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Abstract

In this paper we consider numerical integration methods applied to differential equa-
tions which are separable in solvable parts. These methods are compositions of flows
associated with each part of the system. We propose an elementary proof of the nec-
essary existence of negative coeflicients if the schemes are of order, or effective order,
p > 3 and provide additional information about the distribution of these negative
coefficients. It is shown that if the methods involve flows associated with more gen-
eral terms this result does not necessary apply and in some cases it is possible to
build higher order schemes with positive coefficients.
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1 Introduction

Operator splitting schemes are numerical methods which are particularly use-
ful to approximate the evolution of differential equations when they are sepa-
rable in solvable parts [8]. Specifically, let us consider the system

& = A(z) + B(z), (1)
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where the dot indicates time derivative, z € R and A, B are non commuting
vector fields on R? whose flows are exactly computable or, equivalently, the
equations © = A(z) and & = B(z) are solvable. Then, by writing the flow (i.e.,
the exact solution) of (1) as x(t) = exp(t(4 + B))(x(0)), the composition

x(h) = exp(hA) exp(hB) (2)

approximates x(h) with error of order h?, whereas
h h
S(h) = exp(5A) exp(hB) exp(54) (3)

is such that z(h) — S(h) = O(h?®). The order of the composition can be in-
creased by including more exponentials in a time step h. In general, the com-

position method
wh — eha1A ehb1B L. ehamA ehme’ (4)

has order p if ¢, = exp(h(A + B)) + O(hP™!) for a proper choice of m and
coefficients a;, b;. It can be assumed without loss of generality that in (4)
none of the coefficients by, bs, ..., b,,_1 as well as none of ay,as,...,aq,, are
vanishing, i.e., only a; and/or b, can be zero, since otherwise the correspond-
ing exponentials could be removed and the rest of the exponentials would be
concatenated.

High order numerical schemes based on the composition (4) have been suc-
cessfully used in the literature for a large number of problems [5,8]. It has
been noticed that some of the coefficients in (4) are negative for p > 3. In
other words, the methods always involve stepping backwards in time. This
constitutes a problem when equation (1) is defined in a semigroup, as arises,
for instance, in dimensional splitting of diffusion equations, since then the
method can only be conditionally stable [8].

This feature of the composition scheme (4) is in fact unavoidable, and can be
established as the following two theorems:

Theorem 1 [10,11]. If p is a positive integer such that p > 3, then there are
no composition methods of the form (4) and finite m with all the coefficients
a;, b; being positive.

Theorem 2 [4]. If p is a positive integer such that p > 3, then, for every
pth-order method (4) with m any finite positive integer,

min a; <0 and min b; < 0.
1<i<m 1<j<m

Theorem 2 is stronger than Theorem 1 and their proofs are based on the (non-
trivial) observation that a scheme of the form (4) with m any finite positive



integer and all the coefficients a;, b; being positive, cannot satisfy the order
conditions up to p = 3, which can be written as

m
order 1 Zai =1; b, =1
i=1 i=1
m—1 7 1
order 2 Z bi( aj) = —
i=1 j=1 2
m—1 % m m
order 3 bi( a/j)QZ%; Zai(ij)Qz %
i=1  j=it+l =1 j=i

One of the goals of this paper is to provide an alternative, elementary proof
of Theorem 2, giving in addition more insight into the distribution of the
coefficients in the composition.

On the other hand, during the last few years the processing technique has
been used to find better composition methods requiring less evaluations than
conventional schemes of order p [6]. The idea is to consider a method of the
form X

UYp = T Pp T (5)
Then, to evaluate n time steps, it is clear that 1&}5 = TR, " and thus only
the cost of 1)y, is relevant. The composition (4) is said to be a method of effective
order p if there exists a map m, such that ¢, = exp(h(A+ B))+ O(h?*1), ie.,
if it is conjugate to an integrator @@h of order p, which is called a processing
method. The maps v, and 7, are usually referred as the kernel and the post-
processor of the method, respectively. If the kernel is given by the composition
(4) then the number of conditions to be fulfilled by the coefficients a;, b;
is considerably reduced (see [2] and references therein), whereas the post-
processor is taken as a flow close to the identity, 7, = I + O(h), and can
be chosen also as a composition (4) or, more generally, as an element of the
universal enveloping algebra of the free Lie algebra generated by A and B.
Obviously, a method of order p has also effective order p (taking 7, = I) or
higher, but the converse is not true in general.

The simplest example of a processing method is the following:

S(h) = a5 AhB o5 A _ o3A g=hA hA JhB (GA _ —GA x(h) oA
showing that the first order method (2) has, in fact, effective order 2 because
it is conjugate to the second order leapfrog/Strang splitting method S(h).

In this paper we also address the following question: do Theorems 1 and 2 also
hold for a composition v, of effective order p > 37 Observe that, in principle,
Theorem 2 applies to the whole composition 1, but if the negative coefficients
are contained only in 7, (or 7, ') then in practice the processed method only
involves stepping forward in time (recall that 7, ' is computed at the initial



step and 7, only for output). Thus the answer to this problem could be useful
in the search of effective methods of order higher than 2 for systems that
evolve in a semigroup, such as the heat equation [8].

2 An elementary proof

Next we propose an elementary proof of the necessary existence of negative
coefficients in the composition (4) for p > 3. We consider the first order
method x(h) = e e"B and its adjoint x*(h) = e"? 4. The Baker-Campbell-
Hausdorff (BCH) theorem establishes that x(h) is itself the flow of a vector
field X which lies in the same Lie algebra as A and B:

x(h) = exp(X) = exp(hX; + h? Xy + AP X3 +---), (6)

with X1 = A+B, X, = 1[4, B], X3 = 15[A— B, [A, B]], etc. Here [A, B] stands
for the commutator AB — BA. In general, Xy, k£ > 1, is a linear combination
of nested commutators involving k operators A and B.

With respect to the adjoint method, the corresponding flow can be expressed
as

X*(h) = exp(hX, — W*Xy + I° X5 — ---). (7)
It is easy to check that if the composition (4) satisfies the condition Y1, a; =
> b; then it can be expressed as [7,5,8]

wh — eha1A ehb1B .. ehamA ehme

(DZA I A N (8)
= X" (Boh) x(Brh) X" (B2h) - - - X (Bom—1h) X" (B2mh)

with By = fom = 0 and X7, (a; + b;) = 232" B;. The consistency condi-
tions are > 7", a; = Y0, b; = Z?;"O B; = 1, and the order conditions for the
coefficients a;, b; to get a method of order p > 1 are equivalent to the order con-
ditions for the §; [7]. From (8) the following relation between the coefficients
is obtained:

a; = Poi—1 + Pai—2, bi = Bai + Pai-1, 1=1,...,m. 9)

Applying the BCH formula repeatedly to (8) and taking into account (6) and
(7) gives

Y = exp (hf1,1X1 + h2f2,1X2 + hs(f3,1X3 + f32[X1, X3]) + 0(h4)) )

where the coefficients fj ; are homogeneous polynomials of degree £ in the
variables ;. In particular we have



2m 2m

=30, fa=2 (=14 (10)
i=0 i=0
2m 2m i—1

foa =288 faa= 2 (=1)"B( Z Bi =B
i=0 i=0 j=i+1 J=0

Conditions fi; = 1 and f,; = 0 for all n < p are then sufficient for the
method to have order p. Thus, equation

2m
f3,1 225?:0 (11)
i=0

is a necessary condition to be satisfied by any method of order p > 3. We
suppose that more than two 3; are different from zero because 53 + 83 = 0
together with the consistency condition 5, 4+ 32 = 1 have no real solution. Now
(11) can be written as

S (B + B o) + B = 3 (B 1+ B3 ) =0

for any positive integer m. In consequence 553_1 + ng_Q has to be negative for
some 1 < j < m. But it is easy to verify that sign(z® + y®) = sign(z + y) for
any z,y € R, so that

0> Boj_1+ Baj—2 =a; (12)

for some j such that 1 < j < m. Similarly, we can write (11) as

Bg + Z (531 + 55’1'—1) = Z (53, + ﬁ;’i_l) =0
1=1 i=1
so that 83, + B3, | < 0 for some 1 < k < m, and again

0 > Bok + Bok—1 = bg. (13)

In this way the proof is complete.

Distribution of the coefficients

We can get more information about the distribution of the negative coefficients
in the composition (4) by applying a slightly more involved argument which,
in fact, also provides another demonstration of Theorem 2.

If we denote ag;—1 = a;, ag; = b;, i =1,...,m, in the composition (4),

wh — ehalA eha2B . eha2m71A ehasz



then it is a simple exercise to check that
a,zﬁi—i—ﬁi,l, i:1,...,2m (14)

where f3; are the coefficients appearing in (8) (8y = fom = 0). Now all we need
to prove Theorem 2 is to analyse how equations (11) and (14) imply that at
least one odd as well as one even «; coefficients are negative.

As before, we assume that there are more than two non-vanishing coefficients
B; and at least one of them negative.

(a) Let us suppose first that only one coefficient is actually negative, say ;, for
some 0 < j < 2m. Then, from eq. (11),

=-(z)”

i£]
so that |3;| > f; for all ¢ # j. Therefore
a;j =B+ 6i-1 <0 and ajr1 = PBit1+6; <0

i.e., two consecutive oy, coefficients are negative, and thus at least one a;
and one b; are negative.
(b) Suppose now that the negative coefficients are §;,, 5;,,...,5; with j; <
Jo < oo < Jg-
(b.1) If
Bji—1 < |ﬁh| > Bt (15)
for some j; € T = {j1,ja2,-- -, jr} then also two consecutive coefficients oy
are negative, namely o;; and ;4.
(b.2) On the other hand, when (15) does not hold for any j; € Z, then the
following situations are possible:
(i) if /ijl < ‘5ji|’ then |ﬁ]z| < ﬂjH—l;
(i) if ‘ﬂh‘ > Bji+1, then ;1 > ‘ﬁjz|’
(iii) finally, Bji-1 > |ﬂJ1| < Bji+1-
Let us suppose that 3;, .1 # Bj,,,—1 for all j;. Then

ﬁjk:_(( -1 T F; ; , + Jl+1)+( jo—1 1 Dj ; > T J2+1)+
31/3
+( Jk—1— 1t ]kl Jk 1+1 +Zﬁ)

where Z' contains the remaining terms (including f;, 1 and f;, 11). Since
3 + B2, >0forl=1,...,k—1, then clearly

Ji— 1
1Bl > B 1 and 1Bji| > Bjus1

in contradiction with hypothesis (b.2). Therefore 3j,11 = Bj;,,-1 for some
Jji- Let us suppose, without loss of generality, that they correspond to the



first [+ 1 coefficients f3;,. Then, the only possible sequence (different from
those considered before) has to be as follows:

/Bji—l < |IB.71| < /BJ'H-I > |/Bji+2| < 5]2’-}-3 > < Bji+2l—1 > |/6ji+2l| > Bji+2l+1

with 8;,., = Bj,y2r, kK =0,1,...,1 are the negative coeflicients. Then

O, = ﬂji + /Bji—l <0, Qj;+21+1 = ﬁjﬁ-?l—l-l + BjH'Ql <0.

Also in this case at least one a; and one b; are negative because j; and
Ji + 20 + 1 differ in an odd number.

Notice that this is the only situation where two negative «a; coefficients in
a given method do not stay in consecutive places. We have checked several
composition methods published in the literature having observed that this
occurrence is in fact quite rare: it is very much frequent that at least two
consecutive q; coefficients are negative, and this discussion provides an expla-
nation of the phenomenon.

3 Compositions of effective order p > 3

To prove the non-existence of composition methods of the form (4) of effective
order p = 3 with all the coefficients being positive, let us consider the most
general post-processor 7, in the universal enveloping Lie algebra of the free
Lie algebra generated by A and B up to order two,

Tp, = €xp (h(clA + cB) + h203X2) + O(h?), (16)
with ¢; free parameters. Since c; A+ceB = (ca—c¢1) B+ X1 = (c1—c2) A+ X,

we can rewrite (16) as follows

T :ehchl eh2d1X2 eth +O(h3) (17)
:ehchl eh2d2X2 e*hCA +0(h3) (18)

where ¢ = ¢y — ¢; and dy, dy are parameters depending on ci, ¢z, ¢3. Since eX1
commutes with ), up to order p in (5) then exp(hc;X;) in (17) and (18) can

safely be removed without loss of generality, and thus we take ¢; = 0 or c; = 0.

If, in particular, we substitute (17) in (5) we find

T,Z}h =exp (th -+ h2(f2,1 — QC)XQ + h3 ((f3,1 - 3C(f2,1 - C)X3

Hfaat gelfon = 0) = d))X1, X3])) + O(hY). (19)



A second order method is obtained if ¢ = % f2,1. If we substitute this value in
(19) and take d; such that the coefficient of [X;, Xs] vanishes, then

Un = exp (th + h*(fs1 — Zsz,l)X?)) + O(hY), (20)

and exactly the same result is obtained if considering (18) instead of (17). As
a result, we find that

3
f3,1 - Zf22,1 =0 (21)

is the only condition to be satisfied for a composition to be of effective or-
der three. This condition is equivalent to the kernel condition at order three
presented in [1] using a different basis of the Lie algebra.

Theorem 3 At least one of the a; as well as one of the b; have to be negative
in the composition (4) if 1y is of effective order p > 3.

Proof. Suppose that 1, is a composition of effective order three with, for
example, all a; positive. This means that it exists a map 7, which can be
written as in (17) (with ¢; = 0 without loss of generality) such that

eh*diXs gheB ypy  o=heB o=h’hiXs _ Gh(A+B) L Oty (22)

or equivalently

thzeth Un e—hcB :e—thle eh(A+B) eh2d1X2 +O(h4)

_ HALB)HBIXX) | (). (23)

Notice that 1, have all coefficients a; positive. On the other hand, v is a
method which can be written as a composition of a first order and its adjoint

&h =x" (Boh)X(Blh)X*(B2h) T 'X(B%Ah)x*(gzkh) (24)

and from (23) we find that
f3,1 = Zﬁ? =0,
=0

with By = Bar, = 0. But, as we know, this condition can not be satisfied with
all coeflicients a; positive.

Similarly, if we suppose that all b; are positive then we can repeat the same
procedure taking the processor (18), arriving at the same contradiction. m

Example. Let us consider the following composition



Uy, = oA GhVB gh(1-a)A Gh(1-b)B
=X"(Boh)x(B1h) X" (Bah) x(B3h)x" (Bah), (25)
with o =0, 51 =a, o =b—a, f3 =1—0b, By = 0, and the consistency
conditions already imposed. This composition can not be of order three (there

are not enough parameters to solve the order conditions), but it can be of
effective order three if condition (21) is satisfied, or equivalently if

1—12ab(1 — a)(1 — b) = 0,
which has no real solution if a € (0,1) as well as if b € (0,1). In consequence,

at least one of the coefficients of A as well as one of the coefficients of B have
to be negative.

4 Other classes of composition methods

The previous results can be generalized in several important contexts. For
instance, let us consider the method

K n
Un =Y Wnks with Ung =[] ehariA ghtiB (26)
k=1 ot

where it is assumed that ), vy =1and > ;a5 = > bks, k= 1,..., K.
Theorem 4 [/]. If p and K are positive integers such that p > 3 and K > 2,
and v, > 0 for k =1,..., K, then at least one of the coefficients ay; as well

as one of the by; have to be negative in the composition (26) if 1y has order,
or effective order, p > 3.

Proof. Since }; ax; = >_; bx,; we can write
Yy = H X(Blc,ih) X (IBk,ih)a (27)
i=1

and following the same procedure as previously we find that instead of (10)
the necessary condition to be a method of order three or higher is now

K 2n
D wD By =0 (28)
k=1 i=1

Since v, >0, k =1,..., K, then there exists 1 < j < K such that

2n
=1



and the previous proof can be applied. =

Consider now A, ..., A, non commutative operators and the composition
3 y LAk
m
wh — H ehai,lAl . ehai,kAk’ (30)
i=1

with ¢, = exp(h(A; + - - + Ag)) + O(hPT1). Then we have
Theorem 5 If the composition (30) has order, or effective order, p > 3, then

min ai,l<0 l=1,...,k.
1<i<m

Proof. If there exists 1 < j < k such that all coefficients of A; are positive
we could take A; = A and A; = B/(k — 1), i # j, recovering the composition
(4) so, at least one of the coefficients of A; has to be negative. m

Composition of a symmetric method

We consider now compositions of the symmetric (or self-adjoint) second order
scheme S(h) given by (3) (or with the roles of A and B interchanged), i.e.,

Un = S(Boh)S(Brh) - -+ S(Brn—1h) S (Bmh). (31)

The basic scheme S(h) can formally be written as the flow of a vector field in
the form [5]

S(h) = exp (hX; + h* X5+ hoX5+---). (32)

Analogously to the composition (4), repeated application of the BCH formula
leads now to

n = exp (hfi1 X1+ b f31 X5 + O(hY)) ,

where
fl,l:Z,Bz’; f3,122ﬁ?-
i=0 i=0

Therefore fi; =1, f31 = 0 are necessary conditions for v, to have order p > 3.
In fact, since fo; = 0 in this case, they are also the conditions to be satisfied
by 1, to have effective order p = 3 and the following result is immediate.

Theorem 6 If p is any positive integer such that p > 3 and S(h) is given by

(8), then at least two consecutive coefficients a;, b; have to be negative in the
composition (31) if 1y, has order, or effective order, p.

10



Proof. By substituting in (31) the expression of the basic method S(5;h) =
exp(ZhA) exp(BihB) exp(ZhA), we obtain a composition of the type (4) with

1
b, = B, ai=§(5i+/3i—1) 1=1,...,m

if By = B, = 0. It is immediate to check that if there exists one negative
coefficient, say 3; < 0,1 <j<m—1 and

|/J)J| > ﬂj_l then a; < 0, bj <0, (33)

whereas if

|,6]| > ,6]'_1_1 then bj <0, aj+1 < 0. (34)
In other words, as soon as one of the ; is negative and its absolute value is
higher than the previous one or the next one then the corresponding compo-
sition (4) has, at least, two consecutive coefficients which are negative.

Suppose now that there are k negative coefficients, 8;,,B3;,,...,8; < 0 such
that they do not satisfy conditions (33) and (34), and they are not consecutive
(otherwise the theorem is obviously satisfied). Then we can write condition
f3’1 =0 as

' 1/3
/Bjk:_(( ‘?1—1—"_ ?1)+...+(.?k—1_1+ 3319—1)+Z 513) )

where 3=’ contains the remaining terms, including 8;,_; and §;, 1. Since 5. _,+
B} >0, i=1,...,k—1, then 8,1 < |B;,| > Bj,+1, and conditions (33) and
(34) are satisfied. m

This result, together with the discussion of section 2 justifies why it is so
frequent that at least two consecutive coefficients are negative.

5 Composition methods with positive coefficients

Let us consider now the second order differential equation

§=1rw), (35)

which can be written in the form (1) by taking x = (z1,22) = (y,9) and
A(z) = (22,0), B(z) = (0, f(z1)), or equivalently

0 . 0
A:il?Qa—xl, B:f(il?l)ax2

This equation frequently appears in relevant problems arising in classical and
quantum mechanics, where the operator A is related to the kinetic energy

11



(quadratic in momenta) and B is associated with the potential energy. Then
the commutator C' = [B, [A, B]| is explicitly and exactly solvable and, in addi-
tion, [B, C] = 0 so that B and C can be incorporated in the same exponential.
It makes sense, then, to consider the composition

Yn = [[ exp(ha;A) exp(hb;B + h*¢;C) (36)

i=1

instead of (4). In this case 1, can not always be written as the composition
of a first order method and its adjoint, and Theorem 2 does not apply. For
instance [3]

h h 2h h? h h
Yy = exp <EB> exp <§A> exp <?B + 5C> exp (§A> exp <EB> (37)

is a method of order four and [9]

h h? h
Wy, = exp (5/1) exp <hB + ﬂ0> exp (514) (38)

is a method of effective order four. In the last case we can write v, =
x(h/2)x*(h/2) with x(h) = exp(hA) exp(hB+h3/6C). However, if we analyse
the elements of the exponential of x(h) in (6) we find that X3 = [X, X5]/6.
Then X3 is not an independent element and can be cancelled with a proper
choice of the map 7, giving a fourth-order method.

Numerical experiments suggest that this is the highest order one can get
with the composition (36) with positive coefficients and a rigorous proof is
at present under investigation. However, methods of effective order six as well
as of order six are known to exist with all coefficients b; positive.

On the other hand, if we consider a Hamiltonian system of the form
H="T(p)+V(q)

with T quadratic in p and V(¢) a polynomial function up to degree four
in q (or, in general, if f(y) is a polynomial function up to degree three),
then £ = [A,[A,[A,[A, B]]]] vanish or depends only on the momenta, i.e.
[A, E] = 0, and can be computed with the kinetic energy, similarly to C. In
addition D = [B, B, [A, [A, B]]]] depends only on the coordinates and thus
[B, D] = 0. It turns out that the generalised leapfrog splitting scheme

Uy = exp (gA + h5eE> exp (hB + h3cC + hSdD) exp (gA + h5eE> (39)

i — 1 —_ 1 1 - . . .
with ¢ = 57, d = 75, € = 350 18 @ method of effective order six, since these

coefficients satisfy the kernel conditions collected in [1] up to this order.

12



We should recall that methods (37), (38) and (39) are particular examples
of composition schemes involving only positive coefficients. The possible exis-
tence of other families of composition methods of order p > 3 with positive
coefficients is, at the time being, an open question of great interest, for in-
stance, in the numerical integration of non-reversible systems.
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