2) yt � B � 1Cy = B � 1Ay; y(0) = y0:

Note that if C is skew symmetric then B � 1C is skew-symmetric with respect to the
inner product < �; B � > where < �; � > is the Euclidean inner product. In general
the discretized convection operator can be nonlinear, C = C(y). A typical ap-
proach for solving numerically the semidiscretizedequations is to treat convection
and di�usion separately, the di�usion with an implicit approach and the convec-
tion with an explicit integrator possibly of higher order, seefor example [AR W ],
[CHQZ ]. We here will follow the approach proposedin [MPR ] by Maday, Patera
and R�nquist. In this paper the authors proposea method called Operator Inte-
grating Factor (OIF), basedon a splitting technique, this method coincideswith
other more classical Integrating Factor approaches [T ] in the linear case. Let us
consider the following changeof variables

y(t) = W (t) � z(t);

with

(1.3) Wt = B � 1CW; W (0) = I ;

after di�eren tiation we obtain the following equation for z

(1.4) zt = W � 1B � 1AW z; z(0) = y0;

note that if B � 1C is skew-symmetric with respect to somesuitable inner product,
then W hascolumnsmutually orthonormal with respect to the sameinner product.

The numerical solution of the transformed equation, (1.4), is then carried out
and the numerical approximation is transformed back by applying W (t). The ma-
trix solution W of (1.3) is never computed explicitly , but rather one computes
directly the result of applying W (t) to somevector g, approximating then a semidis-
cretized pure convection problem of the type

(1.5) w0 = B � 1Cw; w(0) = g:

In the caseC is not depending on y and V is known and constant in time then
W = exp(tB � 1C), even if V is time dependent the solution of (1.3) is decoupled
from the solution of (1.4). In the nonlinear casethe two equationsmust instead be
solved coupled.

One advantage of using such a changeof variables can be seenin the following
example,supposewe apply a discretization method, e.g. the implicit Euler scheme
directly to (1.2), wherewe assumefor simplicit y that both di�usion and convection
are linear, then we will need to solve at each time step a non-symmetric linear
system of equationsof the type

(I � hB � 1(A + C))yI E
1 = y0



EULERIAN AND SEMI-LA GRANGIAN SCHEMES BASED ON COMMUT ATOR FREE EXPONENTIAL INTEGRA TORS3

while the samemethod applied to the reformulated equation (1.4) gives the sym-
metric and positive de�nite system

(I � he� hB � 1 C B � 1AehB � 1 C )zI E
1 = z0:

It is well known that there is a computational advantage in solving symmetric
positive de�nite systemscomparedto generalonesin terms of iterativ e techniques
available.

In this paper we will restrict our attention to the linear casealthough general-
izations to the caseof nonlinear convection are possible.

We will herecombine the approach of [MPR ] with the useof commutator free
exponential integrators for PDEs as proposedin [CMO ]. In [MPR ] the equation
(1.4) for z is solved implicitly , while we propose to treat this equation explicitly
with the commutator free methods. Our approach is competitiv e with the methods
described in [MPR ] and basedon a backward di�er ence formula for the implicit
discretization of (1.4), or their variant obtained by using implicit Runge-Kutta
integration of (1.4) using a Radau I A method. The classical implicit methods
require typically the solution of symmetric and positive de�nite algebraic systems
of equationsinvolving the matrix (I � hB � 1A) while the commutator-free methods
require the computation of exponentials of the type exp(hB � 1A)v, where h is the
time step used for the integration. It is well known that using Krylo v subspace
methods for solving each of the two linear algebra problems results in a faster
(superlinear) convergencein the caseof the exponential. This at least in the case
the linear system is not successfullypreconditioned. We refer to [HL ], [CM ] and
referencestherein for preciseconvergenceestimates for Krylo v subspacemethods
in the two cases.

Finally we proposea semi-Lagrangianversionof the samemethod which shows
higher performance in dealing with numerical dispersion. These methods are ob-
tained by substituting the operator W (t) in (1.4), with its approximation ~W =
W + E obtained by computing the numerical solution of the undiscretized pure
convection problem corresponding to (1.5). This is donedirectly by computing the
characteristics exiting from the grid points of the discretization.

2. Comm utator-free metho ds

Consider the following di�eren tial equation

y0 = F (y); y0 2 Rn ;

F is a vector �eld on Rn :
Assumethere exist a set of frame vector �elds,

E1; E2; : : : ; Ed;

such that 8y 2 Rn

F (y) =
dX

i =1

f i (y)E i (y)

and f i : Rn ! R: In the commutator free exponential integrators we considerlinear
combinations of vector �elds of the type

Fp(y) =
dX

i =1

f i (p)E i (y);
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and Fp 2 spamf E1; : : : ; Edg, and we say that Fp is the vector �eld F frozenat the
point p.

For a given vector �eld F we denote with exp(hF )p the solution of the di�er-
ential equation

y0 = F (y); y(0) = p;

on the interval [0; h].
A commutator-free exponential integrator for the consideredequation has then

the following format:

Comm utator-free metho d
for r = 1 : s do

Yr = exp(
P

k � k
r J Fk ) � � � exp(

P
k � k

r 1Fk )(p)

Fr = hFYr = h
P

i f i (Yr )E i

end

y1 = exp(
P

k � k
J Fk ) � � � exp(

P
k � k

1 Fk )p

The integrator has s stages and parameters � k
r J , � k

J . Each new stage value is
obtained as a composition of J exponentials of linear combinations of vector �elds
frozen at the previously computed stagevalues.

In the following tableaus we report the coe�cien ts of a method of order 3 and
a method of order 4. The method of order 3 requires the computation of one
exponential of each internal stage value and the composition of two exponentials
for updating the solution. In the order 4 method the �rst three stagevaluesrequire
one exponential each, while the fourth stage and the solution update require two
exponentials.
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We want to apply these methods to (1.4), and then obtain numerical approx-
imations for (1.2) by using the transformation yn = W (tn )zn , assuming linear
convection constant in time this means W (t) = exp(tB � 1C)zn and W (t) � 1 =
exp(� tB � 1C)zn . The consideredvector �eld is then

F (z) = W (t) � 1B � 1AW (t)z;

which we rewrite in a shorter format as follows

F (z) = W (t) � 1 ~AW (t)z;

where ~A = B � 1A.
Instead of applying the methods in a straightforward manner we here consider

a new ad hoc and computationally e�cien t format for the methods. This format



EULERIAN AND SEMI-LA GRANGIAN SCHEMES BASED ON COMMUT ATOR FREE EXPONENTIAL INTEGRA TORS5

exploits the linearit y of the right hand side of equation (1.4), and reduces the
number of times one has to apply W (t).

The vector �elds frozen at the stagevaluesare

FZ r (t; z) = W (t0 + cr h) � 1 ~AW (t0 + cr h):

The exponential of any such vector �eld is the composition of three operators and
it is of the type,

exp(�hF Z r ) = W (t0 + cr h) � 1 exp(�h ~A)W (t0 + cr h):

The stagevaluesare not directly involved in the computation of the frozen vector
�elds and for the method of order three for examplewe have

F1 = hW (t0)� 1 ~AW (t0)
F2 = hW ((t0 + h=3)) � 1 ~AW (t0 + h=3)
F3 = hW (t0 + 2h=3)� 1 ~AW (t0 + 2h=3):

The advancement of the solution is obtained by the composition of two exponentials,
the �rst exponential corresponds to the �rst of the two rows of the � values and
applied to the initial value givesthe secondstageZ2

Z2 = W (t0)� 1 exp(h=3 ~A)W (t0) � p;

and the secondexponential, corresponding to the secondrow of � values, arises
from the linear combination of two frozen vector �elds,

� h=12F1 + 3=4hF3 =
� h=12W (t0)� 1 ~AW (t0)+

3=4hW (t0 + 2=3h) � 1 ~AW (t0 + 2=3h)

= W (t0)� 1(� h=12 ~A + 3=4hW (2=3h) � 1 ~AW (2=3h))W (t0):

The numerical solution at t1 = t0 + h is then

z1 = exp(� h=12F1 + 3=4hF3) � Z2

and the corresponding numerical solution y1 for the equation (1.1) is y1 = W (t1)z1,
and then

y1 = W (h) exp(� h=12 ~A + 3=4hW (2=3h) � 1 ~AW (2=3h)) � Y2

where Y2 = exp(h=3 ~A)W (t0)y0.
In summary we get to the following format for the implementation of the com-

mutator free third order method for the numerical solution of (1.2),

Order 3 CF

p = y0

for n = 0 : N � 1 do
Y = exp(h=3 ~A)p
wn +1 = exp(� h=12 ~A + 3=4hW (2=3h) � 1 ~AW (2=3h)) � Y
yn +1 = W (h)wn +1

p = yn +1

end



6 ELENA CELLEDONI

By analogousconsiderations we arrive to a similar expressionfor the imple-
mentation of the fourth order method.

Order 4 CF
p = y0

for n = 0 : N � 1 do
Z = W (h)p
Y = exp(h=4W (h) ~AW (h) � 1 + h=3W (h=2) ~AW (h=2)� 1 � h=12 ~A) � Z
yn +1 = exp(� h=12W (h) ~AW (h) � 1 + h=3W (h=2) ~AW (h=2)1� + h=4 ~A) � Y
p = yn +1

end

The main cost of these methods is due to the computation of the exponen-
tials giving wn +1 in the order 3 method and computing Y and yn +1 in the order
4 method. We assumetheseexponentials are computed via Krylo v subspacetech-
niques which require only the repeated application of the operator to be exponen-
tiated to a suitable vector.

As comparison methods we consider two backward di�er ence formulas (BDF)
of order 3 and 4 respectively. Thesemethods are implicit as opposedto the meth-
ods described above, but still particularly for our linear problem they require the
inversion of just one linear system of equations per step. The BDF methods are
multistep methods and as such they require the preliminary computation of the
starting valuesy0 � y(0); : : : ; yk � y(kh), with k � 1 the order of the BDF method,
this is usually done by using a one step method. In our casewe usedthe valuesof
the exact solution as starting values for the BDF methods.

The BDF3 as applied to (1.4) givesrise to the following di�erence equation

W (tn )� 1(I � 6=11 ~A)W (tn )zn = 18=11zn � 1 � 9=11zn � 2 + 2=11zn � 3

and then transforming the equation in the y variables we get

(I � 6=11 ~A)yn = 18=11W (h)yn � 1 � 9=11W (2h)yn � 2 + 2=11W (3h)yn � 3:

The BDF4 has instead the following format

(I � 12=25h ~A)yn = b

b = 48=25W (h)yn � 1 � 36=25W (2h)yn � 2 + 16=25W (3h)yn � 3 � 3=25W (4h)yn � 4:

Since the CF methods are one step methods we consider for comparison also
a Runge-Kutta method of order 3, the Radau I A method which is A-stable and
implicit,([ HW ], p.73). By exploiting the linearit y of the vector �eld this method
is implemented as follows.

Radau I A, order 3
p = y0

for n = 0 : N � 1 do
An = W (tn )� 1 ~AW (tn )
A2=3 = W (2=3h) � 1 ~AW (2=3)�
I � h(5=12I � h=16An (I � h=4An )� 1)A2=3

�
Z = (I � h=4An )� 1p

R = (I � h=4An )� 1(p � h=4A2=3Z )
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Figure 1. Global error versusstepsizefor di�eren t methods ap-
plied to the semidiscretizedconvection di�usion linear equation:
BDF, Commutator-free, Radau I A, � = 0:1

zn +1 = p + h(1=4An R + 3=4A2=3Z )
p = zn +1

yn +1 = W (tn )zn +1

end

The operators An and A2=3 are never computed explicitly , but just applied
to suitable vectors while solving the linear systemsof algebraic equations in the
algorithm via iterativ e methods. These operators depend on A and W (t) like in
the CF case.

The results of the numerical experiments reported in Figures 1, 2, 3 show the
norm of the global error in the semidiscretizedproblem (1.2), for the methods,
plotted against the stepsize in a logarithmic scale. The experiments have been
repeated with di�eren t magnitudes of the viscosity � = 0:1; 0:01; 0:001 in (1.1),
allowing for di�eren t regimesof sti�ness in the problem.

We have consideredthe equation (1.1) in one spacedimension, x 2 [� 1; 1],
u(x; 0) = sech(20(x � x0)� ), (x0 = 0:5), V = 1. The discretization is carried out
with a spectral element method with 10 elements and polynomials of degree4,
with interpolation on the GaussLobatto Legendrenodes. The operator W (t) � g =
exp(� tB � 1C) � g and it is computed exactly with the built in function of Matlab,
expm. The exponentials involving the matrix ~A in the commutator free methods
are computed iterativ ely using Krylo v subspacemethods. Also the linear systems
of equations for the BDF methods and the Radau method are solved numerically
via iterativ e Krylo v subspacetechniques.

The interval of integration is [0; 1]. The error is the Euclidean norm of the
di�erence of the approximation and the exact solution of the semi-discretizedprob-
lem.
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Figure 2. Global error versusstepsizefor di�eren t methods ap-
plied to the semidiscretizedconvection di�usion linear equation:
BDF, Commutator-free, Radau I A, � = 0:01
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Figure 3. Global error versusstepsizefor di�eren t methods ap-
plied to the semidiscretizedconvection di�usion linear equation:
BDF, Commutator-free, Radau I A, � = 0:001

When � = 0:01, the CF methods achieve lower global error for the samesize
of the time step compared to BDF and Radau. Both Radau and CF, which are
based on Runge-Kutta formulae, do better then the BDF methods for � = 0:01
and � = 0:001. As � decreased,the performanceof the Radau method approaches
that of the CF method.

In Figure 4 we plot the values of the global error against the number of 
ops
required for the di�eren t methods in our implementation. The commutator-free
methods perform competitiv ely with respect to the BDF methods, but we do not
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Figure 4. Global error versusnumber of 
ops for di�eren t meth-
ods applied to the semidiscretizedconvection di�usion linear equa-
tion: BDF, Commutator-free, Radau I A, � = 0:01

excludeimprovements in the performanceof the BDF methods if a good and cheap
preconditioner is available for the solution of the linear systems.

3. Semi-Lagrangian version of the algorithm

Especially for small values of � the quality of the solution of (1.1) is polluted
by the presenceof oscillations, at least when the spatial discretization is not �ne
enough. The exact solution of the semidiscretizedequation (1.2) doesnot propagate
all the frequenciesof the solution of (1.1) at the right speed. We can illustrate
the phenomenonwith comparing the exact stady state solution of the following
convection di�usion equation in one spacedimension

ut + ux = � uxx + f ; u(x; 0) = cos(� =2x); f = 1;

x 2 [� 1; 1], u(t; 1) = u(t; � 1) = 0, with the exact solution of its discretized version

Ut = B � 1(A + C)U + f ; Ui (0) = u(x i ; 0)

whereC is the discreteconvection operator and A is the discretedi�usion, obtained
by consideringa discretization in spacewith spectral methodson the GaussLobatto
Legendre nodes, and x i is a node in the resulting grid, i = 0; : : : ; p + 1. In the
numerical experiments we consideredp = 16 and p = 32.

In this casethe forcing term f gives rise to a modi�cation of the format of
equation (1.4), which is now

zt = W � 1(t) ~AW (t) + W � 1(t)f ; z(0) = y0;

the corresponding frozen vector �elds are then identi�ed by the couples

FZ r (t; z) = (W (t0 + cr h) � 1 ~AW (t0 + cr h); W (t0 + cr h) � 1f );

and their exponentials are the solutions of the di�eren tial equations

vt = W (t0 + cr h) � 1 ~AW (t0 + cr h) + W (t0 + cr h) � 1f ;
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Figure 5. Exact solution of the semi-discretizedproblem (dashed
line) and exact solution (solid line) at t = 10, � = 0:01, p = 16.
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Figure 6. Exact solution of the semi-discretizedproblem (dashed
line) and exact solution (solid line) at t = 10, � = 0:001, p = 32.

with suitable initial values.
As we can note in Figure 5 and Figure 6 the oscillating exact solution of the

discretized problem (dashed line) do not resemble qualitativ ely the features of the
exact solution of the PDE especially when � is small.

We here considersemi-Lagrangianschemesbasedon the direct approximation
of the pure convection problems(1.5) previously approximated by the exponentials
W (t)g = exp(� tB � 1C)g. We substitute the operator W with a perturb ed operator
~W = W + E whoseconstruction is discussedhere below. This intro ducesan error

in the solution of the discretized equation (1.2), but givesimproved performancein
the approximation of the PDE problem.
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We considerfunctions w(x; t) such that wt + wx = 0; w(x; 0) = w0(x) and we
assumew0(x i ) = gi , the boundary conditions are taken according to the boundary
conditions of the original problem, wehereconsiderw(� 1; t) = w(1; t) = 0. Wethen
have that w(x; t) = w(x � t; 0) and in particular on the nodesof the discretization
w(x i ; t) = w(x i � t; 0). We assumew � wp(x; t) =

P p
j =0 wp;j (t)l j (x), where l j (x)

are the Lagrange basis functions de�ned on the nodes of the discretization, and
wp;j (t) are the nodal valuesof the approximation at time t, i.e. wp;j (t) = wp(x j ; t).
Sincew(x; t) = w(x � t; 0) we compute

wp;i (t) = wp(x i � t; 0) =
pX

j =0

wp;j (0)l j (x i � t);

in other words we obtain the valuesof the approximation wp at time t on the nodes
of the grid, by interpolating the known valuesof the initial function on the nodes.
If g(t) is a vector whosep + 1 components are the valuesof wp(x; t) on the nodes
then

g(t) = ~W (t)g(0); ~Wi;j (t) = l j (x i � t);

with ~Wi;j (t) the (i; j ) entry of the operator ~W written in a matrix form. The cost
of evaluating each entry of the operator ~W is O(p) giving an overall cost of O(p3).
This cost should be comparedwith the cost of computing exp(tB � 1C)g(0) which is
O(p2) if we useiterativ e methods for the approximation of the matrix exponential
and we have fast convergence.The qualitativ e performanceof the semi-Lagrangian
methods is however clearly superior as can be seenin Figures 7 and 8.

For more generalconvection di�usion problemsin several spacedimensionsand
with time dependent convecting vector �elds V , the consideredpure convection
problems are of the type ut + V � r u = 0 and we have that

~Wi;j (t) = l j (X i (t)) ;

where X i (t) is the characteristic exiting form the grid point x i and satis�es the
ordinary di�eren tial equation

_X i = V (X i (t)) ; X i (0) = x i :

Wereport in Figures7 and 8 the resultsof applying the semi-Lagrangianversion
of the algorithm CF3 to the convection di�usion equation given at the beginning of
this section. We computed the error as the max norm of the di�erence betweennu-
merical approximation and the exact solution of the original undiscretizedproblem
on the nodesof the discretization. This error is big and dominated by the error of
the spatial discretization for the Eulerian version of the methods, while it is much
smaller in the semi-Lagrangiancase.

In this paper we have consideredCommutator-free exponential integrators for
convection di�usion problems. We have applied the methods to a reformulated
semidiscretizedsystem of ordinary di�eren tial equations de�ned by a symmetric
negative semi-de�nite operator. This problem is obtained after a change of vari-
ables which separatesin a splitting fashion the semidiscreteconvection operator
from the semidiscretedi�usion operator. Exponential integrators are well suited
for this kind of problems, becausethe computation of the matrix exponential using
Krylo v subspacemethods is working well in the caseof symmetric negative semi-
de�nite problems. The comparison of the CF methods with BDF of order 3 and
4 and Radau I A of order 3, shows the competitiv enessof the proposedapproach.
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Figure 7. Numerical (dashedline) and exact (solid line) solution
at t = 10, � = 0:01, p = 16.
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Figure 8. Numerical (dashedline) and exact (solid line) solution
at t = 10, � = 0:001, p = 32.

Improved performancehasbeenobtained by consideringa semi-Lagrangianversion
of the methods arising naturally form the type of splitting considered.The numer-
ical experiments are limited to somesimple test problems in one spacedimension
and the methods will be further tested in more challenging applications.

Ac kno wledgemen ts The author is grateful to Einar R�nquist, Robert McLach-
lan and Brynjulf Owren for useful discussions.
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