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Abstract

A low complexity Lie group method for numerical integration of ordinary differential
equations on the orthogonal Stiefel manifold is presented. Based on the quotient space repre-
sentation of the Stiefel manifold we provide a representation of the tangent space suitable for
Lie group methods. According to this representation a special type of generalized polar coor-
dinates (GPC) is defined and used as a coordinate map. The GPC maps, recently proposed
by Munthe-Kaas and Zanna, prove to adapt well to the Stiefel manifold. For the n x k matrix
representation of the Stiefel manifold the arithmetic complexity of the method presented is
of order nk?, and for n > k this leads to huge savings in computation time compared to
ordinary Lie group methods. Numerical experiments compare the method to a standard Lie
group method using the matrix exponential, and conclude that on the examples presented,
the methods perform equally on both accuracy and maintaining orthogonality.

1 Introduction

Let V,, i denote the (real) Stiefel manifold which may be represented as the set of n x k matrices
Q with orthonormal columns, i.e. Q7Q = I;. Among the most usual applications of numerical
integration of equations evolving on the Stiefel manifold is the computation of Lyapunov exponents
(see [5]), and an example is given in section 5.

We denote the origin in V,, i by I, which is the n x k identity matrix. Let ¢(t) be a curve
on V,, x such that ¢(0) = I,, x and ¢(0) = A. By differentiating the relation c(t)Tc(t) = Ik, we
find that the tangent space at the origin consists of the n x k matrices

o-(3)

where A is k x k skew symmetric, and B is (n—k) x k arbitrary. Let F© € R"**. Obviously there are

several ways to project F' onto the space consisting of matrices of the form (1). Leaving the lower

(n—k) x k block of F intact, we can choose any projection of the upper k x k block onto the space

of skew symmetric matrices. The natural choice is to apply skew, i.e. skew(M) = %(M - MT),

which leads to an orthogonal projector with respect to the Euclidian inner product. As we will see

in section 2, this simple observation carries over to the tangent space at any point on the manifold.
Given an ordinary differential equation evolving on the Stiefel manifold

Q) = F(Q,1) Q0) =Qo (2)
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For many numerical methods it is convenient to reformulate the equation (2) to one of the form

Q@) = H(Q,1)Q(t) Q(0) = Qo (3)

where H is skew symmetric. There seems to be many different ways to formulate the equation
(3), all being mathematically equivalent but not necessarily numerically equivalent, i.e they may
lead to different numerical solutions of the equation. Examples of such formulations are given in
[1] and [2]. In section 2 we formulate equation (3) inspired by [13] and [6], such that it fits the
coordinate map defined in section 3. The results have deeper foundations in the theory of principal
fibre bundles (see [9]). Given an equation of the form (3), a Lie group method is straight forward
applicable. Never the less, a standard Lie group method such as the RKMK using the matrix
exponential will include operations on the matrix H forcing an arithmetic complexity of order n?
which is not satisfactory for n > k. We deal with this problem using generalized polar coordinates
(GPC) defined by Munthe-Kaas and Zanna in [12]. The GPC maps based on the generalized polar
decomposition of the Lie algebra (see [11] and [14]), seem to be ideal for numerical integration on
the Stiefel manifold, and we are able to carry out the computation with complexity O(nk?). We
remark that we do not count the operations of evaluating the the vectorfield F' in (2). As in [2]
we regard this as a black box operation, and thus it may be of order n?k. In section 5 we present
numerical experiments with this map showing huge savings compared to the matrix exponential,
but which shows equal qualitative behavior.

2 The Stiefel Manifold and its tangent space

In preparing the tangent space of the Stiefel manifold for a Lie group method, the n x k& matrix
representation of the tangent space is, at least for starters, not convenient. In addition to the
n X k representation of the Stiefel manifold, it is also common to represent it as the quotient
space O(n)/O(n — k) (see [13] or [6]). Here each point on the Stiefel manifold corresponds to an
equivalence class [@] consisting of n x n orthogonal matrices shearing the property that their first
k columns coincide. We say that a @ € O(n) is a coset representative of Q € V,, i, (in the n x k
representation) whenever Q = QI,, ;. Following [13] we define Hg C O(n) to be the isotropy
group at @, i.e. the group consisting of all Qe O(n) such that QQ = Q. Tt follows easily that

H[k{<16“ g):CEO(nk)}

and that Hg = ijH[n,kav_l, where @ is any coset representative for (). Now for each @), Hg is a
Lie subgroup of O(n), and the Stiefel manifold can be represented as the quotient space O(n)/Hg.
We denote so(n) the Lie algebra of O(n), i.e. the space of n x n skew symmetric matrices. Letting
ho denote the Lie algebra of Hg, one obtains a splitting of so(n) into two subspaces:

so(n) =mq +ho (4)
where the Lie subalgebra o may be represented by
bQ:{@(g g)@—lzc@om—m} (5)
and the space mg by the matrices
mg = {@ < g _gT > Q ':Acso(k),Bec ]R("_k)m} (6)

Thus any tangent vector at () has the representation M) where M € mg, and HQ = 0 for any
H € hg. Also we emphasize that since hg is the Lie algebra of the isotropy group at @, we have

exp(H)Q = Q.



2.1 Projections onto the tangent space

Given any F € R™** there are several ways to define projections onto T1, « Vak, i.e. the space
containing matrices of the form (1). The obvious choice is take the skew part of the upper k x k
block of F', and leaving the lower part intact. This projection is orthogonal with respect to the
Euclidian inner product. At an arbitrary point @, any tangent vector F' has the representation
F = ZQ where Z is n x n skew symmetric. We wish to find a projection of Z onto the space mg,
or more generally a projection Iy, : R"*" — mg. Denoting m = my, ,, we see from (6) that
given Ily, the corresponding Iy, is obtained by

n,k?

My, = Ad@ oll, 0 Ad(:?,1 (7)

where Ada2 (M) = @M @_1 and @ is any coset representative for Q). Letting mgrew be any projection
onto the space of k x k skew symmetric matrices, we wish the operator I, to work as follows:

. A % Tskew (A) 7BT
Mo : ( B ) - ( B 0
where * represents arbitrary blocks. By some manipulation we find that I, working on a Z €
R™*"™ can be represented by:

M (Z2) = B(Ln ) IE s — Lok B(Ln )™ + L we(Tn ) I, (8)

where 3(I, ) = (I — In,klgk)Z[n,k and a(I, k) = Tskew (ngZImk). Applying (7) to the expres-

sion above (recalling that @ = @In,k) we obtain

In, (2) = BQ)QT — QBQ)" + Q(Q)Q 9)

where 3(Q) = (I — QQT)ZQ and a(Q) = Taew (QT ZQ). If Z is all ready skew, then QT ZQ also
is skew and we simply have o(Q) = QT ZQ.

It is worth noting that we do not need the matrix Z explicitly for calculating the projection.
Regarding F' = ZQ as a black bozx operation, we find I, (Z) as above with 3(Q) = F — QQTF
and a(Q) = Taew (QT F).

2.2 Restricting ODEs to the Stiefel manifold

Given any linear system

Y(t) = AQY (1) = F(Y;t) Y(0) =Yy
where A : Rt — R™" and Y : Rt — R"**, Restricting the system above to the Stiefel manifold
is now done by projecting the right hand side of the above equation onto the tangent space of the
Stiefel manifold to obtain .

Q(t) = HmQ (A(t)) Q(t) Q(O) = Qo

where Qo is some orthonormal factor of Yy. This system has the desired strong skew symmetry
property since obviously mg C so(n). The importance of strong versus weak skew symmetry is
discussed in [1].
Continuous QR decomposition: Consider the linear system

Y(t) = A{t)Y (1)

where Y € R™* with Y(0) = Yy = QoRo. If Y has full rank, there exists a continuous QR
factorization of Y such that Y (¢t) = Q(¢)R(t). The differential equation for @ can be found by
differentiating Y = QR, and can be expressed (see [5])

, (QTAQ)i; +(QTAQ); i<
Q) =ADQM) — QT Ty =4 (QTAQ)u =7
0 (]



Applying the the operator II,,,, we reformulate the equation to

Q) = (B@)QT - QBQ) +Qa(Q)QT) Q(t)

where as above 3(Q) = (I-QQT)AQ), and the a-part becomes a(Q) = tril(QT AQ) —tril(QT AQ)T.
Here tril(M) denotes the strictly lower triangular part of M.

3 Generalized polar coordinates on the Stiefel manifold

In the original RKMK method [10], the matrix exponential is used as a coordinate map from the
given Lie algebra to its corresponding Lie group. Other choices of coordinate maps are possible,
and a comparison of different choices are discussed in [7]. In [12] the authors propose to use
approximations to the exponential map by decomposing matrices with aid of projections resulting
from inner automorphisms. There are mainly two good reasons for using these approximations as
coordinate maps. Primarily, the approximations reside in the Lie group which is not the case for
arbitrary approximations. Secondly the computation can be carried out with low complexity.

A matrix S is called involutive if S = I. With respect to S we define the projection matrices

1
5 = 5 (I £5)
Also with respect to S we define the inner automorphism o, mapping a matrix Lie algebra g to

itself, by 0(Z) = SZS. Corresponding to such a o we now define the projection operators

Hil

a:§(lig)

Denote P = II;(Z) and K = II}(Z) for Z € g. The projections decompose g into two spaces
where K belongs to a Lie subalgebra ¢ C g, and P belongs to a Lie triple system p C g (not a Lie
algebra) closed under double commutators. The spaces £ and p have the following “+” properties
when they interact via commutators

e ct  [eplcp o] CE (10)
In [12] the definition of generalized polar coordinates (GPC) is presented as follows:
e The exponential map exp : g — G is a GPC on G.

e Let o be an involutive automorphism on g. If & : IITg — G7 is a GPC on G , then a map
® : g — G defined as ~
D7) = exp(IT; Z) - H(II% 2) (1)

is a GPC on G.

Here G° denotes the Lie subgroup of G containing the image of ®. Given a GPC &, for any
element g € G sufficiently close to the identity, there exists a Z € g such that g = ® (Z).

Let P =117 Z and K = 117 Z. Tt is shown in [12] that the computation of ¢ (P) for any analytic
function ¢, can be obtained according to the formula

P(P) = ¢(0)I + ¢1(O)P + P1(0) + Ppa(O)P + ¢2(0)O (12)

where © = PQHE, and

‘ -

¢1(r) = (6(Vz) — ¢(—V)) (13)

=2
B

Pa(r) = (6(Vz) + ¢(—Vz) — 2¢(0)) (14)

[\
&



3.1 The coordinate map

Let Z be any skew symmetric matrix and let @ € V;, ;. By choosing the involutive S = I —2QQ7,
and the corresponding o such that o(Z) = SZS, we obtain the decomposition Z = P + K where

P = QT -Qp" (15)
K = QaQT+H (16)

where o and 3 are short for a(Q) = QTZQ and B(Q) = (I — QQRT)ZQ respectively, and H is an
element in hg (i.e. HQ = 0). Thus, the coordinate map we wish to use is

& (Z) = exp (P) exp (K)

We note that the notation ®(Z) is inaccurate since ® also depends on our current whereabouts
on the manifold. A better notation would be ®o(Z), but we omit the @) to avoid cluttering the
notation later on. By definition of the space hg the two summands of K commute and we have

exp(K)Q = exp(QaQT) exp(H)Q

= Qexp(a) an

We find a nice representation for exp(P)Q using the formula (12). Alternatively we can just use
the relation S7Q = 0 to obtain

k
P*Q = Q(-5"p)
pAtlg — 3 (75T6)k
By comparing these terms with exp(P) = Y2, P*/k!, we obtain

exp(P)Q = Q¢1 (=57 B) + B¢ (—671)

where

¢1(x) = cos(v/—x)

o) {1 ifz=0
2T = sin(v/—2x) :
= ifz#0

Summarizing we have the following expression for ®(Z) acting on @

®(Z)Q = exp(P) exp(K)Q
= (Qp1(—BTB) + B2 (—BTB)) exp(«)

Thus we have reduced an expression involving exponentiation of n X n matrices to an expression
with analytic functions of k X k matrices. We note that as in (9), we do not need Z explicitly
to calculate ® (Z) Q. We only need an F' € TgV, i such that F' = ZQ. In this way Rg(F) :=
®(Z)Q : ToVn i — Vi i is an example of a retraction as described in [2]. The numerical accuracy
of the formula (18) relies heavily on the condition Q7 3(Q) = 0, but this should not cause problems
if implemented properly.

(18)

3.2 The tangent map
Given a coordinate map ® : g — G, the right trivialized tangent of ® is defined as the mapping
d® : g x g — g satisfying

%(I) (A@®) = d‘I)A(t) (A'(t)) ® (A1)



Let as before Z = P+ K, and let 6Z € g be decomposed similarly as §Z = P + § K. For our
particular choice of coordinate map ® we have (following [12])

d®z(62)®(2) = % exp(P + tdP) exp(K + tdK) (19)
=0
= dexpp (dP) exp(P) exp(K) + exp(P)dexp i (6 K) exp(K)

which implies

dd, dexppll + Adexp(P) deXpKHj

= %H; + exp(u)dexp j II}
where u = adp. We used here the relation Ade.,py = exp(adp). Applying an analytic function to
adp should be understood as inserting powers of adp into the functions Taylor expansion, where
ad%(0P) = 0P and ad}(6P) = [P,[P,---[P,6P]---]] (k brackets). The expression for d®; can
now be splitted into the spaces ¢ and p according to (10). We omit the technical details here and
present the formula for d®,' analogous to [12]:

d®,' = (TI; + dexpy ' IIY) (I + adp (61 (adpID;) —II7) + 62 (adPII,)) (20)
where
b,(x) {—% ifz=0 (21)
1\x) = in?(vV=x/2) .
0 ifx=0
m -1 lf X # 0

For a better overview of the formula (20), we split it corresponding to II7 and II}. When
applying the tangent map to an §Z = §P + 6K, we get :

II; (d®,'(6Z)) = P+06,(ad})dP —adpdK (23)
I} (d®,'(62)) = dexpy' (0K +adp (61 (adp) 6P)) (24)

We have here defined d®~! : so(n) x so(n) — so(n), but for our application we only need d®~1 :
mg X mg, — mg for some Q; # Q. The advantage of this is that dexp' in (24) can be calculated
using k X k matrices.

We now turn the attention to the problem of calculating analytic functions of ad%. The
derivation is a generalization of the special case Q = I,  given in [12]. Let P = QT — Q37 as
defined above. We wish to calculate ¢(ad%)dP for some §P = II;§Z. Assume that 8 has full rank
such that —(37 3 has k nonzero eigenvalues. Denote these eigenvalues by v2 and the corresponding
eigenvectors by x;, i.e

—BTBx; =vix; i=1,-- .k (25)
We verify by multiplication that for ¢ =1,--- , k we have
P (sz + ﬁxi/z/i) = :l:l/i (CQXz + ﬂXi/Vi) (26)

thus +v; are eigenvalues of P and the corresponding (normalized) right eigenvectors are vi; =
(Qx; £ Bz /v;) /v/2. We have found 2k eigenvalues, and since P has maximal rank 2k, these
are all the nonzero eigenvalues. Similarly we find that the left eigenvalues and eigenvectors are
+v; and v}, (where v* is the hermitian conjugate of v). Now let IIy be the projection onto the
zero-eigenspace, and let I11; be the projections onto the nonzero eigenspaces, i.e

Oy = vigvi,
k

My = I-)» (IL+1)
=1



Observe now that

adp (IL;0PI;) = Pv;v;6Pv;v; —v;v;0Pv;viP
= (’Ui — ’UJ)HZ5PHJ

thus representing 6 P as P = Z” IL;6PIL; , 4,5 =0,%£1,- .-, £k, we have that for each summand
¢ (adp) (L0 PILy;) = & (£(vi — v5)?) (I8 PIL;)

where ¢ is any analytic function. Since ad is linear in the second argument we now have a method
for computing qb(ad?;). At first glance this method may seem exhausting, but during calculation
most parts cancel out, and the computation may be carried out with low cost. After a lengthy
computation we arrive at the following: For P = QT — Q37 and 6P = (68)QT — Q(68)T and
x;, v; defined in (25) the computation of ¢(adp)dP can be done with the formula

¢ (adp) 0P = MQT — QM™ (27)
where M is the n X k matrix
M =6B(XCXT) + B(XKXT)
Here X is the k£ x k matrix with columns x;, C is the k x k diagonal matrix with entries
Cii = ¢ ()
and finally, for A;; being the ij-entry of A = X737 (68)X, K is the k x k matrix with entries

Kij = A (¢ (v5) - %¢ ((Vz' - Vj)2) = %Qﬁ ((Vi + Vj)Q))

vi

A (G (=) — 0 (4 )?))

vivj

In reaching our goal of nk? complexity algorithms, it is crucial that we newer form n xn matrices
explicitely. In our applications (see algorithm 1 next section) we don’t need all of d®,'(6Z) we
only need the part having an effect on our current point @Q,,, that is the projection of d¢§1(5Z )
onto the space mg,. This observation allows us to work with £ x k and n x k representations of
the full n x n matrices involved, and this is the main tool in reaching the desired complexity.

4 Implementation and complexity

We take as the starting point the ordinary differential equation

Q=H(Q,H)Q Q(0)=Qo (28)

where H is skew and @ € V;, .. We attempt to integrate this equation numerically using the theory
previously presented, and will in this section provide algorithms and discuss their complexity. Let
phi denote the function defined by

phi(e, 8, Q) = ©(H(Q,1))Q (29)

where o and [ represents the projection of H(Q,t) onto the space m¢g according to (9). Further

we let dphiinv be an order p approximation to the projection of d(I);{%QO tO)H(Ql,tl) onto the

space mg, where Q1 = ®(H(Qo,t0))Q. Thus for computing dphiinv we need input «, 8 and Qo
as in (29) and in addition the timestep ¢; and the order of approximation p. Given an s-stage
order p Runge-Kutta method with Butcher tableau



Ci | a1 ai2 - a1,s

)

C2 | Q21 Q22 - a2 s
Cs as.1 As 2 co s, s
| b1 by - b

algorithm 1 represents one timestep with stepsize h using generalized polar coordinates.

Algorithm 1 One step using GPC with an s-stage Runge-Kutta method of order p, assuming
the vector field is calculated inside the dphiinv procedure.

fori=1tos
@%z) = hz;:1 aiij(g{)
("')ﬁl) == h_ijl am-FB(J) - .
[F, F§Y] = dphiinv(0Y), 05, Q. t, + cih, p)
end
Ou = h Y5 b
95 =hY;_, biF)
Qn+1 - phl((_)aa eﬁa Qn)
In the remaining part of this section we regard H as an operator rather than the matrix in

(28), i.e. we let
H(u,v,t) = H(u,t)v (30)

and we assume the operator H is given.

4.1 Algorithms

We present here Matlab functions for the coordinate map and the tangent map. The given algo-
rithms are not optimal concerning floating point operation count, but they are to our knowledge
optimal concerning simplicity. We discuss the possible cost improvements in subsection (4.2).

The calculation of the coordinate map is the simplest task using this scheme. We assume that
a and [ are given, and obtain the following algorithm, where ¢; and ¢ are defined in (13)

Algorithm 2 (Coordinate map) Calculates Q1 = ®(3QF — QoSBT + QoaQl) Qo given a, 3 and
Qo-

function [Q1]=phi(«, 8, Qo)
% Set 3= — Qo * (Qf * 3) for greater stability

[n, k] = size(5);

0 =—p"p;

[X, A] = eig(O©);

A = diag(A);

vy = zeros(k); vg = zeros(k);
fort=1:k

v1(:,8) = G1(A(4)) * X (5, 0);
UQ(Z,i) = d)Q(A(Z)) * X(:,i);
end
w = expm(a);
Q1 =0x*(v1 * X' *w)+ Q * (va x X' xw);



By studying the formula (27) one may observe that we implicitly are computing the SVD of
using the covariance matriz 37 3. This procedure is known to be unstable for the small singular
values. However, the terms containing the small singular values (i.e. the small eigenvalues of
BT 3) give correspondingly small contributions to the overall result, so this does not seem to be
a problem. The formula (27) will break down if the matrix § is not of full rank. If v; = 0, we
simply replace 6x;/v; in (26) with a random vector which is orthogonalized with respect to all
Bx; j # 1, and then normalized.

In attempt to keep the presented algorithms simple we give here an algorithm based on the
reduced SVD of 3, i.e. f = ULVT, which deals with rank deficiency without modifications. It
is based on the observation that the eigenvalues v; in (26) are given v; = —io; (where o; are the
singular values of 3 and i = y/—1) and that the eigenvectors vi; corresponding to 4v; are given
vi; = QV; £1iU; where V; and U; denotes the i-th column of the matrices U and V' respectively.

Algorithm 3 (Analytic functions of ad2) Calculates B in the expression BQT — QBT =
f(ad%QT_QBT (68)QT —Q(68)T)) where f is any given analytic function. This algorithm uses the
singular value decomposition of 3 rather than the eigenvalue decomposition of —37 3

function [3] = fad2(8, 653, f);
[n, k] = size(B);

[U, %, V] =svd(8,0);

o = diag(X);

A= (UT%6p)*V;

K = zeros(k); C = zeros(k);

fori=1:k
C(i,i) = feval(f, —o(i)?);
forj=1:k
K(i,j) = %feval( (0'(2 —o( ))2) (A(z J)+ A, 7).
+ifeval (f, — (o (i) + o(5))?) * ( — A(j,1)) — feval (f, —o(j)?) * A(i, §);
end
end

B=068x(V*CxVT)4+Bx (Vs KxVT)

Given a function for computing analytic functions of ad?, the algorithm for the tangent map
is straight forward just keeping in mind that we only work w1th the “a” and “B” representations
of the n x n matrices involved. We assume that the vectorfield function H, the dexpinv function
and the functions 6; and 6, (21) are given.

Algorithm 4 (Tangent map) Computes & and Bin H = QT — Q3T + QaQT where H
is a p order approximation to the projection of d<I>H(Q p )( (Q1,t)) onto the space mg, for
Q1 = P(H(Qo, t0))Qo-

function [&, 8] = dphiinv(a, 8, Qo, t, p)
Q@1 = phi(a, 8, Qo);
= H(Ql; QO) t)?
Sa=QF xu;
36 =u— Qo * day;
= H(Ql; ﬁa t),
w = P * 6o — v+ Qo * (QF *v);
m = B x fad2(B, 3, 01);
& = dexpinv(ag, dag — m +m7, p);

B = 6fo + fad2(8, 63, 62) —



4.2 Complexity

We assume that n > k and only comment the asymptotic complexity, thus we only count oper-
ations of the leading term nk2. In the coordinate map there are three multiplications involving
n X k matrices and thus the algorithm requires ~ 6nk? flops. (~ 10nk? for greater stability). For
the calculation of the tangent map we obtain considerable savings if the fad2 algorithm is incor-
porated into the dphiinv algorithm. If we in addition use the eigenvalue decomposition of —373
(rather than the SVD as in algorithm 3) we can assume that this has all ready been calculated in
the phi algorithm. In this way we count a total of seven multiplications involving n X k matrices
and the total cost is ~ 14nk?. In addition we need two evaluations of H (u,v,t).

5 Numerical experiments

5.1 Comparing GPC with the exponential map

In this example we consider an ODE
Y(t) =AY (t) Y(0) =Y,

where Y € R109%4 and A € R199%100 jg 5 constant random 5-diagonal matrix. We choose randomly
Qo and Ry and set Yy = QoRy. We attempt to calculate the @Q-factor in the QR-factorization of
Y (1) which then is compared to the “exact” factor obtained by the QR-factorization of exp(A)Ys.
The restriction of the system to the Stiefel manifold is given

Q=H@QQ, Q0)=Qo

where
H(Q) =BQ" — Q8" + QaQ"

with 8 = (I — QQT)AQ and o = tril(QTAQ) — tril(QT AQ)T. The system is integrated from
t =0 to t = 1 using methods of order 1,2,3 and 4, and with various stepsizes. Both the maps exp
and GPC maintain orthogonality to machine accuracy, and surprisingly, as seen in figure 1(a), the
difference in performance of the two maps is negligible. In figure 1(b) we give flop counts for a
fourth order method, integrating the system varying k in the n x k& matrix Y but keeping n = 100
fixed. As expected the usage of GPC shows huge savings compared to exp for small values of k,
but as k increases, the large number of k3 operations closes the gap. Although the computation
of H(u)v in this example is done in O(nk?) flops, it is the major contributor to the cost of GPC
for small values of k.

5.2 Computing Lyapunov exponents

In this example we consider a test problem for computing Lyapunov exponents. The problem has
been considered in [4], [1] and [2] and references therein. The system

ji = —a@-1)y—wy
i‘l = 7d1i'175[v/ ($1 —xn)—V’ (1‘271‘1)]4’0’]4
Z = —diwi — BV (v —wicr) =V (i1 — )] , i =2,---,n

describes a ring of n damped oscillators with amplitude x; with z,41 = z1. The ring is forced
externally by y(t). The parameters «, 3, w, o and the potential function V' (z) are chosen as in [1],
ie V(r) =22/2+2%/4,a=1,8=1,w =1and ¢ = 4. The damping parameters are set to
d; = 0.0125 for i odd, and d; = 0.0075 for i even. The experiment is done with n = 5. A randomly
chosen x is used as initial value, and the system is integrated from ¢ = 0 to t = 4000 with stepsize
0.01 using the classical fourth order Runge Kutta method. Let A(t) be the linearization of the
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Flopcount for various dimensions
T T

Comparison of exp and GPC
T

Error
Flops

Stepsize 3

(a) (b)

Figure 1: (a) The usage of GPC (dashed line) yields almost exactly the same result as using an
RKMK method with the exponential map (solid line). (b) Usage of GPC shows great savings
compared to exp for n > k.

system along the computed trajectory x(t), and consider the following differential equation on the
Stiefel manifold .
Q=H(Q)Q Q(0) = I24

where H is defined as in the previous example. The 4 largest Lyapunov exponents of the system
are now given (see [4] for details)

t

1
)‘i = lim - B”(s)ds k= 172,3,4
t—oo 0

where B = QT AQ — a. The integral is approximated using the trapezoidal rule. The computed
four largest Lyapunov exponents at various time stages are plotted in figure 2. Again the maps
exp and GPC yield approximately the same answer as shown in table 1.

4 largest Lyapunov exponents (GPC)
T

0.2 q

0.05 q

~0.05 . . . . . . .
0 500 1000 1500 2000 2500 3000 3500 4000

time

Figure 2: The four largest Lyapunov exponents using GPC. The usage of RKMK with the expo-
nential map gave the same plot.
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Table 1: Computed Lyapunov exponents using GPC and exp

Value GPC | Value exp | max last 500 | min last 500
A1 | 0.12471298 | 0.12470863 +0.0006 —0.0012
A2 | 0.09391670 | 0.09391934 +0.0010 —0.0011
A3 | 0.05417468 | 0.05417294 +0.0003 —0.0013
As | 0.01868826 | 0.01868608 +0.0016 —0.0002

6 Concluding remarks

In this paper we have presented a O(nk?) complexity Lie group method for numerical integration on
the Stiefel manifold. The order of complexity is obtained by choosing a base point dependent type
of generalized polar coordinates which is a first order approximation to the matrix exponential. By
the paper of Muthe-Kaas and Zanna [12] we are able to compute any given order approximation
to the derivative of the coordinate map, and thus any order p Runge-Kutta method can be used
as a base to obtain an order p Lie group method.

Lie group methods for numerical integration on the Stiefel manifold can without precautions
force an arithmetic complexity of order n3, and this has been the main drawback. In this paper
we have shown that a reduction in complexity is possible, and that the resulting method, at least
for the examples presented, have the same qualitative behavior as the original RKMK method.

The representation of the Stiefel manifold as a quotient space of the orthogonal group was
of crucial importance in the derivation of a convenient representation of the tangentspace. As
aslo commented in [1] there is no doubt that knowledge of the differential geometry of the Stiefel
manifold is of great help when constructing numerical methods, and it is an interesting question
whether this carries over to other homogenous manifolds. With the aid of this theory we were
able to represent any skew symmetric matrix by a canonical representative from the horizontal
bundle at a given point on the manifold. This representative, typically being of low rank, can
again be represented using only n x k and k x k& matrices allowing all our computations to be
done with O(nk?) complexity. We defined a projection onto the horizontal bundle which for skew
symmetric matrices is canonical, but generally leaving us with choices corresponding to different
ways of obtaining orthonormal factors of an arbitrary matrix. One such instance giving a (Lie
type) differential equation for the continuous QR decomposition. We are not aware if there exists
a similar equation for the polar decomposition, although the existence of a continuous polar
decomposition (among other decompositions) is certified in [3].
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