EXPLICIT, ADAPTIVE, SYMPLECTIC (EASY) INTEGRATORS
USING SCALE INVARIANT REGULARISATIONS AND
CANONICAL TRANSFORMATIONS
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Abstract. We present explicit, adaptive symplectic (EASY) integrators for the numerical inte-
gration of Hamiltonian systems with greatly varying time-scales. A time regularisation is considered
using the Poincaré transformation. This gives a new Hamiltonian which is usually not separable,
and to recover the original separability a canonical transformation is considered. A backward er-
ror analysis for the numerical integration with a splitting symplectic integrator is presented. For a
one-dimensional near singular problem, this analysis reveals a strong dependence of the performance
of the method with the choice of the regularisation function, g, and the order of the method. The
optimal choice corresponds to the function g which nearly preserves the scaling invariance of the
system. Numerical examples supporting this result are presented. Finally, an EASY method for
the two- and three-dimensional Lennard-Jones problem, nearly preserving scaling invariance is also
presented.
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1. Introduction. When solving Hamiltonian systems of ordinary differential
equations, certain qualitative properties of the evolution are important and symplec-
tic integrators have largely shown during the last decade to be superior to standard
integrators [36, 10, 20] when used with constant time step. In contrast adaptive vari-
able time step methods are often superior to fixed time step methods when applied to
problems with varying evolutionary time scales. They lead to more regular problems
with reduced local errors and with the effects of rounding error minimised. The re-
sults presented in the paper [8] demonstrate that adaptive methods can be especially
effective when the underlying problem has a scaling structure. However, adaptive and
symplectic methods have tended to sit uncomfortably together, with adaptivity often
corrupting the powerful long time error estimates which can be obtained for fixed time
step symplectic methods [36]. Attempts to rectify this problem, which will describe,
have tended to either result in complex and hard to use algorithms or to low order
methods. It is also not clear in many of these methods, what choice should be made
of the adaptive procedure. We present in this paper a technique for both identifying
an natural adaptive procedure based upon identifying the evolutionary scalings of
the system, and then implementing this, by using a combination of a Sundman and
a Poincaré transform, for Hamiltonian problems with up to six degrees of freedom.
This procedure is seen to be appropriate for both problems with an exact scaling
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law and for others where the scaling law applies approximately at points where the
solution is changing most rapidly. A certain canonical transformation of the rescaled
problem is made which leads to a separable Hamiltonian in the transformed coor-
dinates. Applying a symplectic splitting method to this transformed problem leads
to an explicit, adaptive, symplectic (EASY) method of arbitrary order, which is also
invariant under changes of scale. We show that the EASY method using a scale in-
variant adaptive strategy for time stepping out performs many other similar methods
for a wide variety of (central force type) problems, including the central orbit problem
with a Lennard-Jones potential.

1.1. Symplectic methods. Given the Hamiltonian H(q, p), an n-th order sym-
plectic integrator (SI) used with a fized time step h, solves a discrete system which
corresponds exactly (up to exponentially small terms in h) to the solutions of a per-
turbed Hamiltonian system with constant Hamiltonian H(q,p) + 0H(q, p, h), where
0H = O(h™). If §H is small enough, we can expect that both systems will share
the same qualitative properties and their solutions (with the same initial conditions)
will stay very close to each other for a long time, and accurate approximations can
also be obtained. This observation explains, in part, the success of symplectic meth-
ods and their wide use in simulating celestial and molecular dynamics. Since the
appearance of the papers by Yoshida [44] and Suzuki [40] !, a considerable effort has
been put into obtaining more efficient, explicit, constant time step based symplectic
integrators. Particularly interesting are: symplectic partitioned Runge-Kutta (PRK)
methods [29, 3, 6] for separable systems like H = T(p) + V(q); symplectic Runge—
Kutta—Nystrom (RKN) methods [14, 29, 5, 6] in case, for example, T is quadratic
in momenta; and near-integrable systems, H = Hy + eH;, where both Hy and H;
are exactly solvable or easy to approximate, and € is a small parameter [43, 30, 4].
Crucial to these methods is the separability of the Hamiltonian which allows the use
of explicit methods. These integrators have proved to be highly competitive for each
family of problems, being cheap to use (as they are explicit) and having excellent
error bounds over long integration times.

1.2. Variable time step methods. If a dynamical system can evolve either
rapidly or slowly along different regions of its trajectory, a standard technique for
optimising the performance of an integrator is, for traditional methods, to introduce
a variable time stepping strategy into the algorithm. The choice of time step is often
dictated by an estimate of the local truncation error of the method given, for example
by the Milne device or the Zadunaisky estimate [23]. As an example of where such
methods are needed for a Hamiltonian problem, consider the many body problem,
in which near collisions lead to rapid changes in the solution over small time scales.
Adaptivity can markedly increase the integration accuracy of a numerical procedure
over a short time-scale, although they may not improve its accuracy over long time
intervals. In an attempt to overcome the latter problem, it is desirable to combine
the short term accuracy of an adaptive method with the long time accuracy of a
Hamiltonian method. However, this synthesis of techniques has proved difficult to

ISimilar results were previously published in [16], but this paper has not been much cited in the
Geometric Integration community.
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achieve. When standard techniques for changing the time step were included in a
symplectic integrator, it was found [36] (see also [13, 17, 37]) that several of the
good properties of symplectic methods were lost. These integrators still preserve
symplecticity, but now, roughly speaking, they are exactly solving a perturbed time-
dependent Hamiltonian, H(q, p)+0H (q, p, t). If the time step is not changed properly,
secular terms will appear, § H will grow with ¢, and the error in energy and positions
will grow similarly to standard non symplectic integrators. More recently, this problem
has been reconsidered, and integrators with variable time step and non secular terms
have been obtained. The key behind these methods is to introduce a regularisation
of the time (often by using a Sundman transformation). This technique has been
successfully used for many years in celestial mechanics for solving the Kepler problem
[42]. The drawback is that separable systems usually turn into non separable (or not
easily separable), and the highly efficient explicit methods previously mentioned can
not be used any longer. Several alternatives have been recently considered in the
literature and some of them will be described in more detail in section 2. However, it
is important to look for more efficient methods for a number of important problems.

1.3. Scaling Invariance. Many problems, such as the Kepler problem are in-
variant up to changes in the scale of both time and of the solution. Whilst many other
systems are not scaling invariant, close to (hard to compute) near singular events such
as near collisions they are approximately scaling invariant. Exploiting scaling invari-
ance through a suitably chosen adaptive time stepping strategy has proved to be a
very useful property for numerically solving both partial and ordinary differential
equations [1, 11, 8, 9, 33]. For certain initial conditions, scaling invariant systems
admit self-similar solutions (i.e. solutions which map to themselves under a change
of scale) which can be attractors for many other solutions starting from more general
boundary conditions. It has been shown [8] that multi-step and Runge-Kutta integra-
tors for scale invariant ODEs admit discrete self-similar solutions obtained by group
reductions of the discretisation of the original problem. These discrete self-similar
solutions have the very desirable properties of (i) uniformly approximating the true
self-similar solution for all times, (ii) retaining the stability of the underlying self-
similar solution and hence describing correctly the asymptotic evolution of the whole
ODE system. In a sense, such performance of an adaptive method is optimal for this
particular class of solutions. The principle drawback of the methods implemented in
[8] is that they involve enlarging the original system, they can be implicit and they
are not necessarily symplectic. Furthermore, there are many problems which are un-
changed under scaling but which posses solutions which are not self-similar. A good
example is the Kepler problem which admits non self-similar periodic solutions which
can be transformed into other periodic solutions through the action of Kepler’s third
law.

1.4. Canonical transformations. Many Hamiltonian problems are not easy
to solve numerically with a SI because they are not separable in a simple form. This
is the usual situation when time-regularization is included. However, some times, it
is possible to find a canonical transformation (CT) such that the final system has a
simple structure, suitable to be integrated easily and efficiently with constant time
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step SIs. Provided that a reasonable splitting method is used which retains the scaling
structure (most splittings have this property) then the resulting methods will capture
the properties of the scaling invariant system, such as the uniform approximation of
self similar solutions over all time and admitting scaling transformations from one
discrete solution to another. These are particularly appropriate for scale invariant
problems in which periodic solutions are important, with adaptivity allowing for highly
eccentric orbits to be computed accurately. When all this is possible, we end up with
an integrator which is explicit, keep the good behaviour for long time integration,
have the benefits of a variable time step algorithm and can accept scaling invariant
solution with a constant relative error.

The techniques we describe can be considered a generalisation of the Levi-Civita,
(LC) [27] or Kustaanheimo-Stiefel (KS) [24, 38] regularisation of the equations. They
combine a regularisation with a canonical transformation, and they are standard
methods in celestial mechanics. We derive and then test a new tool, showing that,
for a number of important problems it can be used, giving very efficient explicit
integrators. Consequently we restrict our discussions to Hamiltonian problems of
one, two and three degrees of freedom.

1.5. An example. All of the above discussion, and indeed the remainder of this
paper can be both summarised and motivated through the following example. As
remarked above, we hope to achieve, by combining adaptive, symplectic and explicit
methods with a choice of time-step based on scaling invariance, a method which is
accurate on both short and long time-scales and which is also computationally cheap.
A problem in which all of these features are desirable is the Kepler problem which
possesses periodic orbits with close approaches. An orbit with a small angular momen-
tum has a radial coordinate ¢ with associated momentum p which evolve according
to the Hamiltonian

(1.1) H==Zp

where 1/ is the angular momentum. We integrate the system taking as initial con-
ditions (go,po) = (1,0), in the case of ¢ = 0.1 over 40 periods using four different
methods, namely the Matlab integrators ode45, odel113, an explicit 6th-order RKN
symplectic method with constant time step, and the same method included as part
of an EASY integrator in which a scale invariant time transformation is employed. In
each case the step size of each method was chosen so that approximately the same
number of evaluations of the potential was made during the integration. Since the
value of H is constant, we compute its numerical value at each step and measure
its relative error with respect to the original value. Figure 1.1 shows the results ob-
tained, which neatly illustrates all that we have said. The adaptive, non-symplectic
methods out perform the classical ST integrator over the initial integration period, but
both have errors that grow linearly , which is not the case of the the SI integrator.
The EASY method outperforms all of them, having low errors initially which hardly
grow at all during the integration. More details of this example, together with other
calculations are given in Section 4.
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Fig. 1.1. Evolution of the error in energy for the Hamiltonian (1.1) using different inte-
grators. The time step and tolerances are chosen such that all methods require approzimately
the same number of potential evaluations. For a better illustration, SI has been computed
with twice the number of evaluations.

1.6. Summary. The remainder of this paper is set out as follows. The class
of (scale invariant) Hamiltonian problems to be studied is presented in Section 2.
The analysis of the scaling function is carried out in Section 3. In Section 4 we
consider problems with one degree of freedom. Section 5 reviews the LC and KS
transformations in two- and three-dimensions, respectively. This is generalised to
the Lennard-Jones potential, making the resulting Hamiltonian system both scaling
invariant and separable. The new method is numerically tested in in Section 6.

2. Adaptive and symplectic methods for Hamiltonian problems.

2.1. Hamiltonian problem and symplectic methods. Let us consider the
following Hamiltonian

(21) H=T(p) +V(a) = 30"p + V(0

with q = (q1,..-,q)7, P = (p1,--.,pe)T. If H is the Lie operator associated to
the Hamiltonian? and ¢ is the time, the Lie transformation, e~tH , acting on (q,p)
gives the evolution, which is a canonical or symplectic transformation. Since T
and V are exactly solvable, the second order explicit, symmetric and symplectic
Stormer /leapfrog/Verlet method, for one time step h, is

(2.2) Sa(h) = e~V et g5V — o=hH | O(h®)
giving the algorithm

Pn+1/2 = Pn — %qu(qn)
(2.3) Ant1 = An + hPny1)2
Prt1 = Pnt1/2 — 2VqV (dnt1),

21t is defined by its action on a differentiable function, f(q,p), as Hf = {H, f}, being {-,-} the
usual Poisson bracket.
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where (Qn, prn) =~ (a(tn), p(tn)) with ¢, = to + nh. For N steps, the last computation
of VqV(dn+1) at each step can be reused in the next step, and only one evaluation
of V4V per step is required. Fourth-order symplectic methods can be obtained by
composition of this method [40, 44]. For example, a well known symmetric fourth
order method is given by

(24) S4(h) = Sz(JElh)Sz(xoh)Sz(Z'lh)

with z; = 1/(2—2'/3), xo = 1—2z;. Higher order methods are also presented in [44].
These methods have become very well known due to their good behaviour for long
time integration but, they are not very accurate. Recently, a number of new splitting
methods have appeared which are more efficient. For Hamiltonians like (2.1), which
are quadratic in momenta, more efficient symplectic RKN composition methods like

k
(25) q)h — H efaihT e*bihv

=0
with appropriate coefficients a;, b; can be used. We denote by RK N, the 6-stages
fourth-order integrator and by RK Ng the 11-stages sixth-order integrator presented
in [6]. Methods up to order eight, using the processing technique, are presented in
[3, 5].

2.2. The Sundman and Poincaré regularisations. A standard a-priori adap-
tive technique for an ODE integration method is based on a time-regularisation so
that the solution evolves on a fictive time T which is used for all computations. Ide-
ally rapid variations in ¢ should correspond to moderate variations in 7. This fictive
time is introduced through the ordinary differential equation defining a Sundman
transformation

dt
dr
Here g is a positive scalar function which is taken to be small if the solution is evolving
rapidly. This transformation leads to the system

(2.6) =g(a,p)-

d d
(2.7) ﬁ = —gVqH = —gV4V, £ =gVpH = gp.

In general, this system is no longer Hamiltonian. To recover a Hamiltonian structure
we introduce two new conjugate coordinates® ¢¢ = H(qo, po) and p* = ¢, which satisfy
the differential equations

dqt dpt

— =0 and — =

dr dr
As the Hamiltonian H of the original system is constant we have that H(p,q)—q’ =
for all time. The whole system (q, ¢*, p, p*) then evolves in the fictive time, 7, and is
Hamiltonian with Hamiltonian

(2.8) K =g(q,p)(H(q,p) — ¢").

3In the literature it is usual to take ¢! = t and p! = —H(qo,Po), but to get a more natural
splitting of the extended Hamiltonian, in this paper we prefer to consider p? as the time.

g.
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The extended system of ordinary differential equations that we now require to solve
are

d dgt

21— gp + Vpg(H — ¢b), &~
(2.9) gIT) g];t

@ _ _ _ 4t ap _

I gVqV = Veg9(H - q'), =Y

This system is a Poincaré transformation of the original [19, 35, 42]. Observe that
with this choice of ¢* and p* the evolution of the ordinary differential equation system
corresponding to the Hamiltonian (2.1) is equivalent to the evolution of the extended
system with corresponding Hamiltonian (2.8), where the effect of the time transfor-
mation is now included automatically.

2.3. Canonical transformations. We study for which functions g it is possible
to find a set of coordinates derived from those used in the Poincaré transformation, so
that the Hamiltonian (2.8), in the transformed coordinates, has a separable form like
the Hamiltonian (2.1). We can then apply a splitting Nystrém method, such as given
in Section 2.1, to this new system. To perform this analysis we consider the case in
which g only depends on the coordinates, g = g(q). This is a natural condition for
the central force examples that we consider later in this paper, and at the same time
the system simplifies slightly. Then, the Hamiltonian (2.8) can be written as

(2.10) K =T(q,p) +V(a,q¢") = g(q)%pr +9(@) (V(a) —¢) .

Describing the evolution of a system using Hamiltonian equations has the advantage
that q and p are independent coordinates which play symmetric roles in the equations.
This allow us to choose the most appropriate coordinates and momenta to describe a
particular system. In the numerical integration of separable systems, it is important
to take into account how easy and fast it is to compute each part of the system (or
each part of the Hamiltonian). If new coordinates and momenta Q,P are found,
giving a simpler and faster to compute Hamiltonian, then the performance of the
integrators can improve. If the transformation (q,p) = C(Q,P) is canonical, the
Hamiltonian which describes the evolution on the new coordinates is H(Q,P) =
H(q(Q,P),p(Q,P)). The problem we then face is to find the CT which transform
a complicated Hamiltonian into a simpler one, for example one which takes a non-
separable Hamiltonian into a separable one. For this purpose, the following theorem
is very useful

THEOREM 2.1. The transformation

q =9Q)

(2.11) { #(Q)"p =P,

where ® is a diffeomorphism of R?* , is canonical.

Proof. A well known technique for building canonical transformations is by using
generating functions. Let us consider the following generating function depending on
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the new coordinates and old momenta,

(2.12) F(Q,p) =-%(Q)"p

then, the following equations define a canonical transformation [18, 28]

(2.13) a=-5=9Q), P=---=2@Qp

|

2.3.1. Example. In order to illustrate the benefits of using a CT for the numer-
ical integration of a Hamiltonian system, let us consider the Hamiltonian (1.1) with
the regularisation function g = ¢3/2. The motivation for this particular choice will
come later when we consider scaling symmetries. Now, (2.10) takes the form

(214)  K=T(g,p)+V(g,q) = %qmp2 + (—q1/2 + ql% - qtq3/2) ,

where both T and V are exactly solvable (the Hamiltonian H = ¢°p?, with o,
constants, is exactly solvable), and, because {V,{V,{V,T}}} = 0, symplectic RKN
integrators can be used. However, T can be relatively expensive to compute. If
the same problem is considered using new coordinates (@, P), related to the old
coordinates through the CT

a=Q', p=P/(4Q*), p' =P, ¢ =Q"

the Hamiltonian to be solved is

32 Q2

If a splitting method is used in (2.14), at least one square root per stage is needed.
However, if the same splitting method is applied to (2.15) no square root is required
as well as a small number of arithmetic operations is required. The only root needed
is for starting the computation. In addition, if at a given instant the output is desired
in the old coordinates, this can also be cheaply computed.

(215) K = iP2 + (_Q2 + i _ QtQ(i) )

2.4. Other Explicit Adaptive Integrators. In the following we present in
more detail some of the most important explicit adaptive integrators for Hamiltonian
systems. Some implicit adaptive symplectic integrators have also been constructed
[19, 13, 12], but these are usually expensive and they are not considered in this paper.

2.4.1. Symmetric non-symplectic methods. Reversible integration methods
have desirable properties [39], and, from the Verlet algorithm (2.3), the following
second order symmetric non-symplectic adaptive Verlet method is presented in [22, 7,
21]

h
Pn+1/2 = Pn — iqu(qn)

n

h
An+ti1/2 = An + ﬂPnH/Q
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(2.16) Pntl + pn = 2/9(Qn+1/2apn+1/2)
h
=45 + o— n
An+1 = An+41/2 2anP +1/2
qu(qn+1)'

Pn+1 = Pn+1/2 2Pt
To start the integration one can use pg = 1/g(zg) but, this choice might lead to
oscillations in the numerically computed p,’s, which can be avoided choosing a mod-
ified initialization [15]. By composition it is possible to build higher order methods
but, only general compositions like (2.4) can be used, being less efficient than using
Nystrom methods for problems with quadratic kinetic energy. In addition, choosing
the previous value for pg introduces some new error terms in the algorithm (backward
error analysis [15]) which can not be cancelled by composition to get methods of or-
der higher than four. This problem can be avoided choosing a slightly different basic
method, and it is in this moment under investigation [41].

2.4.2. Generalised logarithmic Hamiltonian methods. Suppose that for
solving the Hamiltonian problem (2.9) we consider [34]

f(Tp)—d) - f(-V(a)
H(q,p) — ¢!

with f(u) an analytic function. Since numerically 7'(p) — ¢ ~ —V(q) then g ~
f'(=V(q)), where f(u) has to be a function such that f'(u) > 0, and with no sin-
gularities in the region of interest. Substituting into (2.8), the Hamiltonian to solve
is

(2.18) K = f(T(p) - ¢') - f(-V(a))

which is again separable. The particular case f(u) = log(u) has been considered in
[31, 32]. Now, f(T(p) — ¢') is not quadratic in momenta and RKN methods can not
be used.

(2.17) g=

3. Choice of the scaling function g(u). Before we consider the canonical
changes of coordinates for a general function g(u) we investigate optimal rescalings
which can be used for certain classes of problems. Since the performance of the
numerical integration is highly dependent on the function g, it is very important to
have a simple criterion to find a very good regularization function for a given problem.
This criterion seems to be closely related with the scaling invariance of the dominant
part of the potential in those regions where the system evolves rapidly. We see this
by looking at a particular example.

Example We consider the Hamiltonian (1.1) with € = 0.001 and integrate the system
until ¢ = 20 for different values of 7. The trajectories of this problem are periodic
orbits with close approaches to the origin where the particle moves rapidly and adap-
tivity is necessary. To compare methods we measure the average error in the energy
(Hamiltonian) using a time step, A 7, such that the final time is always reached with
approximately 12000 potential evaluations. Figure 3.1 shows the results obtained
when using: the second order, S,, and the fourth order, Sy, methods given in (2.2)
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Fic. 3.1. Awerage error in energy in the integration of (1.1). The system is integrated
until the final real time t = 20. All integrations require, approxzimately, the same number of
potential evaluations for each value of 7.

and (2.4), respectively, and using RK Ny and RK Ng. For each method, these graphs
of the error plotted against v have a sharp minimum. It is clear that to obtain a low
error it is important to choose < carefully. Comparing the results of Sy and RK Ny
we can also appreciate the benefits of using a Nystrém method versus a more general
integrator.

The optimal value of « as seen on these graphs is quite different from v = 0 (constant
time step), v = 1 (the Levi-Civita scaling) or v = 2 (arc-length parametrisation),
but lies close to the scale invariant value of v = 1.5. In section 4 we return to give a
more detailed analysis of this example using backward error analysis, and show that
v — 1.5 as the order of the method increases.

3.1. Computational cost and backward error analysis. Backward error
analysis [20] implies that a symplectic integrator for a Hamiltonian system with Hamil-
tonian K used with a fized time step A7, solves a discrete system which corresponds
exactly (up to exponentially small terms in A7) to the solutions of a perturbed Hamil-
tonian system K + A7Ky + A72K3 + .. .. If the integrator is a splitting method the
functions K; are linear combinations of nested commutators of the parts of the Hamil-
tonian [44]. In particular we have that

Ky = kgl{T, V}, K3 = kgl{v, {V,T}} + k32{T, {V,T}}, .

where the coeflicients k;; depend only on the particular integrator used. For instance,
kij =0, i=2,...,n, j =1,... if the integrator is of order n. For simplicity, let us
consider the one dimensional problem with T = 1g(q)p* and V = g(¢)(V(g) — ¢*)
then
— Vai _ X7/ 2 k32 ‘71 1 i\ 2
Ky = k219V'p, K3 =ksg(V -5 9 Vig +2¢V7 ) p7,
To obtain a realistic error analysis we look at the error in the unscaled Hamiltonian H
where, up to a constant H = K/g. Thus, H is perturbed to H + A7Hs + A72H3 +. ..
where H; = K;/g. We aim to choose the scaling function g for an nth-order method by
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so that the average of A7™H,,,1 over an orbit is minimised for a fixed computational
cost. In general, this calculation will be very hard and more detailed information on
the problem is needed to find the optimal g. This analysis will be described in section
4.4.

3.2. Scale invariance. A further motivation of our choice of the function g is
the phenomenon of scale invariance. Adaptive methods for scale invariant problems
which themselves inherit the invariance, shadow self-similar solutions with a uniform
error and inherit any conservation properties of the original problem which are linked
to symmetries. Moreover, it is relatively easy to identify functions g(q) which lead to
scale invariant discretisations. Suppose that we consider the (not necessarily Hamil-
tonian) ODE system du;/dt = fi(u1,...,un), % = 1,...,N. This system is scale
invarient if it is unchanged under the transformation

(31) t— )\t, U; —> /\a"u,-

where A > 0 is an arbitrary real number and the «; depend on the problem. A
solution of such a system is self-similar if u;(At) = A% w;(t). Such solutions have
the general form u; = t*v; where the constants v; satisfy an algebraic equation.
The Kepler problem admits (both regular and singular) self-similar solutions with
zero angular momentum, as well as non self-similar periodic solutions with non-zero
angular momentum. Applying the Sundman transformation to this system we have

dt/dr = g(u) and du;/dr = g(u)fi(u).

Unless g is chosen appropriately, this system is no longer scale invariant. However,
with a careful choice of g we can construct a system which has the desirable property
that two solutions mapped into each other by the scaling relation (3.1) evolve at the
same fictive time. This is a desirable property for an adaptive method which can
use a constant step size A7 for two solutions evolving on different spatial scales. To
achieve scale invariance the function g must satisfy the functional equation

(3.2) g A" ug, A% %ug, .. AN un) = Ag(ur,us, ..., un).

In general, functions g(u) which satisfy such scaling laws are either multi-variable
polynomials or are functions of groupings of the variables u; which scale in a similar
manner. For the two-dimensional Kepler problem (V = —1/r with r = (¢} + ¢3)'/?
in (2.1)) we have g(q) = r3/2.

Suppose that we now discretise the transformed system with a multi-step or Runge-
Kutta method with a constant step size A7, so that U = u;(nA7) is a discrete
approximation of u(7) at time ¢,. If the underlying ODE admits a self-similar solution
then the following result is proved in [8]

THEOREM 3.1. (i) If A7 is sufficiently small then the discrete problem admits a
discrete self-similar solution of the form U* = z%"V;, t, = 2",
(i) if w(t) is the true self-similar solution then [|[U — u;(t,)|| = w;i(tn)(1 + O(ATP))
where the implied constant in the order relationship does not depend upon n,
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(i) if the true self-similar solution is an attractor, then so is the discrete self-similar
solution.

This theorem only applies for problems which are scale invariant. In practice most
problems arising in applications are not truly scale invariant, but are approximately
so (for example close to a collision). This is true for the Hamiltonian (1.1) when € # 0.
In this case the choice of g(u) may not be optimal, but should still give reasonable
results, and we explore this in the next section.

4. Regularisation and error analysis for problems with one degree of
freedom.

4.1. The canonical transformation. The previous section has described cer-
tain forms of the function g that might be desirable for an adaptive problem, and has
also indicated the sort of errors that might arise in the application of the Poincaré
transformation. We now look at the difficult problem of finding a canonical trans-
formation which leads to a separable Hamiltonian problem for which we may apply
splitting methods and which can be applied to the general types of function g deter-
mined in Section 3. To motivate our derivation of suitable canonical transformations,
we firstly look at problems with one degree of freedom where the issues are reason-
ably transparent. We then extend our analysis to problems with 2 and 3 degrees
of freedom. Accordingly, let us consider (2.1) for the 1-dimensional problem in a 2-
dimensional phase space. Once the regularisation function, g(g), has been introduced
and the phase space enlarged with (q?,p?), the Hamiltonian (2.10) for the extended
system is now

(1) K(p,,0',0) = 3790 + 9@V (@) ~ ).

We now combine the regularisation of the system with the following transforma-
tion

Q =G, Q' =¢
42 { G'(@P =p, Pt =p.

Here the function G(g) is defined via the differential equation G'(¢q) = 1/(a,/g), where
a is a suitable constant. The most important feature of this transformation is that it is
canonical (from a direct application of Theorem 2.1) and leads to a new Hamiltonian
problem evolving on the fictive time 7.

The Hamiltonian (4.1) in the new coordinates takes the form

(4.3 K(P,Q,P,Q") = 5> P* + (@, Q"),

sothat K = T(P, P)+V(Q, Q"), with T quadratic in momenta, and hence we can now
apply the explicit splitting bases symplectic RKN integrators described in Section 2
to this problem directly to give an EASY method. Observe that we have not imposed
any special structure on the function g(q) to derive this transformation.
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4.2. Preserving scaling invariance for the one-dimensional problem.
Suppose that the Hamilton equations obtained from (2.1) are invariant under a linear
scaling

(4.4) (t,q,p) = (At, A% q, A\*p)

then, this leads to certain restrictions on the scaling function g(g¢) which in turn is
reflected in the nature of the CT. We consider this question in the context of a central
force type of equation. Suppose the potential is given by V(q) = C/q" then, the
Hamiltonian equations are invariant when

(4.5) (al,a2)=( 2 T )

247’247

Consider now a rescaling function of the form g(g) = ¢” then, taking a = 2/(2 — v)
(for simplicity in (4.2)) the CT becomes

Q=q¢7" g=Q7
(4.6) {P: E'y 5 = p:sz"'QszP_

The Hamiltonian in the new coordinates is given by

2—7)2 —r
(4.7) K= %P‘Z +0QE — QT
and the corresponding differential equations are
aq - 2- ’7)p d;Qt -0
(4.8) dr 4 ’ th ’
d_P — _207_TQ2(27_—‘YT)_1+2—7QtQ3—27__—_Y2 di :Q2—2_'7;
dr 2—7 2—7 ’ dr

Now consider the scalings of this transformed equation of the form (Q, Qt, P, P!, 7) —
(ABrQ, M2 Qt, NP3 P, AP+ Pt \P57). As the original system is scale invariant it is impor-
tant that the system in the canonical coordinates should also have this property.
Furthermore, we require that all solutions, at all scales, should evolve with the same
fictive time, so that 5 = 0. Inspection of the equation for d@Q/dt shows that 8 = fs.
Making this substitution in the equation for dP/dt implies that we have scale invari-
ance (fs = 0) only if

y=7s=1+4+r/2.

This forces our choice of the scaling function g(q). We may also, without loss of
generality, and in keeping with P, = ¢ set 84 = 1. This then implies that 2v833/(2 —
v) = 1 so that 83 = (2 —7)/2y = (2 —r)/(2(2 + 7)). The resulting Hamiltonian is
then

(2 — ’r)2 442r

(4.9) K= TP2 +CQ*-Q'Q=+.

The canonical transformation then has a singularity when v = r = 2 and this proce-
dure fails, but it can be solved with the CT: Q = log(q), P = ¢p, with g = ¢>.
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4.3. Example. We consider again the 1-dimensional Hamiltonian

(4.10) H= %pQ - ql + q%

with € > 0. In this problem ¢ is the radial coordinate of a particle moving under
a central force, and £ is a measure of the angular momentum of the particle or the
intensity of the repulsive part of the force. If H < 0 and £ > 0 then the solution is
bounded and periodic, and it has very close approaches to the origin when ¢ < 1. If
e =0and H <0, then ¢ = 0 and |p| = oo in a finite time T' (gravitational collapse).
In either case the solution evolves on small time-scales and hence small time-steps
must be used for these parts of the motion, whilst longer time steps are desirable
when ¢ is not small. Taking g = ¢7 and the CT (4.6), the Hamiltonian to be solved
becomes

j— 2 -7 —2r
(4_11) K = %PZ _ QZ(;—‘Y) +8Q2(;—3 )

—QlQas.
When e = 0 the differential equations derived from this Hamiltonian are ezactly in-
variant under the change of scale given by (4.4) and (4.5). There is an exact (singular)

self-similar solution of the form
(4.12) q(t) = C(T —1)°, p(t) = Ca(T - t)*7,

where a = 2/(r + 2), C = (2/a?)"/("+2) which acts as an attractor [8]. Here T is a
finite time at which the singularity occurs. In this case a scale invariant numerical
method is a natural choice for integrating the differential equation.

If € > 0 then the differential equations are not precisely invariant under this change
of scale, but are close to being so provided that ¢ > £'/”, and in this case the corre-
sponding solutions are close to the self-similar solution.

4.4. Error analysis. We now combine the backward error analysis of section
3.1 with the scaling ideas to give an explanation of the distinctive form of the graphs
in Fig. 3.1, and to estimate the error for the more general Hamiltonian (4.10).
Suppose that we consider a periodic orbit with initial values of (¢,p) = (1,0) so that
H =¢—1.If € > 0 is small then the orbit has a close approach so that the minimum
value of q is given by gmin ~ €'/" with d?q/dt? ~ 1/e"t1)/7 at this point. Similarly,
the maximum value of p is given by pnae ~ €~ 1/? and occurs when ¢ = (2¢)'/".
Thus this orbit is close to being singular at this point. We identify two regions of
the orbit, the outer region in which ¢ > (2¢)'/" and |p| increases to ¢~'/2
inner region in which ¢nin < ¢ < (26)'/" and 0 < p < e~'/2. A simple estimate,
using the approximation of d?q/dt* ~ 1/e("t1)/7 implies that the timescale T of the
inner region is proportional to Ty = £(112/7)/2, Using the scaling function g = ¢7, the
time-step At selected for this part of the motion (over which the scaling symmetry of
the problem does not apply, as 1/q" is comparable to £/¢>") is approximately uniform
at At & £7/7 Ar. The outer region exists for times increasing from zero until the time
T — T5 close to the collapse time T for the unperturbed problem. The equation is
close to being scaling invariant in the outer region, and the solution lies close to the

and an
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Fic. 4.1. Top figures: Rescaled phase space trajectories for r =1, ¢ = 0.001, N = 60,
and v = 1,1.5,1.8. Bottom figures: plots of t versus computational time. The vertical lines
separate the inner from the outer regions

singular self-similar solution (4.12) for which p? = 2/¢". From the previous analysis
we know that this self-similar solution is approximated optimally well if we use a scale
invariant discretisation in this region. If a monitor function of the form g(u) = ¢” is
used, then the following heuristic argument explains the errors that we observe. If v
is too small then too large a time step is chosen and the motion in the inner region is
poorly approximated leading to large errors. Conversely, if 7y is too large then a small
time step is chosen and a large number of calculations are made in the inner region.
If the overall computational cost is to be held constant, then fewer calculations are
made in the outer region and the error here is large. It is only when it is close to
the scaling invariance value that we achieve the right balance between computational
cost and accuracy. We now show that the optimal value is

Nr+2+r—2_ +r—2
=3 om T o

(4.13)

where n is the order of the method.

Computational cost: We presume that all calculations are made in the computational
T space, that A7 is uniform and we make N calculations overall. A computational
time 7y is spent in the outer region and a time 7» in the inner region. This is illustrated
by the Figure 4.1, were we present the phase space trajectories in the () — P phase
space for r = 1, e = 0.001, and v = 1, 1.5, 1.8, taking N = 60 and also show how the
true time varies as a function of the computational time.

The true time T, spent in the inner region is proportional to e('t2/7)/2 go that, as
g(q) ~ €/ in this region we have

(4.14) T = O(eT3-7/m),
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Note that 7, is small if v < 1+ £ and large if v > 14 Z. In the outer region g(t)
approximates the self-similar solution which is proportional to (T — t)%/(*+") close
to the point of singularity. We can make an order of magnitude estimate of 7, by
assuming that the true time interval for the outer region is given by t € [0,T —
g(1+7/2)/7]. From the identity dt/dr = g(u) we have that

T_Qtr/2)/r oQ1) if y<1+3,
TR / (T — )2/t = ¢ O(log(e) if y=1+71,
0 O@EI+s=7/m) if y>1+1L.

As N calculations are made in the computational time space, we have A7t = (13 +
72)/N, so that

A7 = O(1/N) if y<1+73,
(4.15) A7 = O(log(e)/N) if y=1+2,
AT = O0EMHEI/TN) i 4> 14L.

Backward error analysis. To apply the backward error analysis of section 3.1 we
make estimates of the terms H; for the orbit we are considering. Here the scaling
structure of the problem works strongly to our advantage as the various dominant
commutator terms involved in H; all scale in a similar manner and the precise values
of the coefficients k;; do not matter. In particular we have that T = ¢"p?/2 and
V= —q" " +eq" 2 —gtq". As we are interested in the dominant contributions to
the error, expressions involving q'q” can be neglected so that the dominant terms in Hy
take the form pg?~""!, epg?~2"~1, the dominant terms in Hj take the form ¢27~272,
P’q , €773 2 ep?q® 22 and €2¢?~*"~2, etc. In the inner region, p is
bounded above by e71/2 and ¢ is bounded below by £'/". Thus, all dominant terms
in H; scale in the same way with Hy bounded by e("=1/7=3/2 H, by ¢200-V/7=2 H,
by e3(r=1)/7=5/2 etc. Continuing this calculation inductively, it follows that in the
inner region

(4.16) Hipq < Celi=t=r/2)=rl/r

2y—r—2

In the outer region we exploit the fact that ¢ is small and that (g, p) are close to the
self-similar solution (4.12). Again, all terms scale similarly and we have

(4.17) Hipt ~ (T — t)lir=1=7/2=r1/(47/2),

Using (4.16) and (4.17) we may now determine the average contribution, E, to the
error over one period for a method of order n. This is given by combining the estimate
over the inner and outer regions so that

T T
(4.18)  E=A7" / Hppa(t)dt ~ AT / Cern(r=1=5)=1] 34
0

T_e30+2)

T_e5(+2)
LA / (T — )nCr=1=5)=r)/(4+r/2) gy
0
SO

(ev[(—1=5)+1-5IArm)  if ~ < A%

1 - - o
4.1 E = Qerlnly=1-5)+1-3] A1
(4.19) Ce Y o), ity >
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Fic. 4.2. Average error in energy in the integration of (4.10). The system is integrated
until the final real time t = 20 for r = 1 (left column), and until t = 10 for r = 6 (right
column). For each particular value of £ all integrations require, approrimately, the same
number of potential evaluations.

Here +* is the critical exponent for which both [n(y—1-%)—r]/(1+r/2) = —1 and
Ln(y—=1-%)+1—%] =0 so that v* is given by (4.13).

The value of AT above depends upon « from the previous analysis, so that A7 is
O(1/N) if y < 14r/2 and A7 is O(e1+2-1/7/N) if v > 14 7/2. Substituting these
estimates into (4.19) and extracting the dominant error contribution we have that

(420) [n(l+r/2—’y)+1—7'/2]/Nn)’ if ’7*<’Y'

E={ Ot r/ s AN, iy <y

Er
Thus E has a minimum at v = v* and it is clear that v* approaches the scaling
invariant value of 1+ § as n — oo.

Numerical experiments. In the limit ¢ — 0 the evolution of the orbit becomes
more nearly singular and we can study if the choice (4.13), which nearly preserves
scaling invariance in the fictive time, approaches the numerically observed optimal
value. To find the optimal choice of v numerically, we consider problems with ¢ =
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0.1, 0.01, 0.001, 0.0001 and a range of values of 7y, on the following two cases:

Case 1: The Kepler problem (r = 1). We integrated the system until ¢ = 20 for
different values of v and measured the average error in energy using a time step, A7,
such that the final time, ¢ = 20, is reached in approximately 1000 (¢ = 0.1),1500 (¢ =
0.01),3000 (¢ = 0.001) and 5000 (¢ = 0.0001) steps, respectively. The fourth-order
RK N, integrator is used for the numerical experiments. The results obtained are
presented in the left column of Figure 4.2 (which is similar to Figure 3.1).

Case 2: The Lennard-Jones potential (r = 6). In this case, we integrated until
t = 10 using, approximately, 500 (¢ = 0.1),1000 (¢ = 0.01),2000 (¢ = 0.001) and
3000 (¢ = 0.0001) steps, respectively. See the right column of Figure 4.2.

The error formula (4.20) describes certain features of the graphs in Figs. 3.1 and 4.2.
In particular, the minimum of the error when v = +* is well approximated. In the
two cases considered we have that

’y*:g—%<g if r=1; 7*:4+%>4 if r=6,

so that in both cases v* approaches the scaling invariant values of 3/2 and 4 re-
spectively as n increases. The results also predicts that log(E) should have a linear
dependence on v—~*, n and log(e) which is as observed. If ¥ > ~* the predicted slope
is log(E) ~ log(e)%(1 + § — «) which is very close to that observed. If v < v* the
slope observed is smaller. A possible explanation for this is that the approximation
we have used for the outer region is valid for ¢ € [T — gz(1+3) T] with & > . Then,

log(e) has to be changed by log(¢) = alog(e) with a < 1.

4.5. Other adaptive methods. The previous examples show the importance
of a good choice of a scaling function g. Now, we study the benefits of using the
EASY methods described in this paper versus other explicit adaptive geometric (GI)
and non-geometric (NGI) integrators, using related scaling functions.

(NGI). First, to show the benefits of using the EASY method versus other stan-
dard adaptive non symplectic algorithms and SI with constant time step, we con-
sider the case r = 1, which corresponds to (1.1). We take as initial conditions
(go,p0) = (1,0), € = 0.1, and integrate until ¢ = 100 (40 periods, approximately).
The following integrators are considered:

1. The variable time-step non symplectic ode45 from Matlab with RelTol=
107 and AbsTol= 107!° applied to (4.10) (18685 potential evaluations).
2. The variable time-step variable order non symplectic odel113 from Matlab
with RelTol= 1071% and AbsTol= 1072 applied to (4.10) (18361 evaluations).
3. RK Ng applied to (4.10) with h = 5= (38489 evaluations).
4. RKNg applied to (4.11) with v = 1.5 and A7 = § (19019 evaluations).
All methods involve approximately the same number of potential evaluations except
SI, which requires twice this number. The results were shown in Fig. 1.1, where the
benefits of combining adaptivity and symplecticity are clear.

(GI). Now consider the symmetric second order scheme (2.16) as the basic method
(EAV2) to get a fourth order method (EAV4) using the best 5 stages fourth-order
composition given in [29]. (This is more efficient than using the 3 stage fourth order
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Fic. 4.3. Relative error in energy versus number of evaluations for second- fourth-
(dashed lines) and sizth-order (dotted line) symmetric methods using (2.16) as the basic
method, and fourth- and sizth-order RKN EASY methods (solid lines).

method (2.4)). To get a sixth-order method (EAV6) we take as the basic method
two steps of (2.16) [41], and consider the composition of nine basic methods given in
[29] (requiring 18 potential evaluations per step). We compare the results with those
obtained with the EASY methods implemented with RKN, (EASY4) and RK Ng
(EASY6). We consider » = 1, ¢ = 0.01 and v = 1.5, and the average relative error
in energy is measured for different time steps. Figure 4.3 shows the results obtained.
The superiority of the EASY methods is apparent from these graphs and comes from
the fact that they can be implemented with more efficient symplectic integrators than
the other methods considered. For this one-dimensional problem, (2.17) gives similar
results to the non regularised problem. This is because at the pericenter and apocenter
of the orbit, we find that T'(p) = 0 and the time step for the numerical algorithm is
the same in those points. This method is not recommended for one dimensional
non-symmetric problems.

5. Two and three dimensional problems. To extend the previous analysis
to problems in two- and three-dimensions is more complicated. To find a good regu-
larisation function to preserve (or nearly preserve) scaling invariance is still relatively
easy. However, in contrast to the one dimensional problem, there is not a systematic
procedure to find a CT such that the new Hamiltonian is still easily separable. For
this reason, it is natural to consider important physical problems and to analyse if
it is possible to apply this technique case by case. If this happens, a very efficient
method should be obtained. Indeed, this technique of combining regularisation with
a CT is a standard technique in celestial mechanics for numerically solving the Kepler
problem for eccentric orbits, and it is described in the following section.

5.1. The Levi-Civita/Kustaanheimo-Stiefel regularisation and trans-
formation. The Levi-Civita (LC) regularisation and transformation [27] applies to
the two-dimensional problem, and its generalisation to the three-dimensional space is
due to Kustaanheimo-Stiefel (KS) [24, 38]. It corresponds to the Hamiltonian (2.10)
with the following regularisation function, g(q) = r, with r = (q”q)'/2. This trans-
formation is specially suitable for the numerical analysis of highly eccentric orbits
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in the Kepler problem (for which V' = —1/r) as the singularity in the potential is
removed. As in the one-dimensional problem, the original Hamiltonian H is separa-
ble, but the transformed Hamiltonian K contains the term %rpr which is exactly
solvable. However, it is computationally expensive, and the benefits of using splitting
methods breaks down. However, there is a simple solution. Kustaanheimo and Stiefel
[24, 38] proposed the following transformation.

65) q= Q?,
' P= WQAP

Here, the three-dimensional system has been enlarged with another dimension, using

the vectors q= (qla q2,4s3, O)T and P = (p13p23p33 O)T Now 9 = (Qla Q?a Q3a Q4)T7 P
(Py, Py, P3, Py)T are the KS-variables, R = (QTQ)Y/? and @ is the KS-matrix

Q1 —Q2 —Q3 Q4
Q: @ —Qs —Q3
Qs Q1 Q1 Q2
Qs —Q3 Q2 —Q

This includes the Levi-Civita transformation, which corresponds to the particular case
B=p3=Q3=Qs=PFP =P =0.

Ll
I

COROLLARY 5.1. The transformation (5.1) is canonical.

Proof. Let us consider ®(Q) = QQ then, it is immediate to check that

(5.2) 3'(Q) = 20.
Substituting ® and &' in (2.11) and considering that
(5.3) Q'Q=QQ" =R,

where I is the identity matrix, we get (5.1), and the transformation is canonical. O
Now, we substitute this transformation into the Hamiltonian (2.10). If we consider
that

1 1 A A 1 -

- = —PTQTop = —PTP = Tq = TOT = R2
5P P = cr R'Q P ; r=valq=1/Q'Q"'QQ = R~,
the Hamiltonian K in the new coordinates takes the form

(5.4) K= éPTP + R*V(Q) — R%Q",

which is separable in two trivially solvable parts, K = T(P) + V(Q, Q?) with T still
quadratic in momenta. For the Kepler problem (V = 1/r = 1/R?) it gives

(5.5) K = éPTP +1— R2Q!.

Since Q¢ = Hy is constant, this is an harmonic oscillator which is easy and cheap
to integrate even for highly eccentric orbits. One problem for this regularisation is
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that it does not preserve the scaling invariance of the Kepler problem. From the
one-dimensional problem we know the influence of the regularisation function on the
performance of a numerical integrator as well as its close relation with the scaling
invariance. Then, as we will show in one example, the performance of the LC/KS
regularisation deteriorates for some problems. For this reason, it is important to
generalise the LC/KS transformation in order to allow the use of a regularisation
function which both removes the singularity of the Kepler problem and still preserves
its scaling invariance. This is studied in [2].

5.2. The Lennard-Jones potential. The Lennard-Jones potential is one of
the most important potentials in molecular dynamics. The system is described by the
Hamiltonian

b

1 a
(5.6) H=-p'p- 5 + NEE

2
with @ = ¢B8%, b = ¢B'? and ¢, B constants. The term —a/r® gives usually the
dominant contribution for most evolution region, and a regularization function which
makes this part scaling invariant is g = r*. Unlike in the previous case, we present
a CT which works for this important potential and function g. Let us consider the
coordinate transformation q = ®(Q) with

1
(5.7) ®(Q) = RTmQ
then
1
(5.8) '(Q)i,; = Rt (R?6i5 — 2mQiQ;) -

A simple inspection of (5.8) indicates that ®' is orthogonal only for m = 1, and this
is the only case we consider, where

1
(5.9) d'o'7T = ﬁf.
Let us denote Qi]’ = (RQ(S,'J‘ - 2Qin)7 dz'j = (7‘25“ — 2(]1'(]]'), where r = 1/R, QTQ =
R*I, ¢TG = r*I. Then, from Theorem 2.1 and (5.7)-(5.9) with m = 1 it is immediate
to show that the following transformation

1 q=Q {Q=%zq
(510 {pZQP @ P =gp

is canonical, both for the two and three dimensional problem (it is not necessary to
introduce a new coordinate for the three dimensional problem, as in the KS trans-
formation). In addition, since r*p?p = PTP, this CT makes separable the Lennard-
Jones Hamiltonian with g = r* (which makes the system nearly scaling invariant),
and the Hamiltonian to solve is

t

1 T 2 8
(5.11) K. = ;PP —aR’ + bR + 2.
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Fic. 6.1. (a), (b): trajectories for the Lennard-Jones problem. (c), (d): average relative
error in energy versus number of evaluations when non regularisation is considered (m =0),
when considering the LC regularisation (m = 1) and when considering the scaling invariant
regularisation (m = 4).

If the LC/KS regularisation is considered, the resulting Hamiltonian is

1 b
Kio=-PTP—- -2 + 0 4 (R

(5'12) 8 R10 R22

whch contains singularities of higher order.

In [2] we present a generalisation of the LC/KS transformation which can be
used in a number of different potentials. However, there is no simple generalization
of (5.10) to be used with more general potentials, this being an interesting subject for
investigation.

6. Numerical Examples of two-dimensional problems.

6.1. The two-dimensional Lennard-Jones problem. We consider (5.6) with
initial conditions g1 = 1/5, g2 =0, p1 =0, p2 = \/2(Hy — V(r)), for Hy —V(r) >0,
which corresponds to a system with energy Hy. We take ¢ = 20, # = 0.15, 0.1 and
Hy = —0.1, and we integrated until ¢ = 5. We study the performance of the schemes
taking g = r™ in the following cases: I- non regularisation (m = 0); II- LC regu-
larisation (m = 1); and III- scaling invariant regularisation (m = 4). We measured
the average relative error in energy versus the number of potential evaluations for
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Fic. 6.2. Average relative error in energy as a function of the eccentricity for the non-
reqularised system and for the LC regqularisation using the same fictive time-step. This is
done for e =0 and e = 1078,

different time steps A7. In all cases, we integrated the systems using the symplectic
RK Ng integrator. Fig. 6.1 shows the trajectory of the orbits and the average relative
error in energy of the methods versus the number of evaluations. We observe that for
B = 0.1 the trajectory approaches closer to the origin and the scaling invariant scheme
is much superior. We clearly observe that the case m = 1 does not play any special
role as in the Kepler problem, giving less efficient results. Then, for this problem the
choice m = 4 gives the most efficient algorithm, and the relative performance will
increase in the limit g — 0.

6.2. Perturbed Kepler problem. Let us now consider the following two-
dimensional perturbed Kepler problem

1,5, 4 1 ¢
(6.1) H=5(p1 +p2)_;+r_3'

This problem is neither integrable or scaling invariant, although it does have an ap-
proximate scaling symmetry if €/r® is small. We take as initial conditions ¢ =
l—e, ¢ =0, pp =0, pp =+/(1+e€)/(1—e) which, for the unperturbed problem,
would correspond to an orbit of period 27, eccentricity e and energy —1/2. We inte-
grated until ¢ = 107 for different values of e using the RK N, integrator, and measured
the average relative error in energy choosing a fictive time steps such that the whole
integration is carried out with approximately 100 steps. We considered two cases:
(7) the non regularised case (NR); and (i7) the Levi-Civita regularisation (LC). We
started the experiments with € = 0 (unperturbed problem) and repeated the experi-
ment with & = 1078, The results are shown in Fig. 6.2 where three important facts
can be deduced: () when using LC regularisation the error does not deteriorates at
high eccentricities if € = 0; (i7) the performance of the regularised scheme is consider-
ably superior, to the constant step size integrator, even for small eccentricities; (ii7)
even for a very small perturbation the performance of LC is severely deteriorated for
high eccentricities.

The reason for the good performance of the Levi-Civita regularisation on the un-
perturbed Kepler (¢ = 0) problem comes because, the Hamiltonian to be solved is
(5.5) which is exactly solvable. This is possible because the original system is also
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integrable. The symplectic integrators used solve exactly a perturbed harmonic os-
cillator or, equivalently, they solve exactly a Kepler problem, with slightly different
parameters, giving also a closed trajectory (this is a surprising fact since it is well
known that most symplectic integrators, when applied to the Kepler problem give
trajectories with a precession of the orbit). However, if some perturbations are intro-
duced making the system not integrable, the performance of the LC/KS regularisation
can seriously deteriorated for high eccentricities. The main reason is because the fic-
tive time is not (nearly) scaling invariant. In addition, we must remember that this
excellent performance for the LC/KS regularisation only happens when solving the
Kepler problem in Cartesian coordinates, but not in polar coordinates as shown in
the one-dimensional example of Section 4.

7. Conclusions. In this paper we have presented a procedure to build explicit
adaptive symplectic (EASY) integrators. This technique combines the Poincaré trans-
formation with a canonical transformation, to recover the separability of the original
system. It can be considered as a generalisation of the LC/KS regularisation. For
the one-dimensional problem, a backward error analysis for a family of problems is
presented and an explicit dependence of the error with the regularisation function,
g (at constant work) is obtained. The error and the optimal function, g, depend on
the order of the method used and, most importantly, on the value which makes the
regularised system scaling invariant (for the dominant part of the potential). These
results perfectly agree with those obtained from the numerical experiments and can be
extrapolated to other higher dimensional problems. As an example, an EASY method
for the two- and three-dimensional Lennard-Jones potential is presented, showing its
superiority versus other regularisations. We have also shown how the well known
LC/KS regularisation (which does not preserves scaling invariance for the Kepler
problem) looses its efficiency on some problems. This is studied in more detail in [2],
where a generalisation of the LC/KS regularisation is presented in order to preserve
the scaling invariance of the Kepler problem.

Obviously, it not always possible to find a CT for each function, g. In such
a case, several alternatives can be considered. For example: (i) to considerer the
function g and its corresponding CT which are closer to the optimal g obtained from
the error analysis; (i4) to choose this optimal function and to use an alternative
method, for example, the explicit adaptive Verlet method (2.16), or to consider it
as the basic method to higher orders composition integrators. In the last case, the
previous backward error analysis does not apply, but we expect the results obtained
are still approximately valid.
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