ON THE SPECTRA OF CERTAIN MATRICES GENERATED BY
INVOLUTORY AUTOMORPHISMS
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Abstract. Let A = P+ K be an n X n complex matrix with P = %(A— HAH) and K = %(A—l—
HAH), H being a unitary involution. Having characterised all unitary involutions, we investigate
the spectral structure of P and K and, in particular, characterise the eigenvalues of K as zeros of
a rational function and prove that, for normal A, o(K) resides in the convex hull of o(A). We also
demonstrate that this need not be true when A is not normal.
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1. Introduction. The goal of this paper is to explore a number of issues in
matrix analysis which have arisen in research at the interface of geometric numerical
integration and computational linear algebra. Although the results of this paper stand
alone and they do not require any elaboration of these issues, the latter are important
in motivating and setting the backdrop for our work, hence we commence by reviewing
them briefly.

Let g be a matrix Lie algebra. The approximation of exp A, where A € g, is
a central step in most numerical methods for the solution of differential equations
evolving in Lie groups [5]. The purpose of such “Lie-group solvers” is to propagate
the solution within the Lie group G, say, whose Lie algebra is g. Therefore, it is
of critical importance that the approximate exponential resides in G whenever the
argument lives in g. Unfortunately, many standards technique to approximate the
exponential fail to respect the structure for some Lie groups. In particular, all such
methods fail to map an arbitrary element of sl(n) to SL(n) for n > 3 [7]. This has
motivated a new breed of methods, designed to respect Lie-group structure: [1, 2] and,
in particular, [8] and [6]. The latter two publications are based on a factorization of
exp A for A € g using Generalized Polar Decomposition (GPD). Thus, let k be a Lie-
algebra automorphism, hence a linear operator such that x([4, B]) = [k(A), k(B)],
A,B € g. In addition, we assume that it is an involution, i.e. k(k(A)) = A for all
A € g. Tt has been proposed in [8] to represent the Lie algebra g as a direct sum of
two linear spaces,

g=pat
where
p={Xeg:rX)=—Xx}
is a Lie triple system (i.e. [X,[Y, Z]] € p for all X,Y, Z € p), while
tE={Xeg: r(X) =X}
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is a subalgebra of g. Specifically, we let P = 2[4 — k(A4)] € p, K = 1[A + K(A)] € .
It is possible to prove that there exist functions X (¢) and Y (¢), ¢ > 0, evolving in p
and € respectively, such that

exp(tA) = exp(X(t)) exp(Y (t)).

The functions X and Y can be evaluated as a linear combination of commutators in
the free algebra generated by {P, K'},

X(t) = tP — 3°[P, K] — (K, [P, K]] + 37t* ([P, [P, [P, K]]]
- [Kv [K7 [Pva) + O(t5) )
Y(t) =tK — 5t°[P, [P, K]] + O(t°) .

In a practical algorithm, the series above are truncated and the calculation is ac-
companied by a number of linear-algebraic techniques which, while being of no direct
relevance to the theme of the present paper, are critically important in reducing com-
putational complexity [6].

Suppose that, in addition, the dimension of p is small, so that it is easy to
compute exp(X (t)) exactly, while dim € < dim g. The idea is to iterate this procedure,
representing £ as a direct sum of a Lie triple system and a sub-algebra using another
involutory automorphism and so on. The ultimate outcome is a representation

(1.1) exp(tA) = exp(X1(t)) exp(Xa(t)) - - - exp(Xim (1)),

where each exp(X(t)) can be evaluated with relative ease.

Suppose that A is a ‘nice’ matrix: the real parts of its eigenvalues are relatively
small. Even cursory examination of the numerical stability of the representation (1.1)
(or its approximation) demonstrates that it is important for the matrix

(1.2) K = K(A) = LA+ r(4)]

to share this ‘niceness’, otherwise we might be generating very large matrices in the
course of computation, thereby losing accuracy in finite arithmetic. This brings us to
the central theme of this paper, the connection between the spectra of A and those
of P and K.

In Section 2 we characterise all involutory inner automorphisms in U(n). Let

w1, g, ..., u,. € C" where r < n, be vectors of unit length, orthogonal to each other.
Then
(1.3) K(A)=HAH, —H=I1-2) uzuj,

k=1

is a unitary involutory automorphism. Moreover, every involutory, unitary inner
automorphism of M,[C] can be represented in the form (1.3) for some orthogonal
vectors wq, s, ..., u,. Thus, such automorphisms are a natural generalisation of a
similarity transformation by the familiar Householder reflection. Furthermore, we
show in Section 2 an interesting correspondence between the free group generated
by the involutory matrices I — 2uiuj, k = 1,2,...,n, and the additive group Z?L of
binary n-tuples, with addition defined modulo 2.

Section 3 is devoted to our main result. We prove that, for a normal matrix A,

the eigenvalues of K reside in the convex hull of the eigenvalues of A. This confirms
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that if A is ‘nice’, so is K: in particular, if A is a stable matrix, this feature is shared
by K.

Finally, in Section 4 we demonstrate that normalcy of A is crucial. Once we
consider general matrices A € M,[C], the result of Section 3 is no longer valid and
the eigenvalues of K might well reside outside the convex hull of o(A).

2. Involutory automorphisms in U(n). An automorphism in the general lin-
ear algebra M,[C] is a linear function x : M,[C] — M,[C] such that x([A, B]) =
[k(A),k(B)] for all A,B € M,[C]. & is an inner automorphism if it is of the
form k(A) = HAH™! for some nonsingular matrix H € M,[C] and an involution
if k(k(A)) = A for all A € M,[C]. Thus, an involutory inner automorphism is
k(A) = HAH, where H is itself an involutory matrix, H? = I. Motivated by numer-
ical stability, we are concerned solely with unitary matrices H. Therefore, the main
focus of this section is on the unitary involutory inner automorphism

(2.1) k(A) = HAH, AcM,[C], where H € U(n), H*>=1I.

THEOREM 2.1. Let {uy,us,...,us} be an orthonormal basis of a subspace of C",
where r € {0,1,...,n}. Then

(2.2) H=1-2) uuj
k=1

is an involution in U(n). Moreover, every involution in U(n) can be represented in
the form (2.2).

Proof. Tt is straightforward to prove that any H defined by (2.2) is unitary and
Hermitian, hence a unitary involution. This proves the first, trivial statement of the
theorem.

Next, let us assume that H € U(n) is an involution, therefore H is Hermitian.
This implies that also the matrix I — H is Hermitian. Suppose that the eigenvalues
and normalised eigenvectors of I — H are a1, s, ...,a, € R and wi,us,...,u, € C",
respectively. It follows that

n
I-H= Zakuku,’;.
k=1
Exploiting orthogonality of eigenvectors, we deduce that
n

n n n
2
H>=1-2 E apuiuy + Z Zakal(u};ul)ukuf =71 - Z(ak — 2)apuiur.
k=1 k=11=1 k=1

Since H? = I and the matrices uiuj are linearly independent, it follows that oy, €
{0,2}. Without loss of generality, we may assume that oy = -+ = ag = 2, agq1 =
-+ =, = 0, and this results in the representation (2.2) and completes the proof of
the theorem. O

Note that, once we have characterised all unitary involutions in U(n), we imme-
diately obtain from (2.1) a characterisation of all unitary involutory inner automor-
phisms of M, [C].

Let {u1,us2,...,u,} be a unitary basis of C", ||ug|| = 1. Given a vector 8 € Z7,
we set

n
Gg =1- QZQkukuZ.
k=1
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Note that, by the last theorem, Gg is a unitary involution. It is trivial to verify that
GoGyp = Go 1ty mod 2-

Therefore,
G={Gg : 0y}

is an Abelian multiplicative group, isomorphic to Z5. Another easy observation is

that the space of all unitary involutions (2.2), for all = 0,1,...,n, is a free group
generated by Ge, , k =1,2,...,n. Needless to say, r = 0 yields the identity matrix and
it is easy to prove that G'11,....1 = —I. The latter is a consequence of the well-known
identity,

n
E ukuz = I,
k=1

known in quantum chemistry as resolution of identity.

3. The spectrum of a normal matrix K. The purpose of this section is to
study the eigenvalues pq, po, . . ., p, and eigenvectors vq,va, ..., v, of the matrix

(3.1) K = 1A+ (A)),

where A € M,[C] and & is a unitary involutory inner automorphism, x(4) = HAH.

Since H € U(n), it has a full set of unitary eigenvectors, therefore H = QDQ*,
where Q € U(n) and D is diagonal. Moreover, since H? = I, necessarily, without loss
of generality,

_ Ir><r Orxs
b= |: Osxr _sts :| ’

where 7+ 5 = n. Letting A = Q*AQ, K = Q*KQ, we deduce at once from (3.1) that

/:11,1 /:11,2}
A1 Aso

A, O

[ — 1 A A = ~ =
K =3(A+DAD) { O s } , where A {

and ;11,1 € M,.[C], 121272 € M,[C]. We thus conclude that

(32) O'(K) = O'(K) = O'(Al,l) U 0'(A272).

Moreover, if Ko = pd then

5= [ Z; ] 5,eC, ByeC’
and either
Ay 101 = poy, vy =0
or

v =0, Az oUy = 3.
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PROPOSITION 3.1. Let v be an eigenvector of K. Then it is also an eigenvector
of H.
Proof. Let v = Q*v, w = Hv and w = Q*w. Note that

Kv = pv = (A+ HAH)v = 2uv = (HA+ AH)v = 2pw

therefore Kw = pw. Thus, w # 0 is also an eigenvector of K corresponding to the
same eigenvalue pu.
We have

hence

while, by the same token, if v; = 0 then
Hv = —v.

This concludes the proof. O
An alternative formulation of Proposition 3.1 is that the eigenvectors of K reside
in one of the linear spaces

K,={xecC": Hr =z} or Pn={xecC": Hr = —x}.

Without loss of generality we assume that vy,...,v,. € K,, and v,41,Vp42,...,0, €
P,,. Of course, K,, ® P, = C".
Recalling the characterisation (2.2) of unitary involutions, we denote

U = Span {uy,usz,...,us}

(the double use of the integer variable s is, as will be apparent soon, not a variable
overload). Since

Hv=v-— 2Z(u,’;v)uk,

k=1
we deduce that
veEP, = v=>) (upv)ug = P, =U,
k=1
vek = uv=0, k=1,2,...,s = K, =UL.

So far we have allowed an arbitrary A € M,[C]. In the remainder of this sec-
tion we stipulate that A is normal, hence A*A = AA* and its normalised eigenvec-
tors @1, ®a,...,x, form a unitary basis of C". We denote the eigenvalues of A by
A1, Az, ..., Ap, respectively.
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THEOREM 3.2. Let A € M,[C] be a normal matriz, H € U(n) an involution and
K = 1i(A+ HAH). Then

(3.3) o(K) C convo(A),

where o(B) is the spectrum of the matriz B, while conv ) is the (closed) convex hull
of Q€ C.

Proof. Let o(K) = {1, p2,- .., n} and let vy, vs,...,v, be the corresponding
normalised eigenvectors. For clarity, whenever possible we dispense with a subscript
and let Kv = pv. Recall that either v € ), or v = P,,.

If v € K,, then Hv = v, hence

pv = Kv = 1(Av + HAv),
therefore
1= 1v*(Av + HAv) = v* Av.

The conclusion is true also for v € P, since the sign of the second term changes
twice. Therefore

(3.4) v Av = p.

Since A is normal, it is true that

k=1
Therefore
n
pw=v"Av = Z e |[v*wy |2
k=1
and we deduce that p is a convex linear combination of A1, Ag, ..., A,. Consequently,

w € convo(A) and (3.3) is valid. O

The implications of Theorem 3.2 are clear: if A is a stable matrix then so is K and
the ¢5 logarithmic norm of K, an appropriate measure of its stability, cannot exceed
that of A. Fig. 3.1 displays the eigenvalues (and their convex hull) of a 100 x 100
normal matrix A and of the corresponding matrix K, with s = 5. Both A and H have
been randomly generated, using matrices from Gaussian unitary ensemble. Evidently,
the eigenvalues of K are consistent with Theorem 3.2. Moreover, they appear to be
a moderate perturbation of the eigenvalues of A. We believe that this is in general
the case when either s or n — s is significantly smaller than n. Thus, Fig. 3.1 depicts
the eigenvalues of the same 100 x 100 matrix A but different K, generated randomly
using s = 50. Another structural detail is apparent, it recurs in other computational
experiments and is further illustrated in Fig. 3.3: the eigenvalues of K ‘shrink’ toward
the centre of the convex hull. It is unclear by this stage whether this behaviour is
a stochastic artifact or whether o(K’) can be always confined to significantly smaller
geometric structure inside convo (A).

A measure of support for our observation that, for small s, o(K) is in general a
moderate perturbation of o(A) is provided by the following result.
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-3 I I I I I
-3 -2 -1 0 1 2 3

FIGURE 3.1. The eigenvalues of A (denoted by asterisks) and of K (denoted by triangles) for
n =100 and s = 5.

LEMMA 3.3. Assume that A is a normal matriz. Then,

V2s

(3.5) |A— K] < diam convo(A),

where diam €2 is the diameter of the set 2 C C.
Proof. For simplicity sake, let us denote

H=1-20UU",

where U = [u1,ug, ..., ugl.
We commence by noting that A — K = P, where P = (A — HAH) has been
defined in Section 1. Moreover,

P =UU*A+ AUU* — 2UU*AUU* = U[A*U — UU*A*U)* + [AU — UU* AUU*,

therefore P is a rank-2s matrix with (at most) 2s nonzero eigenvalues, k1, K2, . . ., Kas.
We deduce that
2s
2 2
1A= K| =" [ral*.
i=1

It is easy to verify that, if k; is an eigenvalue of P corresponding to the eigenvector
y,, then

P(Hy;) = —HPy, = —Hry,; = —ri(Hy;),
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-3 I I I I I
-3 -2 -1 0 1 2 3

FIGURE 3.2. The eigenvalues of A (denoted by asterisks) and of K (denoted by triangles) for
n =100 and s = 50.

that is, —k; is also an eigenvalue of P corresponding to the eigenvector Hy,. Hence,
assuming that the eigenvalues of P are labelled so that k;1s = —k;, we obtain

4 KIE =23 b < 25 sl =25 (PP,
where p( - ) denotes the spectral radius. Since the spectrum of P is symmetric with
respect to the origin, we deduce that p(P) = max;—1, s |ki| = % diam convo (P).
Recall that, if B,C € M,[C] are normal, with ¢(B) = {#; : 4 = 1,...,n} and
o(C)={y;:i=1,...,n}, then

o(B+C) Cconv{(fB; +;) 14,5 =1,...,n}

[4]. Since A and HAH are both normal and, HAH being similar to A, share the
same eigenvalues \;, ¢ = 1,...,n, we have

o(P)=0o[3(A— HAH)] C tconv{(\; — ;) : 4,5 =1,...,n}.

We observe that the set conv{(\; — ;) : 4,5 =1,...,n} has a point symmetry at the
origin: if (A; — A;) is a vertex of the convex hull, so is —(A; — A;). Therefore,

diam conv{(A; — A;) :4,j=1,...,n} =2 max |A; — Aj| = 2diam convo(A).
i,7=1,...,n

Thus,

p(P) = diam convo(P) < fdiam convo(A)
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FIGURE 3.3. The convex hulls of o(A) and o(K) for six random matrices (A being normal)
with n = 200 and s = 100.

and we conclude that
A - K|E < ;diam convo(A),
from which (3.5) follows by taking square roots. O
It is worthwhile to mention that (3.5) is sharp in the case s = 1. Letting H =

I — 2uu*, a simple calculation reveals that P has rank two and that its eigenvalues
are

K12 = i\/u*AQu — (u*Au)2.

Hence,
1A = K| = [Pl = |r1]* + 52> = 2p(P)?.
Assume that the eigenvalues Aq, ..., A, of A and the corresponding normalised eigen-
vectors xq,...,x, are ordered so that
|/\1 *An‘ = max |>\k*)\l|
k,l=1,..., n
and take u = %(wl + @y,). It is readily observed that w*Afu = F(A} + AF), k >0,
hence

1 1
p(P) = max{|k1], [r2|} = §|)\1 — M| = idiam convo(A),

from which (3.5) follows as an equality.
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The implication of (3.3) for s = 1 is that the eigenvalues of A and K can be
ordered so that, on average,

(3.6) |)\]§7,u,k‘:0(n71), k=1,2,....

This can be extended to s > 2, as long as s is small in comparison with n, since P is
always of rank 2s.

Although (3.6) is only a probabilistic statement, not an absolute estimate, it goes
some way toward explaining the phenomenon that we have observed in Fig. 3.1.

Another interesting connection between o(A) and o(K) is highlighted in our next
result.

LEMMA 3.4. Let v € K, be an eigenvector of K with eigenvalue p. Then either
€ o(A) oritis a zero of the rational function

[

(3.7) V() =
where

S n
z=) Brur =) Gm
k=1 =1

By =ujAv, k=1,2,...,s, and x;, | =1,2,...,n are the eigenvectors of A.

Proof. Suppose first that Av € ;. Then Hv = v, HAv = Av, Kv = pv and
(3.1) imply that Av = pv, hence p € o(A). Let us turn our attention to the other
case, namely Av NP, # {0}. Since K,, = U+, we choose an arbitrary unitary basis
of Ut, namely {usi1,usr2,...,u,}. Thus,

(3.8) wv= Z U, ap=uiv, k=s+1,s+2,...,n, |af=1.
k=s+1

It follows at once from the definition of K that

pv=Kv=3(A+HAH)v = 3(Av + HAv) = Av — Z(uZ‘Av)ul.
=1

Therefore

S

v=(A—pl)™ ) (uf Av)u,.

1=1
Comparison with (3.8) yields
n S
D = (A—pl)™hY B,
l=s+1 1=1
where 3; = u} Av. Multiplying with u}, k = 1,2,...,s, on the left, v € U+ implies
that

S
O:u,tvzz:ﬁlu,’;(/l—u[)_lul, k=1,2,...,s.
I=1
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Letting ®5; = uj(A — pl) 'y, k1 = 1,2,...,s, we thus deduce &3 = 0, conse-
quently 8*®83 = 0. Written in longhand, this is equivalent to

DD BB (A — ul) g =

k=11=1

Therefore
2°(A—pul)tz =0, where z= Zﬂkuk.

If z = 0 then Av € K, a possibility that we have already ruled out. Therefore z # 0.
We expand z in the eigenvectors of A,

n
z = Z (k-
k=1

Therefore

0=z"(A—ul)~ i |Ck|2
wl)

and this proves (3.7). O

Lemma 3.4 comes into its own when A is Hermitian, when also, trivially, K is
Hermitian, in which case we recover some known results in linear algebra, namely
the Weyl theorem on eigenvalues of a sum of Hermitian matrices and the interlacing
eigenvalues theorem for bordered matrices [3].

Let us assume that s = 1, thus, that H is a Householder reflection. Ordering the
eigenvalues of A as A\; < Ay < -+ < )\, and those of K as pu; < po < -+ < pyp, We
already know from Theorem 3.2 that pq, po, ..., tn € [A1, A\n]. Assume further that
the spectrum of A is distinct, o(A4) No(K) = ) and that all the ;s in Lemma 3.4 are
nonzero — in other words, that w; is not orthogonal to an eigenvector of A.

The function ¢ from (3.7), being a rational function of type (n—1)/n, has exactly
n — 1 real zeros for distinct \is. Since dim IC,, = n — 1, it follows that all its zeros are
also eigenvalues of K. It is a trivial observation, though, that ¢ changes sign in every
interval of the form (Mg, Ag+1), K =1,2,...,n — 1. Therefore, there must be at least
one y; in each interval of this form and a trivial counting argument demonstrates that
there must be a single y; is each interval, except for one interval that encloses two
ws. In other words, there exists p € {1,2,...,n — 1} such that

uke()\k’)\k+1)ﬂ k:172a"'7p7
(3.9)

uke()\k—17Ak)7 k:p+17p+277n

This ‘almost interlace’ property is illustrated in Fig. 3.4.

The restrictive conditions (distinct eigenvalues, o(A) No(K) = () and u{ zx # 0)
can be all removed by a limiting argument, except that open intervals in (3.9) need
be replaced by closed intervals.

The situation is more complicated for s > 2. Thus, for example, for s = 2 similar
argument implies that there must be a y;, corresponding to a v € IC,,, in exactly n —2
intervals of the form (Mg, Ap4+1). Moreover, eigenvectors in P,, contribute two extra
1xs, which can reside anywhere in [A1, Ay].
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0.6 T
0.4 . Q @

0.2 ® ) B

0.8 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100

FIGURE 3.4. The sequence A — p for a random 100 x 100 Hermitian matriz A.

4. The non-normal case. Since Kv = pw, ||v|| = 1, implies in the proof of
Theorem 3.2 that u = v* Av, we deduce that u € W(A), where W(B) is the numerical
range or field of values of a matrix B € M,[C] [4], and that ¢(K) lies in a closed
ball of radius ||A||. This, however, falls short of establishing a connection between
o(K) and o(A) for a general (rather than normal) A € M,[C]. In this section we
demonstrate that normalcy, although used just once in the proof of Theorem 3.2, is
not an artifact of the method of proof: it is possible to find non-normal matrices A
for which o(K) ¢ convo(A).

Specifically, we let

0 1 o --- 0
: . . .o _—
(4.1) A= o | =Y erelys € MR
k=1
: 0 1
0 - o o 0]

Our first observation is that ||A| = 1, therefore |ug| < 1, k =1,2,...,n. (We retain
the notation from Section 3.)

Let H = I —2uu*, ||u|| = 1, therefore s = 1. We choose v € K,, and suppose first
that Av € K,. As apparent from the proof of Theorem 3.2, this implies Av = pw,
therefore © = 0 and v = +e;. Since He; = e; — 2u;u, this takes place if and only if
u; = 0. As soon as we rule this out, p is necessarily a zero of the function

¥(z) = u* (A —al) tu,
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which we have defined in the proof of Lemma 3.4: this is true regardless of A being
normal. Nilpotency of A implies that

n—1

(4.2) P(a) ==Y (u Aru)z

k=0

Thus, we seek zeros away from the origin of the function

n—1
olx) = —z™p(z) = Z(u*Aku)x”_k_l.
k=0
To concentrate of a specific example, let us choose uw = n~'/21. Therefore
u' APu = (n — k)/n and
n—1
_ = k
o) = — S (k+ 1)a
k=0
yields
(4.3) n(1 —2z)%p(z) = ne™™ — (n + 2™ + 1.

Let re'’ be a zero of ¢, r € (0,1]. Then (4.3) implies that

on 1 1 1

= - = > .
[n+1—nre??  (n+1)2—2n(n+1)rcosf +n?r2 =~ [(1+71)n+ 1]?

r

Therefore

1 1
> > .
T n 7 T 2nt 1)in

Since the one eigenvalue not covered by this analysis is u*Au = 1 — 1/n, it follows
that

o(K)c{zeC: 2n+1)"Y" < |z <1-1/n}.

As a matter of fact, it is possible to prove, with extra effort, that p(K) = 1—1/n. Yet,
this is not necessary to the observation that o(K) extends well outside convo(A) =
{0}.

The case w = n~ /21 is generic, in the following sense. Whenever s = 1, neces-
sarily u*Au € o(K), since u spans the one-dimensional linear space P,,. Therefore,
unless u*Au = ZZ;; Upup+1 = 0, it is true that o(K) contains points outside the
origin and the inclusion (3.3) does not hold.
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