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Abstract

Partial differential equations with variable coefficients involving discontinuous case play an important
part in engineering, physics and ecology. In this paper, we will study nonlinear partial differential
equations with variable coefficients arised from population models. Generally speaking, it is hard to
analyze the behavior of nonlinear partial differential equations, therefore we usually rely on the numerical
approximation. Currently, there is an increasing interest in designing numerical schemes that preserve
invariants for differential equations. We will design the numerical schemes that preserve energy property
and give conjectures for our target equation.

1 Introduction

The main purpose of this paper is to investigate the numerical solutions of nonlinear partial differential
equation with variable coefficients arised from population model [1]. The variable coefficients of our equation
involve the discontinuous case. Therefore, we think that the behavior of solution rapidly changes around
the neighborhood of the discontinuous point. Rannacher has already studied the finite element solution of
diffusion problem with irreguralities in the initial or boundary data [30].

These days, many works exist concerning for designing of structure preserving numerical schemes for
ordinary differential equations [5], [13], [15], [19], [22], [23], [24], [31], [33], [34] (and their references) and
partial differential equations [6], [16], [21], [29], [32] (and their references).

Recently, Furihata and Mori proposed the discrete variational method which is an exact discretization of
the continuous variational method [9], [10], [11]. This method is one procedure for designing finite difference
scheme preserving energy properties such as energy dissipation, energy conservation and so on [17]. Matsuo
and others expanded the discrete variational method to complex valued problem [25]. They also expanded
this method to designing spatially accurate schemes under periodic conditions [26].

In this paper, we will design the finite difference scheme for nonlinear partial differential equation with
variable coefficients that Furihata and Matsuo did not consider by means of the discrete variational method.

The contents of this paper are as follows : In section 2, we will define the notation of the discrete symbols
and their calculus employed throughout this paper. In section 3, we will describe the relationship between
the continuous variational derivative and the discrete variational derivative [9], [10] [11]. In section 4, we
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will show the partial differential equation that we analyze in this paper and its energy property. We will
also derive the finite difference scheme for nonlinear partial differential equation with variable coefficients
that preserve energy property. In section 5, we will show our target equation. In section 6, we will prove the
stability and unique existence of numerical solution that we propose in section 5. Finally, we will demonstrate
the numerical simulation. We will also give conjectures of our target equation.

2 Notations and preliminaries

In this section, we define the one-dimensional discrete operators. Let Ω = [a, b] and the mesh size with
respect to x is defined by

∆x
def
=

b − a

N
. (1)

We denote by fk a numerical value supposed to be an approximation of f(a + k∆x), k = 0, 1, · · · , N

fk � f(a + k∆x), f = {fk}N
k=0 ∈ RN+1. (2)

Difference operators
We define the difference operators as follows :

δ+
k fk

def
=

fk+1 − fk

∆x
, (3)

δ−k fk
def
=

fk − fk−1

∆x
, (4)

δ
(1)
k fk

def
=

fk+1 − fk−1

2∆x
, (5)

δ
(2)
k fk

def
=

fk+1 − 2fk + fk−1

(∆x)2
. (6)

2.1 Other discrete operators

We define the shift operators and averaging operators in this subsection.
Shift operators
The shift operators are defined as follows :

s+
k fk

def
= fk+1, (7)

s−k fk
def
= fk−1, (8)

s
(1)
k fk

def
=

s+
k + s−k

2
. (9)

Averaging operators
We define the averaging operators by using shift operators as follows :

µ+
k

def
=

1
2
(s+

k + 1), (10)

µ−
k

def
=

1
2
(s−k + 1), (11)

µ
(1)
k

def
=

µ+
k + µ−

k

2
=

1 + s
(1)
k

2
. (12)

2.2 Summation

As the discretization of the integral, we adopt the periozoidal rule
∑N

k=0
′′ that is defined by

N∑
k=0

′′fk∆x
def
=
(

1
2
f0 +

N−1∑
k=0

fk +
1
2
fN

)
∆x. (13)
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Summation by parts with periozoidal rule
The following is the discretization of the integral by parts formula in usual calculus for two sequences

N∑
k=0

′′fk(δ+
k gk)∆x +

N∑
k=0

′′(δ−k fk)gk∆x =

[
fk(s+

k gk) + (s−k fk)gk

2

]N

k=0

(14)

where f = {fk}N
k=0, g = {gk}N

k=0 ∈ RN+1 and gk is an approximation of g(a + k∆x).
Remark : The discrete operators with respect to t are defined in the same manner with fn corresponding
to f(n∆t),n = 0, 1, 2, · · ·.

3 The discrete variational method

In this section, we give a brief description of our method as it applies to the partial differential equations
that concerns us here. The discrete variational method is an exact discretization of the usual continuous
variational method. We will summarize the definition of the discrete variational derivative [10].

We will recall the continuous variational method briefly. Firstly, we define the energy as follows

J [u]
def
=
∫ b

a

G(u, ux)dx, (15)

where we call G(u, ux) the energy function in this paper.
By the usual variational argument, we have

J [u + δu] − J [u] �
∫ b

a

δG

δu
δudx +

[
∂G

∂ux
δu

]b

a

, (16)

where δG
δu is the Euler-Lagrange variational derivative defined by

δG

δu

def
=

∂G

∂u
− ∂

∂x

∂G

∂ux
. (17)

From now on, we will discretize the variational derivative in an exact manner. Firstly, the discrete energy is
defined by

Jd[U ] =
N∑

k=0

′′Gd(Uk)∆x, U = {Uk}N
k=0 ∈ RN+1, (18)

where Gd(Uk) corresponds to an approximation to G(u, ux) at x = k∆x. Gd(Uk) takes the following form

Gd(Uk) =
m∑

l=1

fl(Uk)g+
l (δ+

k Uk)g−l (δ−k Uk), (19)

where m ∈ Z+ and fl, g+
l , g−l : R → R are differential functions. Secondly, we rewrite Uk and Vk as the

discretization for u + δu and u as follows

U = {Uk}N
k=0 ∈ RN+1, (20)

V = {Vk}N
k=0 ∈ RN+1. (21)

Then we define the discrete variational derivative δGd

δ(Uk,Vk) as follows

δGd

δ(Uk, Vk)
def
=

m∑
l=1

(
dfl

d(Uk, Vk)
g+

l (δ+
k Uk)g−l (δ−k Uk) + g+

l (δ+
k Vk)g−l (δ−k Vk)

2

− δ+
k W−

l (Uk, Vk) − δ−k W+
l (Uk, Vk)

)
, (22)
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where

W±
l (Uk, Vk) =

(
fl(Uk) + fl(Vk)

2

)(
g∓l (δ∓k Uk) + g∓l (δ∓k Vk)

2

)
dg±l

d(δ±k Uk, δ±k Vk)
(23)

and
df

d(a, b)
def
=

{
f(b)−f(a)

b−a : a �= b,
df
da : a = b.

(24)

We apply the summation by parts formula to the difference Jd[U ] − Jd[V ] to obtain

Jd[U ] − Jd[V ] =
N∑

k=0

′′ δGd

δ(Uk, Vk)
(Uk − Vk)∆x +

[
∂Gd

∂δ(Uk, Vk)

]N

0

, (25)

where

∂Gd

∂δ(Uk, Vk)
def
=

1
2

m∑
l=1

(
W+

l (Uk, Vk)s+
k (Uk − Vk) + W−

l (Uk, Vk)s−k (Uk − Vk)

+ (s+
k W−

l (Uk, Vk) + s−k W+
l (Uk, Vk))(Uk − Vk)

)
. (26)

Therefore, we can regard (25) as a discrete analogue of (16).
Thus we get finite difference scheme that inherits energy properties, such as energy dissipation, energy

conservation law and energy non-decreasing property [10], [17], [25].

4 Partial differential equation and its finite difference scheme by

means of the discrete variational method

4.1 Partial differential equations and its corresponding the energy property

The purpose of this section is to show the energy properties of partial differential equations. Our target
equation is written by the Euler–Lagrange derivative as follows,


∂u
∂t = − δG

δu
δG
δu : variational derivative
G(u, ux) : energy function.

(27)

This partial differential equation (27) has the energy dissipation property. We assume that the partial
differential equation satisfies the boundary condition

[
∂G

∂ux

∂u

∂t

]b

a

= 0, (28)

which is implied e.g. by the Neumann boundary condition.

4.2 Energy dissipation property

We have the following theorem for the partial differential equation (27) under the boundary condition (28).

Theorem 4.1 (Energy dissipation property)
Let u be a solution of (27) with boundary condition (28). Then the energy

∫ b

a
G(u, ux)dx is dissipation with

respect to t. Namely ,
d

dt

∫ b

a

G(u, ux)dx ≤ 0. (29)
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Proof .

d

dt

∫ b

a

G(u, ux)dx =
∫ b

a

(
∂G

∂u

∂u

∂t
+

∂G

∂ux

∂ux

∂t

)
dx

=
∫ b

a

∂G

∂u

∂u

∂t
dx +

[
∂G

∂ux

∂u

∂t

]b

a

−
∫ b

a

∂

∂x

∂G

∂ux

∂u

∂t
dx

=
∫ b

a

(
∂G

∂u
− ∂

∂x

∂G

∂ux

)
∂u

∂t
dx +

[
∂G

∂ux

∂u

∂t

]b

a

=
∫ b

a

δG

δu

∂u

∂t
dx

= −
∫ b

a

(
δG

δu

)2

dx ≤ 0.

4.3 The implicit finite difference scheme and its discrete energy property

For the partial differential equation (27), an implicit scheme is obtained by the discrete variational method
as follows

U
(n+1)
k − U

(n)
k

∆t
= − δGd

δ(U (n+1)
k , U

(n)
k )

, k = 0, 1, · · · , N, n = 0, 1, · · · (30)

with the boundary condition [
∂Gd

∂δ(U (n+1)
k , U

(n)
k )

]N

0

= 0. (31)

We can prove the discrete energy property for finite difference scheme (30).

Theorem 4.2 (Discrete energy dissipation property)
Let U

(n)
k be a solution of (30) with boundary condition (31). Then the energy Jd[U (n)] is dissipation with

respect to the time step n. Namely ,

1
∆t

{Jd[U (n+1)] − Jd[U (n)]} =
1

∆t

N∑
k=0

′′{Gd(U
(n+1)
k ) − Gd(U

(n)
k )}∆x ≤ 0,

U (n) = {U (n)
k }N

k=0 ∈ RN+1. (32)

Proof .

1
∆t

{Jd[U (n+1)] − Jd[U (n)]} =
1

∆t

N∑
k=0

′′{Gd(U
(n+1)
k ) − Gd(U

(n)
k )}∆x

=
1

∆t

N∑
k=0

′′ δGd

δ(U (n+1)
k , U

(n)
k )

(U (n+1)
k − U

(n)
k )∆x

=
N∑

k=0

′′ δGd

δ(U (n+1)
k , U

(n)
k )

(U (n+1)
k − U

(n)
k )

∆t
∆x

= −
N∑

k=0

′′
(

δGd

δ(U (n+1)
k , U

(n)
k )

)2

∆x ≤ 0 .
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5 The target equation
–Nonlinear partial differential equation with variable coefficients–

In this section, we derive the finite difference scheme of nonlinear partial differential equation with variable
coefficients involving discontinuous case which arized from population model of the form ut = duxx +
u2(b(x)−u), where u represents the population density, d is constant of the diffusion rate and b(x) describes
the growth rate of the living being. If the growth rate b(x) is positive, b(x) means favorable habits i.e.
b(x) represents the easiness of living of the environment surrounding the living being. If the growth rate
b(x) is negative, b(x) means unfavorable habits i.e. b(x) represents the living being is surrounded by a
harsh environment. Cantrell and Cosner have already considered the partial differential equation of the form
ut = duxx +u(b(x)−u) analytically [3], but the nonlinear term of this partial differential equation is different
from our target equation.

5.1 The partial differential equation with variable coefficient
and its energy property

We consider the nonlinear partial differential equation with variable coefficient as the following initial-
boundary value problem,


∂u
∂t = − δG

δu where
δG
δu = d∂2u

∂x2 + u2(b(x) − u) in Ω, t > 0,
∂u
∂x = 0 on ∂Ω, t > 0,
u(x, 0) = ϕ(x) ≥ 0,

(33)

which corresponds, in our formulation, to the energy function

G(u, ux) = −1
2

(
∂u

∂x

)2

+
b(x)
3

u3. (34)

In this paper, we have assumed Ω = [a, b] and d is small constant and b(x) is bounded. The total energy of
this problem is given by

J(t) =
∫ b

a

G(u, ux)dx. (35)

And we prove the following energy property for the total energy of (33).

Theorem 5.1 (Energy dissipation property)
Let u be the solution of (33). Then we have the following inequality which indicates the dissipation property
of total energy. Namely ,

d

dt
J(t) ≤ 0 (36)

5.2 The implicit finite difference scheme for target equation and its discrete
energy property

5.2.1 A derivation of discrete variational derivative

In this subsection, we will calculate the discrete variational derivative for (33). We compute the solution
U

(n)
k to a discretized equation of (33), which is expected to approximate the solution u(x, t) to (33) at points

(k∆x, n∆t),

U
(n)
k � u(k∆x, n∆t), k = 0, 1, · · · , N, n = 0, 1, 2, · · · , (37)
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and bk is expected to approximate b(x) at point k∆x

bk � b(k∆x), k = 0, 1, · · · , N. (38)

And also, we assume that bk is bounded. We define c as

c
def
= max

k
|bk|, k = 0, 1, · · · , N. (39)

A natural discretization of the energy function is

Gd(U
(n)
k ) =

1
2

(
δ+
k U

(n)
k

)2 +
(
δ−k U

(n)
k

)2
2

− 1
3
bk

(
U

(n)
k

)3 +
1
4
(
U

(n)
k

)4
, U = {Uk}N

k=0 ∈ RN+1. (40)

Then the discretization of total energy is given as follows

Jd[U (n)] =
N∑

k=0

′′Gd

(
U

(n)
k

)
∆x, U (n) = {U (n)

k }N
k=0 ∈ RN+1. (41)

Then the discrete variational derivative is calculated as in the following proposition.

5.1 Proposition (The discrete variational derivative method for the target equation)
We calculate the discrete variational derivative for the target equation by means of the discrete variational
method under the discrete Neumann condition. Then we have

δGd

δ(U (n+1)
k , U

(n)
k )

=
1
2
δ
(2)
k (U (n+1)

k + U
(n)
k ) − 1

3
bk{(U (n+1)

k )2 + U
(n+1)
k U

(n)
k + (U (n)

k )2}

+
1
4
{(U (n+1)

k )3 + (U (n+1)
k )2U (n)

k + U
(n+1)
k (U (n)

k )2 + (U (n)
k )3}. (42)

Proof .We can easily verify this calculation.

Therefore we get the discrete variational derivative (42).

5.2.2 An implicit scheme for target equation

From Proposition 5.1, we get the implicit finite difference scheme for (33).




U
(n+1)
k

−U
(n)
k

∆t = − δGd

δ(U
(n+1)
k

,U
(n)
k

)
where

δGd

δ(U
(n+1)
k

,U
(n)
k

)
= d

2δ
(2)
k

(
U

(n+1)
k + U

(n)
k

)
+ 1

3bk

{(
U

(n+1)
k

)2 + U
(n+1)
k U

(n)
k +

(
U

(n)
k

)2}
− 1

4

{(
U

(n+1)
k

)3 +
(
U

(n+1)
k

)2
U

(n)
k + U

(n+1)
k

(
U

(n)
k

)2 +
(
U

(n)
k

)3}
,

k = 0, · · · , N,

δ
(1)
k U

(n)
k = 0, k = 0, N,

U
(0)
k = ϕk ≥ 0, k = 0, · · · , N.

(43)

The next theorem is the energy dissipation property for the discretized energy function.

Theorem 5.2 (Discrete energy dissipation property)
Let U

(n)
k be a solution of (43). Then the total energy Jd(U

(n)
k ) is dissapation with respect to the time step

n. Namely ,

1
∆t

{Jd[U (n+1)] − Jd[U (n)]} =
1

∆t

N∑
k=0

′′{Gd(U
(n+1)
k ) − Gd(U

(n)
k )}∆x ≤ 0,

U (n) = {U (n)
k }N

k=0 ∈ RN+1. (44)
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6 Stability and the uniqueness existence of the solution for the
implicit finite difference scheme

In this section, we discuss the stability and the unique existence of the solution for the implicit finite difference
scheme (43).

6.1 Stability of the implicit finite difference scheme

We prove the stability for the implicit finite difference scheme (43) by the discrete Sobolev Lemma. We
define the discrete Sobolev–norm as

‖f‖2
d−(1,2)

def
=

N∑
k=0

′′(fk)2∆x +
N∑

k=0

′′ (δ
+
k fk)2 + (δ−k fk)2

2
∆x, f = (fk)N+1+2l

k=−l ∈ RN+1+2l; 0 ≤ l. (45)

Then we have following lemma [11].

6.1 Lemma (Discrete Sobolev Lemma)

max
0≤k≤N

| fk |≤ 2 max
(

1√
L

,
√

L

)
‖f‖d−(1,2). (46)

where L
def
= b − a.

We recall the discrete energy dissipation property for the implicit finite difference scheme (43). The discrete
dissipation property is as follows (44),

N∑
k=0

′′Gd

(
U

(n+1)
k

)
∆x −

N∑
k=0

′′Gd

(
U

(n)
k

)
∆x ≤ 0.

6.2 Lemma We have the following inequality for the finite difference scheme (43).

‖U (n)‖d−(1,2) ≤

√√√√ 1
min
(
1, d

2

)[ N∑
k=0

′′Gd(U
(0)
k )∆x + L +

1
24

N∑
k=0

′′
{

b4
k + 12b2

k + bk(b2
k + 8)

√
b2
k + 8)

}
∆x

]
. (47)

Proof . We have to prove under three cases.

1. min
k

bk ≥ 0.

2. min
k

bk < 0 and max
k

bk < 0.

3. min
k

bk < 0 and max
k

bk ≥ 0.

In this paper, we prove the case 1. Similarly, we can prove 2 and 3.
From the energy dissipation property (44), we have the following inequality.

N∑
k=0

′′Gd(U
(0)
k )∆x ≥

N∑
k=0

′′Gd(U
(n)
k )∆x

≥
N∑

k=0

′′
{
−bk

3
(U (n)

k )3 +
1
4
(U (n)

k )4 +
d

2
(δ+

k U
(n)
k )2 + (δ−k U

(n)
k )2

2

}
∆x

≥
N∑

k=0

′′
{

(U (n)
k )2 +

d

2
(δ+

k U
(n)
k )2 + (δ−k U

(n)
k )2

2
− 1

24
{b4

k + 12b2
k + 24 + bk(b2

k + 8)
√

b2
k + 8}

}
∆x
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(
since

1
4
x4 − p

3
x3 ≥ x2 − 1

24

{
p4 + 12p2 + 24 + p(p2 + 8)

√
p2 + 8

}
, p ≥ 0

)

≥ min
(

1,
d

2

)
‖U (n)‖2

d−(1,2) −
N∑

k=0

′′ 1
24

{
b4
k + 12b2

k + 24 + bk(b2
k + 8)

√
b2
k + 8

}
∆x

Then we have following inequality.

‖U (n)‖2
d−(1,2) ≤

1
min(1, d

2 )

[ N∑
k=0

′′Gd(U
(0)
k )∆x + L +

N∑
k=0

′′ 1
24

{
b4
k + 12b2

k + 24 + bk(b2
k + 8)

√
b2
k + 8

}]
.

From these two lemmas, we have the following theorem.

Theorem 6.1 (Stability of the finite difference scheme (43))
We have the following inequality which indicates the stability to the finite difference scheme (43).

max
0≤k≤N

|U (n)
k | ≤ 2

√√√√max(L, 1
L)

min
(
1, d

2

) [ N∑
k=0

′′Gd(U
(0)
k )∆x + L +

N∑
k=0

′′ 1
24

{
b4
k + 12b2

k + 24 + bk(b2
k + 8)

√
b2
k + 8

}]
(48)

6.2 Unique existence of the solution for the implicit finite difference scheme

The purpose of this subsection is to show the existence of the solution for the proposed scheme (43) by
Brower fixed–point theorem. And we can also prove the uniqueness of the solution through the contraction
mapping argument [11].

The existence of the solution for the finite difference scheme means that we can compute successively
n–th solution U

(n)
k for n = 1, 2, · · · for given initial value {U (0)

k ; k = 0, 1, · · · , N}. Therefore it suffices to
show the existence of the sequence {U (n+1)

k ; k = 0, 1, · · · , N} satisfying (43).
We rewrite the finite difference scheme. Firstly, we put

vk
def
= U

(n)
k (49)

Then (43) is reduced to

1
∆t

(
U

(n+1)
k − vk

)
=

d

2
δ
(2)
k (U (n+1)

k + vk) + Qd(U
(n+1)
k , vk) (50)

where

Qd(U
(n+1)
k , vk)

def
=

bk

3
{(U (n+1)

k )2 + U
(n+1)
k vk + (vk)2}

− 1
4
{(U (n+1)

k )3 + (U (n+1)
k )2vk + U

(n+1)
k v2

k + v3
k}. (51)

In order to prove the existence of the solution, we rewrite (50) as follows(
1

∆t
− d

2
δ
(2)
k

)
U

(n+1)
k =

(
1

∆t
+

d

2
δ
(2)
k

)
vk + Qd(U

(n+1)
k , vk). (52)

Remark : Obviously, this is an implicit finite difference scheme.

Note that (52) is expressed as follows,(
1

∆t
I − d

2
D2

)
U =

(
1

∆t
I +

d

2
D2

)
v + Qd(U , v), (53)
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where U , v ∈ RN+1 are defined by

U = (U0, U1, · · · , UN ) (54)
v = (v0, v1, · · · , vN ) (55)

and I ∈ RN+1 is the unit matrix and D2 is

D2 =
1

(∆x)2




−2 2 0 0
1 −2 1 0
0 1 −2 1

. . . . . . . . . . . .
0 1 −2 1

0 0 2 −2




, (56)

under the boundary condition as in (43).
In (53), we replace the right hand side of U

(n+1)
k by uk (k = 0, 1, · · · , N). Then we obtain(

1
∆t

I − d

2
D2

)
U =

(
1

∆t
I +

d

2
D2

)
v + Qd(u, v), (57)

where u ∈ RN+1 denotes
u = (u0, u1, · · · , uN) (58)

Now let Tv : u 
→ U be a mapping defined by U = ( 1
∆tI −

1
2D2)−1{( 1

∆tI + 1
2D2)v +Qd(u, v)}. Our problem

is thus reduced to show Tv has a unique fixed point, i.e. solution of (53). For that we use the well–known
Brouwer fixed point theorem and contraction mapping principle.

We can prove the following theorems for the finite difference scheme (43). Let K be defined by

K def
= {u ∈ RN+1 | ‖u‖2 ≤ 4M}, (59)

where

M
def
= ‖v‖2, (60)

‖v‖2
def
=

√√√√ N∑
k=0

(vk)2. (61)

Then we have the following theorem.

Theorem 6.2 (Unique existence of the solution to the proposed scheme (43))
If

∆t ≤ 1

M

(
17
2 c +

√
3097

2 M

) , (62)

then the mapping Tv : K −→ K where Tv is defined above has unique fixed–point in the closed ball K.

Remark: (62) is independent of ∆x.

Proof . We have to show that Tv has a fixed point under these two conditions.

1. Tv is well–defined for any v.

2. Tv satisfies three conditions of Brouwer fixed–point theorem.
(B1) K(⊂ RN+1) is a bounded convex set.
(B2) Tv is mapping K 
→ K.
(B3) Tv is continuous.

10



Firstly, we prove 1. The matrix expression of mapping Tv is(
1

∆t
I − 1

2
D2

)
U =

(
1

∆t
I +

1
2
D2

)
v + Qd(u, v),

where matrix D2 is denoted by (56), whose eigenvectors are

xk
def
=




cos( k
N π · 0)

cos( k
N π · 1)

cos( k
N π · 2)
...

cos( k
N π · (N − 1))

cos( k
N π · (N))




(63)

where corresponding eigenvalues are

λk
def
=

2
(∆x)2

{
cos(

k

N
π) − 1

}
, (64)

i.e.
D2xk = λkxk, k = 0, 1, · · · , N. (65)

Therefore, we get the inequality for the eigenvalues of 1
∆tI − 1

2D2,

1
∆t

− 1
2

2
(∆x)2

{
cos(

k

N
π) − 1

}
≥ 1

∆t
(66)

which implies that 1
∆tI − 1

2D2 is invertible. Therefore the mapping Tv is well-defined.
Secondly, we prove 2.
(B1) is tririal. Let us prove (B2).
We diagonalize the matrix D2 by using eigenvectors of (63). Then

D2 = XΛX−1, (67)

where

X = (x0, x1, · · · , xN ), (68)
Λ = diag(λk). (69)

Then the matrix expression of proposed scheme is given by

U = X

(
1

∆t
I − 1

2
Λ
)−1( 1

∆t
I +

1
2
Λ
)

X−1v

+ X

(
1

∆t
I − 1

2
Λ
)−1

X−1Qd(u, v), (70)

from which follows

‖U‖2 ≤ ‖X‖2 ·
∥∥∥∥
(

1
∆t

I − 1
2
Λ
)−1( 1

∆t
I +

1
2
Λ
)∥∥∥∥

2

· ‖X−1‖2 · ‖v‖2

+ ‖X‖2 ·
∥∥∥∥
(

1
∆t

I − 1
2
Λ
)−1∥∥∥∥

2

· ‖X−1‖2 · ‖Qd(u, v)‖2, (71)

where the matrix norm is defined by

‖A‖2 = sup
x �=0

‖Ax‖2

‖x‖2
, x ∈ RN+1, (72)
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and thus
‖diag(λk)‖2 = max

k
|λk|. (73)

By using (73), we can estimate (71) as follows

‖U‖2 ≤ ‖X‖2 · max
k

∣∣∣∣ 1
∆t + 1

2λk

1
∆t −

1
2λk

∣∣∣∣ · ‖X−1‖2 · ‖v‖2

+ ‖X‖2 · max
k

∣∣∣∣ 1
1

∆t −
1
2λk

∣∣∣∣ · ‖X−1‖2 · ‖Qd(u, v)‖2. (74)

Here we note that

max
k

∣∣∣∣ 1
∆t + 1

2λk

1
∆t −

1
2λk

∣∣∣∣ ≤ 1, (75)

max
k

∣∣∣∣ 1
1

∆t −
1
2λk

∣∣∣∣ ≤ ∆t. (76)

Making use of these two inequalities (75) and (76), we have (77),

‖U‖2 ≤ ‖X‖2 · ‖X−1‖2 · ‖v‖2 + ‖X‖2 · ∆t · ‖X−1‖2 · ‖Qd(u, v)‖2. (77)

From the assumption (60), we obtain

‖U‖2 ≤ ‖X‖2 · ‖X−1‖2 · M + ‖X‖2 · ∆t · ‖X−1‖2 · ‖Qd(u, v)‖2. (78)

Now we can estimate ‖Qd(u, v)‖2 by the assumption (59). We divide into ‖Qd(u, v)‖2 as follows,

Qd(u, v) = Qd1(u, v) + Qd2(u, v), (79)

where we define Qd1(u, v) and Qd2(u, v) as

Qd1(u, v) =
bk

3
(u2

k + ukvk + v2
k), (80)

Qd2(u, v) = −1
4
(u3

k + u2
kvk + ukv2

k + u3
k). (81)

We can estimate ‖Qd1(u, v)‖2
2 as follows,

‖Qd1(u, v)‖2
2 =

N∑
k=0

{
bk

3
(u2

k + ukvk + v2
k)
}2

≤
N∑

k=0

{
bk

3
(u2

k +
u2

k + v2
k

2
+ v2

k)
}2

=
N∑

k=0

{
bk

2
(u2

k + v2
k)
}2

≤
N∑

k=0

(
bk

2

)2{
(u2

k + v2
k)
}
·

N∑
l=0

{
(u2

l + v2
l )
}

≤
(

c

2

)2

{(4M )2 + M2}2

=
(

c
17M 2

2

)2

.
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Therefore we obtain

‖Qd1(u, v)‖2 ≤ 17M 2

2
c. (82)

And we can estimate Qd2(u, v) as follows,

‖Qd2(u, v)‖2
2 =

N∑
k=0

{(
−1

4

)
(u3

k + u2
kvk + ukv2

k + v3
k)
}2

=
(

1
4

)2 N∑
k=0

{(u2
k + v2

k)(uk + vk)}2

≤
(

1
4

)2 N∑
k=0

(
42u6

k + 42v6
k

2

)

≤ 1
2
{( N∑

k=0

u2
k

)3+( N∑
k=0

v2
k

)3}

≤ 1
2
[{(4M )2}3 + (M2)3]

=
3097

2
M6.

Therefore we obtain

‖Qd2(u, v)‖2 ≤
√

3097
2

M3. (83)

From (82) and (83),

‖Qd(u, v)‖2 ≤ ‖Qd1(u, v)‖2 + ‖Qd2(u, v)‖2

≤ M2

(
17
2

c +

√
3097

2
M

)
. (84)

We substitute (84) into (78). Then we have

‖U‖2 ≤ ‖X‖2 · ‖X−1‖2 · M + ‖X‖2 · ∆t · ‖X−1‖2 · M2

(
17
2

c +

√
3097

2
M

)
. (85)

Now we use the following estimates for ‖X‖2, ‖X−1‖2 ([8],pp36)

‖X‖2 ≤
√

2N, (86)

‖X−1‖2 ≤
√

2
N

. (87)

Making use of these two inequalities (86) and (87), we can compute

‖U‖2 ≤ 2M + 2∆tM2

(
17
2

c +

√
3097

2
M

)

=
{

1 + ∆tM

(
17
2

c +

√
3097

2
M

)}
2M. (88)

Therefore we see that Tv is a mapping K → K, if ∆t satisfies

∆t ≤ 1

M

(
17
2 c +

√
3097

2 M

) , (89)
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because of the definition of K (59). And thus we have proved the property (B2).
Thirdly, we prove the continuity of the mapping Tv. This is the property of (B3).
We put U = Tvu, U ′ = Tvu′ for two vectors u and u′ whose components are given respectively by

U = (U0, U1, · · · , UN ), (90)
U ′ = (U ′

0, U
′
1, · · · , U ′

N ), (91)
u = (u0, u1, · · · , uN), (92)
u′ = (u′

0, u
′
1, · · · , u′

N). (93)

Similarly to the estimate for (B2), we have

‖U − U ′‖2 ≤ 2∆t‖Qd(u, v) − Qd(u
′, v)‖2

≤ 2∆t(‖Qd1(u, v) − Qd1(u
′, v)‖2 + ‖Qd2(u, v) − Qd2(u

′, v)‖2). (94)

We can estimate ‖Qd1(u, v) − Qd1(u
′, v)‖2 as follows.

‖Qd1(u, v) − Qd1(u
′, v)‖2

2 =
N∑

k=0

{
bk

3
(uk − u′

k)(uk + vk + u′
k)
}2

≤
N∑

k=0

{
c

3
(uk − u′

k)(uk + vk + u′
k)
}2

≤
N∑

k=0

{
c

3
(uk − u′

k)(max
k

|uk| + max
k

|vk| + max
k

|u′
k|)
}2

≤
N∑

k=0

{
c

3
(uk − u′

k)(4M + M + 4M )
}2

=
N∑

k=0

(
c

3

)2

(9M)2(uk − u′
k)2

= (3cM )2‖u − u′‖2
2

Then we obtain
‖Qd1(u, v) − Qd1(u

′, v)‖2 ≤ 3cM‖u− u′‖2. (95)

And we can also estimate ‖Qd2(u, v) − Qd2(u′, v)‖2 as follows.

‖Qd1(u, v) − Qd1(u
′, v)‖2

2 =
N∑

k=0

{(
−1

4

)
(uk − u′

k){u2
k + uku′

k + (u′
k)2 + vk(uk + u′

k) + v2
k}
}2

=
(

1
4

)2 N∑
k=0

{
(uk − u′

k){u2
k + uku′

k + (u′
k)2 + vk(uk + u′

k) + v2
k}
}2

≤
(

1
4

)2 N∑
k=0

{
(uk − u′

k){(max
k

|uk|)2 + (max
k

|uk|)(max
k

|u′
k|)

+ (max
k

|u′
k|)2 + (max

k
|vk|)(max

k
|uk| + max

k
|u′

k|) + (max
k

|vk|)2}
}2

≤
(

1
4

)2 N∑
k=0

(uk − u′
k)2{16M 2 + 16M 2 + 16M 2 + M(8M) + M2}2

≤
(

1
4

)2 N∑
k=0

(uk − u′
k)2(57M 2)2
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=
(

57M 2

4

)2 N∑
k=0

(uk − u′
k)2

=
(

57M 2

4

)2

‖u − u′‖2
2

Then we obtain

‖Qd2(u, v) − Qd2(u
′, v)‖2 ≤ 57M 2

4
‖u − u′‖2. (96)

From these inequalities (95) and (96), we obtain

‖U − U ′‖2 ≤ 2∆t‖Qd(u, v) − Qd(u
′, v)‖2

≤ 2∆t(‖Qd1(u, v) − Qd1(u
′, v)‖2 + ‖Qd2(u, v) − Qd2(u

′, v)‖2)

≤ 2∆t(3cM +
57
4

M2)‖u − u′‖2

= 6M

(
c +

19
4

M

)
∆t‖u − u′‖2, (97)

which means the mapping Tv is continuous. We have proved the property of (B3).
Finally, we prove the uniqueness of the solution of proposed implicit scheme.
In fact, the estimate (97) gives us condition of contraction mapping,

6M

(
c +

19
4

M

)
∆t < 1

⇐⇒ ∆t <
1

6M

(
c + 19

4 M

) . (98)

Comparing (89) and (98), we have arrived the conclusion.

7 Numerical simulation and discussion

The purpose of this section is to show the numerical experiments and to discuss about the stable numerical
solutions of our proposed scheme (43).

7.1 Numerical simulation

Let us show the numerical experiments of finite difference scheme (43). In the numerical experiments, we
compute solutions to the finite difference scheme in the domain {(x, t)|0 ≤ x ≤ 1, 0 ≤ t ≤ 0.015} under the
diffusion coefficient d = 0.0001.
In this paper, we consider two cases of variable coefficients of b(x) and three different initial values.
Case 1.

b(x) =




1, 0 ≤ x ≤ 20
60 ,

−1, 20
60 ≤ x ≤ 40

60 ,
1, 40

60 ≤ x ≤ 1.
(99)

1.
ϕ(x) = 0.5(1.0 − cos(6πx))/2. (100)

2.

ϕ(x) =
{

0.4, 0 ≤ x ≤ 10
60 ,

0, 11
60 ≤ x ≤ 1.

(101)
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3.

ϕ(x) =
{

0, 0 ≤ x ≤ 49
60 ,

0.4, 50
60 ≤ x ≤ 1.

(102)

Case 2.

b(x) =




1, 0 ≤ x ≤ 10
60 ,

−1, 10
60 ≤ x ≤ 50

60 ,
1, 50

60 ≤ x ≤ 1.
(103)

1.
ϕ(x) = 0.5(1.0 − cos(6πx))/2. (104)

2.

ϕ(x) =
{

0.4, 0 ≤ x ≤ 6
60 ,

0, 7
60 ≤ x ≤ 1.

(105)

3.

ϕ(x) =
{

0, 0 ≤ x ≤ 53
60 ,

0.4, 54
60 ≤ x ≤ 1.

(106)

7.2 Discussion

From these numerical experiments, we consider that the stable solution of partial differential equation (33)
depend on variable coefficients and initial values. We assume that the variable coefficients

b(x) =
{

1, [a, α] ∪ [β, b],
−1, [α, β]. (107)

Then we have conjectures as follows :

1. If [α, β] is sufficiently smaller than [a, α] ∪ [β, b], then the nontrivial stable solution of (33) is

u ∼ 1, x ∈ [a, α] ∪ [β, b], (108)
u ∼ 0, x ∈ [α, β]. (109)

2. If [α, β] is sufficiently longer than [a, α] ∪ [β, b], then nontrivial stable solutions of (33) are

u ∼ 1, x ∈ [a, α], (110)
u ∼ 0, x ∈ [α, β], (111)
u ∼ 1, x ∈ [β, b] (112)

and

u ∼ 1, x ∈ [a, α], (113)
u ∼ 0, x ∈ [α, β], (114)
u ∼ 0, x ∈ [β, b] (115)

and

u ∼ 0, x ∈ [a, α], (116)
u ∼ 0, x ∈ [α, β], (117)
u ∼ 1, x ∈ [β, b]. (118)
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8 Conclusion

We have proposed the implicit finite difference scheme preserving energy dissipation property by means of
the discrete variational method. This finite difference scheme is also stable for the sake of the discrete energy
dissipation property. And this finite difference scheme has unique solution. We did not show the convergence
rate of our scheme because it is hard to analyze the regularity of our target equation. We will study regularity
of our target equation and the convergence rate of our finite difference scheme. In the last section, we gave
conjectures of analytical stable solution of our target equation. Our conjectures state that the stable solution
depends on initial values and variable coefficients. We will investigate about these conjectures analytically
soon.
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Illustrations of numerical experiments of Case 1

Initial value 1.
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Figure 1: Initial data
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Figure 2: Stable solution
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Figure 3: Initial data
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Figure 4: Stable solution
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Figure 5: Initial data
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Figure 6: Stable solution
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Illustrations of numerical experiments of Case 2

Initial value 1.
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Figure 7: Initial data
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Figure 8: Stable solution
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Figure 9: Initial data
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Figure 10: Stable solution

Initial value 3.

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

’0.DAT’

Figure 11: Initial data
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Figure 12: Stable solution
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