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Introduction
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The problems

Consider

%u(x, t)+ V- Vu(x, t) = vV2u + f(x),

with x € Q ¢ R? and V : R x [0, T] — R is a vector field,
u:RY %[0, T] — RY, and u(x,0) = ug(x). The convecting vector
field can also be V = u. After semidiscretization

ye—C(v)y =Ay+f, y(0) =y,

and can be v = y. Here C is the discretized convection operator,
A corresponds to the linear diffusion term, often negative definite.
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Linear convection diffusion

Example

A linear convection diffusion problem in 1D

0 0 5
9,49, = Fof=1
0tu+0xu vVeu + f,

u(x,0) = cos(xm/2) and homogeneous Dirichlet BCs.

We discretize in space with spectral Galerking methods and
integrate in time with a implicit-explicit order 3 method.



Numerical dispersion with spectral element methods
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We consider a first order integrator for

vi—Cly)y=Ay+f, y(0)=xw

Ynt1 = exp(hC(yn))yn + hAyni1 + hf.

«O0>» «F» « E»

<

3

Do
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A simple method

We consider a first order integrator for

ye—Cly)y =Ay+f, y(0)=yo.
Example

Yn+1 = eXp(hC(Yn))Yn + hAynt1 + hf.

The exponential exp(vhC(w)) - g is the solution of the
semidiscretized equation

v = C(w)v, v(0)=g, in]|0,HA],



A simple method

We consider a first order integrator for

ye—Cly)y =Ay+f, y(0)=yo.
Example

Yn+1 = eXp(hC(Yn))Yn + hAynt1 + hf.

The exponential exp(vhC(w)) - g is the solution of the
semidiscretized equation

v = C(w)v, v(0)=g, in]|0,HA],
which corresponds to the pure convection problem
v +V-Vy=0, ~v(x,0)=g;, inl0,h]xQ, ie.
DY =0, ~(x,0) =g, in[0,h] xQ,

/30



The corresponding transport diffusion algorithm

Keeping in mind y, 1 = exp(hC(yn))yn + hAyn+1 + hf.

Transport-diffusion: Pirroneau '82

D

u 1
D? = 0, un+%(x, tn) = un(x), on [ty, t, + h]
un+%(x) = un+%(X, t,,—‘rh)
Upi1 = un+%+hyv2un+1+hf,

the convecting vector field is V(x) = u,(x).

The exact integration of the pure convection problem can be
obtained by introducing characteristics,

Upy 1 (%) = Uy 1 (%, tn + h) = un(X(tn))
&= un(X(7)), X(ta+h)=x,
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Numerical tests with semi-Lagrangian spectral element
methods
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v=001,K=1 p=16 v=0.001, K=1, p=32

(Celledoni 2003)



The integration methods
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Integrating factor methods for nonlinear CD problems

Consider
y=Cly)y =Ay, y(0)= .
and the change of variables y = Wz where W = C(Wz) - W and
W(0) = I by differentiation
{ W = C(Wz) W
z = WlAwz

Explicit Lie Euler 4+ Implicit Euler

{Wn+1 = eXp(hC(ann)Wn

=1
Zni1 = Zar hWn+1AWn+1Zn+]_

and setting y, = W,z, and v, 1 = Wy11Z,11 we get

Ynt1 = exp(hC(yn))yn + hAyni1
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Integrating factor methods for nonlinear CD problems

Consider
- _ - B W = C(Wz) W
y C(y)y_A.y7 y(O)_y07 y_WZ { Fr— WilAWZ
Given y,_1, ¥a, consider p;(t) = ==y, 4 + ti;"’lyn

W = C(py(t)) W

. {Pl( ))N > Onr[tnflatn]

z = W1lAw:z

apply BDF?2 for Z, and find "accurately’ W/(¢t),

2n+1 — 22n - %2,771 I hW(tn+1)_lAW(tn+l)2n+l

N

set y, = Whz,, Yn+1 = W(tn+1)2n+1

3 - 1 -
EYn—s—l = 2W(h))/n - 5 W(2h)_)/n—1 + hA}/n+1
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Integrating factor methods for nonlinear CD problems

Consider

W = C(Wz) W

I=Clly = Ay, yO) =y y=wz {1 = (O

lnterpOIate (tn—27yn—2)y (tn—la)/n—l)y (tna)/n): with Pg(t)

W = Clpt) W
: = W1lAW:

11

N N 1.
gyrH,l =3W(h)y, — =W(2h)y,—1 + gW(3h)y,,,2 + hAy,i1

N W

(Maday, Patera, Rgnquist, 1994, Xiu and Karniadakis, 2001)
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Keeping in mind

3

SYnt1 = 2W (h)yn — 5 W(2h)yn_1 + hAyni1

N =

Transport-diffusion

Dii,

. = 0, Un(x,tn) = un(x), on [tn, tn+ h|
Un(x) = Un(x, ty + h)

D%];I = 0, Fln—l(Xv tn—l) = Un—l(X)7 on [tn—la th + h]
LNIn_l(X) = LNI,,_1(X7 it A= h)

%unﬂ = 2, — %fj,,_l + hl/V2u,,+1,

the convecting vector field is

V(x,t) = —52u,_q(x) + ==L up(x).
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Summarizing for nonlinear integrating factor methods

+ In the case of convection diffusion problems, they naturally
correpond to a transport-diffusion method

-+ Require only one linear system per step

+ Good stability properties

- Need a Runge-Kutta method to start

- Linearize the equations via extrapolation
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Partitioned Runge-Kutta and Commutator-Free

- . _ e W= C(W2) W
y=C)y =Ay, y(0) =y, y =Wz { s~ WlAWs

fori=1:5sdo
Zi=zp+h Z}:l ai,ij_lAQij
Qi =exp(h)_, Oéf'(JC(Qka)) exp(h)_, O‘:"(lc(Qka)) - W,

end
Znt1 = zn + h Y ;_y biQ TAQIZ;

Whi1 = exp(h Y, 85 C(QuZk)) - - - exp(h Y, BF C(QuZy)) - Wi

DIRK + explicit Commutator-Free
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Exponential integrators

By setting Vi = Q;Z, yni1 = Whi1zpe1 and @1 = W WL
in the previous algorithm we get a method we apply directly on

y—C(y)y = Ay, y(0) = yo,

for i =1:sdo
Y = Qiyn + h 3 iy aijoi; P AY;
i = exp(h 3, afiC(Yi)) - exp(h 3, ey C(Yi))

end
Yntl = @ny1¥n + h Y5y biont107 LAY,

1 = exp(h 30, B5C(Yi)) - exp(h 3, By C(Yi))
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Order conditions

e for moderate order via Taylor expansion

e in general for Partitioned RK-methods, use P-series (Hairer,
Murua ...)

e for Commutator-Free (Owren work in progress)

Assume that Zlle (le:, =3jjfori=1,...,sandj=1,... 5, and
that 57, 3 = b;. Simplifying condition ¢; = ¢;.

Necessary condition for order p: The given method has order p
only if
C ‘ A cl|A
| b b
satisfy the conditions of order p for partitioned RK-methods. Using
this criterion we derived methods up to order three:
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1 eXP(gC(Y%)) yi = @i+ hSOISO;AY%

«O0)>» «F» « =» 4«

Do
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Transport-diffusion algorithm order 2

<
NIl=

O
ct
o=

Dt

Duy
Dt

V(x) = uo(x)
fip(x) = Tio(x, %)

iy + hvV2uy,

0, ﬂ%(X,O) = u%(x)7 on [—2,0]
V(x) = uo(x)
i1 (x) = 01 (x, —3)

0, ui(x,0)= TJ%(X), on [0, h
V(x) = u%(x)

20/30



Order 3

Example

Partitioned RK:

0 0 0

1 1 1 _B 1+8

2 2 2 3+5,%’ 2 1+3

1/-1 2 L= &) =52
T Z 2 1 7 2

6 3 3 6 3 3
with 3 = ? Griepentrog '78.

0

1 1 0 0

2 2 5 1 _B 148

1] -1 2 2 2

345 1

11 1%L _(1+38) 4f
2 3 1 T 2 2
1 1 5 6 3 3
2 3 12
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Order 3

Assume C; = C(Y))

Example

Y1 = [yo — h5Ayo]
Ye = (I — 22hA) L exp(5 Co) Vi

Vo = [yo + hCEB Ay — h(1 + 38) exp(—2 Go) AVA]

Y = (I — 2B hA) L exp(—hCo + 2hC1) Va

71=yo + LAy + h3 exp(— 2 Co)AY1 + 2 exp(hCy — 2hCy)AYa
1= eXp(%Co -+ gCl + h%CQ) exp(l—h2 Co + gCl = h%Cz))N/l
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NUMERICAL TESTS
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We consider
y'=C(y)y + Ay, y(0) = yo

global error at T=1

- ImEul ExEu

Global errorat t = 1

«0O0» «F»r <«

i
i
i
)
0
i)



Viscous Burgers' equation

We consider

9 2
au+u&ufl/v u

u(x,0) = Lsin(x7) on [0, 1] and homogeneous Dirichlet BCs,
integrated on [0,2], h = 1/64.

v=1/10, K =50, p=8
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Nonlinear test example

Burgers equation visc=1/20 Burgers equation visc=1/100

o T T T ; r 07 T T T
—ref
07 —EUo2 o
—SLo2
06
05
05
0.4
S 04 >
03
03
02
0.2
0.1 o1
o o1 02 03 04 05 06 07 08 09 1 o o1 02 03 04 05 06 07 08 09 1

v=20.05 K=1 p==~64 v=001,K=1 p==64
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Viscous Burgers' equation

We consider

0 0 5
aquuau vV<u

u(x,0) = % sin(x7) + sin(x27) on [0, 1] and homogeneous Dirichlet
BCs, integrated on [0,2], h = 1/64.

Burgers equation visc=0.2

vr=02 K=1 p=064
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CONCLUSIONS
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Future work

e More numerical tests on nonlinear problems should be made
e Complete the study of the order conditions

e Find in this class efficient methods compared to eg. nonlinear
integrating factor methods

e Efficient computation of the exponentials in the
semi-Lagrangian case (Celledoni and Rgnquist)
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for your attention!
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