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Total exterior algebra bundle of time I

Consider time as a one-dimensional orientable Riemannian manifold,
M, and for simplicity take M = R!, with standard metric and volume
form vol = dt.

(With nontrivial metric, (u,v) = g(t)uv and vol = /g dt.)
Hodge star operator: %1 = d¢, %dt =1
co-differential: du = —dkd¥ku, u € Q(M)
QM) = Q°(M) & Q' (M) (mappings from M into A\(T;;M)),
i.e. functions on M and one-forms on M
Take elements (¢, P) € Q°(M) & Q'(M); i.e. in coordinates, P = p(t)dt.

Consider the scalar form of Newton’s equations for ¢(t):

—qit = V/(Q) )

for some potential V'(¢). Claim: Hamilton’s equations can be written in
theformdg=PFP and 6P =V'(q)or

0.6)(a)_ (Vi
d 0o/ \P P
This equation is the first variation of the functional

/ P A kdq — H(g, P)dt

with Hdt = 1P A %P + V(g)dt.




-

~

Symplectic operator as a Dirac operator I

The Newtonian equation ¢;; = —V"(q) is equivalent to
ddq=V'(q),
which can be obtained as the first variation of the Lagrangian

D%:/Ldt, Ldt = 3dg A %dgq — V(¢)dt,

where in coordinates, dg A %dq = g '¢? Vgdt.

Legendre transform: let v = dg,

Ldt = 1vA%v—V(g)dt+ P A %(dg—v)
= PA%dg— H(q,P)dt, with Hdt = 1P A %P + V(q)dt.

Hamilton’s equations: 6 P = V'(¢) and dg = P.

.

Now, § P = —kd%pdt = —kdp = —p,kdt = —p;; the operator on the
left is a coordinate-free formulation of J %.

0 o6
Define Jy = (d ) . It is a Dirac operator:
0

5d 0
Jo-Jy=
0 dé

0 &
with the property: Kernel (d ) = the harmonic forms in Q° & Q!,
0

on an appropriate space of functions.

)
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Discretization of differential forms on the time manifold I

Consider Hamilton’s equations for the classical mechanical system

written in the “coordinate-free” way

dg=P and 6P =V'(q)

Now introduce a discretization of time, with ¢; = ¢(jA?),

Approximate the differential forms using

e discrete differential forms: Bossavit, Hiptmair, Leok, Desbrun,
Marsden, et al.

o difference forms: Mansfield & Hydon

resulting in a discretization

Atg;=F and &P, =V'(g)

To be explicit, consider the use of difference forms following Mansfield
& Hydon. Let At = hyA', where A! is a basis vector for discrete one
forms and h; is a scale factor. Using forward differencing,

ATg = (gj41 — q;) NA = (q]%l—q]) Ah AL

and the simplest approximation of the one form P is

P; %ijr%At = Pjy1 hi AL

How to approximate the co-differential §*?
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How to approximate the co-differential 6*?

Recall that d is the adjoint of d with respect to the Riemannian metric
on the base manifold — integrated over time. Use the discrete analog;:

Ej Py A JkAtg = Ej A%g; A Kk P
= D2 ANg AKPj1) = 324 NATKE,
= =26 N hKATKD;
= Zj q; N *5+]Dj )

assuming suitable endpoint conditions, with
0" = — kAT,

where

A~q; = (g — qj—1) NA' = (q’_hﬂ A AL
1

Applying this formula to P; results in
(_ijr% + pjf%)
hy '

0P =
Combining these equations

G+1=¢j +hipjr and pia=p;_1 - V'(g).

— yet another interpretation of the Stormer-Verlet method!

.

Discretizing the codifferential I
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Symplecticity, and Dirac operators on TEA I

Summary: on the time manifold ), there is a canonical one-form on

the TEA (total exterior algebra) bundle of M,
©=PA%dg, U:=(q,P)eQ'(M)s Q" (M),

and © = £(JyU, U)) + d(:), with Jy a Dirac operator. Adding in a

Hamiltonian function H (t, ¢, P)dt gives a form of Hamilton’s
equations. Where does the Hamiltonian function live?

Vert T* \(T*M)
TAV
P :=T*Q = T*(\"(T*M)) A(T*M) := TEA
%, §
Q=N (T"M)
MO
M

Remark: metric on the configuration space versus that on M,

Ly, dg'dg’
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Structure of the total exterior algebra of M = R? I

Take M = R? with coordinates (z;, x).

M is interpreted as an orientable Riemannian manifold with

standard inner product (-, -) and volume form vol = dz; A dx

Mappings into the total exterior algebra built on 7 M:
QM) = Q% (M) ® QM) ® Q*(M)
i.e. functions on M, one-forms on M and two-forms on M

Hodge star operator: %vol =1,
*dxl = d$2/ *de = —d$1

co-differential: du = —Jdku, uec Q¥(M), k=1,2
Take a point (¢, P, R) € Q°(M) & QY (M) & Q*(M);
ie. P =pi(x)dzy + pa(r)das and R = r(z) day A das.

Consider the natural generalization of P A %dg on Q(M)

©® = PA%dg+ RA %dP
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Properties of © I

O(Z) =P AN%dq+ RA %dP
Let ((-, -)) be the induced inner product on A(7;M).
O can be reformulated as

O(Z) = 13,2, Z)Vol + dT

1
2
where

0 6 0
Jo=1(d 0 ¢
0 4dOo0

and 7Y is the one form

Y(Z) = 3(¢ %P+ %*RP)
Now consider the integral of ©: 7 (Z) = [, ©(Z). Then

%9(2 +e)| = / (JaZ, E)vol

v

with appropriate variations at the boundary.
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Analyze J5Z in more detail. In standard coordinates

0 6 0 q — g—ii + g_i’z)
ToZ=|d 0 8| | P| =G+ g)da + (5 - 5)das

It is a a Cauchy-Riemann operator with (¢, 7) and (p1, p2) conjugate pairs
of harmonic functions.

Another way to express this operator is

Jo = Jlg—m + JQ;’—W

with

[0 -1 0 0] 0 0 —1 0]

1 00 0 0 0 0 1
JIZ ) J2_

0 00 —1 1 0 00

0 01 o0 0 -1 0 0

Each J; is non-degenerate. In a coordinate representation, a set of
symplectic operators is generated.

Properties of the multi-symplectic Dirac operator J5 I
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Clifford algebra structure of J» I

In standard coordinates

Jo= Jla% + JQ;’—IQ

with

[0 -1 0 0] 0 0 —1 0]

1 00 0 0 0 0 1
le ) J2_

0 00 —1 1 0 00

0 01 o0 0 -1 0 0]

The operators J;, J; and Jy, := J;J, satisty
J% = —I, J% = —Tand J1J2 +J2J1 = O,

{J1,J2,J12} generate the quaternions; the Clifford algebra (¢/ )
For any & € A\(T; M) = R* of unit length

{Ea J1€7 J2€7 J12€}

provide an orthonormal basis for A\(7;;, M) = R*.

10
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Multi-symplectic Dirac operators I

Square the operator Jy

0 8 0[O0 8§ O od 0 0
JoJo=1|d 0 6| |d 0 6|=|0 déd+d6d ©
0 d ol|odo 0 0 dé

But dd + 6d = —A. Hence

JoJo=—(Ag DA D Ay).

Js can be interpreted as a multisymplectic Dirac operator.
In standard coordinates
JoJo = (Jlaa—zl + JQa?_m)(lele + Jzaa—m)
2 2 2
— Jfa%% + (I Jo + J201) 525 + Jgé?—

2 2
= —(6?—96% + aa—xg)L

since
JP=-1, J3=-1, JJ,+J,J,=0.

Kernel(Jg) = the harmonic formsin A\’ & A' & A%,
with an appropriate choice of space of functions.

11
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Hamiltonian PDEs on the TEA bundle of M = R? I

® =P A%dq+ RA*dP

Consider the first variation of the functional
Is(Z) = L@(Z) — S(Z)vol.
where Z = (¢, P, R) € Q(M)
LI+ &) = [ (302.6)~ (VS(2).6) vol.

Setting the first variation to zero: JoZ = V.S(Z), or

0 6 O q Sy
d 06| |P|=1]S5F
0 d 0| \R Sk
or
P = S,
d¢g+d6R = Sp
dP = Sg

12
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Elliptic PDEs generated by © I

0 6 0] (¢ Sq
JaZZVS(Z) : d 0 ¢ Pl = SP
0 d o R Sr

Consider two examples of S(Z)

S(Z)=LiPAXkP+V(g) and S(Z)=iPA%P+F(q,R),

Then
or = V'(q) 0P = Fy(q,R)
dg+d0R = P dg+d6R = P
dP = 0 dP = Fr(q,R)

Eliminating P = dg + d R from both equations leads to

Ag = —=V'(g) Agq = —F(q,R)
AR = 0 AR = —Fg(q,R)

The first is obtainable by a (variant of the) Legendre transform, the
latter is not.

13
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Generalities — n—dimensional manifolds I

Starting point: an n—dimensional orientable Riemannian manifold M.

For illustration, take M = R". The total exterior algebra at each point
m € M has dimension 2" and is of the form

NI, M) = N(T M) & - & N'(T;,M).
with mappings
QM) =Q°(M)&--- Q" (M).
Consider an element in (M),

Z=(. . a"), a¥eN (M),

and define
e(2) = Z a A kdali—Y
j=1
Then
0Z) = %({JBZ, Zyvol +dY

where T is ann — 1 form and

(0 6 0 0 0]
d 0 & 0 0
Jo= {0 0 0
0 0 d 0 &
0 0 d o0

14
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Properties of J5 on n—dimensional manifolds I

Jo is a multi-symplectic Dirac operator, satisfying

Jpoly = 6d@(8d+dé) @ - @ (6d +dd) @ dd
— Iy®A, N=2".

e A generalized Cauchy Riemann operator

e Kernel of J5 = Up_, 7% (M) (the harmonic forms).

In standard coordinates

- 0 .
j=1

ie. {Ji,...,J,} are isomorphic as an associative algebra to the Clifford
algebra €(, ,,. Each J; is symplectic.

Adding a function S : (M) — R generates a class of elliptic PDEs
JoZ = VS(Z) where V is defined with respect to the induced inner
product on A\ (T, M) 2 RY, N = 2™

15
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Legendre Transformation I

Consider the standard form for a Lagrangian which generates the PDE

q | 9q ,
02 + 022 —V'(q),
thatis, let £ = [ [ L(q, ¢z, qz,) dy dzo with

Lt = 3 (G0 + (22 Vo).

Introduce the classical Legendre transformation; i.e. let

_ oL _ oL
P1= 5gr and py = e, then

S(q,p1,p2) = P1Gs; + P2y, — L = 1 (07 + 13) + V(q).

The governing equations are

om0
0r, Oxsy 0xq 0w
or
0 _S_x —g—y q 05/0q
g—x 0 0 m | = |0S/0p;
g—y 0 0 Do 0S/0ps

e The kernel of the operator on the left hand side is infinite
dimensional!

e What about the constraint % = gﬂ?
o T1

. /

16
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Legendre transformation on forms I

Re-think the Legendre-transformation in a coordinate-free form,

starting with

_ Oq dq
dg - dz, + 8x2dx2’
and
_ q o Jq 5
dg A %dg = ((_891:1) (_83:2) vol

Hence L = 1dg A %dq — V/(g)vol.

In the Legendre transform one wants to replace “dq¢” with “P”
dg=P
But, the Hodge decomposition says there is something missing.
Given P € Q'(M),
P=dq+9dR (modulo harmonic forms)

for some R € Q*(M)

Reconsider the Legendre transform on differential forms, using the
above observations about the Hodge decompostion.

17
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Towards a “Legendre-Hodge” Transformation I

Consider Aqg = —V’(q) in coordinate-free form ddq = V'(q),

with Lagrangian

.i”z/L and L:%dq/\*dq—V(q)Vol.

Transform as follows. Let dg = V for some V € Q!(M),

L=V A%V —V(g)vol+ P Ak(dg—V)+RA%dP.

2
Note the additional constrant dP = 0.
Now 2L =0 = V =P, hence
L=PA%dg+RAKdP — 1P AP —V(q)vol
But thisis L = ©(Z) — S(Z)vol, and its first variation is

oP = V'(q)
d¢g+6R = P
dP = 0.
or

JoZ =VS(Z), Ze QM)

The Hodge decomposition of P is a byproduct of the transformation.

. /

18
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Hyperbolic PDEs — change the metric I

Take M = R? with coordinates (1, z5),
volume form vol = dz; A dx,, but inner product

(u,v) = eugvy + ugve with e = £1.
The form ©(Z) for Z € Q(M) is still
© =P A%dg+ RA %dP
The first variation of the functional | © — S(g, P, R)vol leads to

0 6 0f (¢ Sy
0 do R Sk

The metric reappears when we take coordinate representations for %
and d. In coordinates, Jg = J 1887:1 +J 268—1,2 with

0 — 0 O 0 0O -1 0
15 00 O 0 0 0 €
J1 == ) J2 =
0 0 0 —e¢ 1 0 00
_O 0 e O_ _0 —€ 0 O_

J2 = —1,J2 = —I-butnow J;J, + &J,J; = 0.
Taking S(Z) = 1P A % P + V(q) provides a multisymplectic
formulation for

0%q 0%

944 T4 gy = 0.
60$%+0$%+ (9)

19
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Discretizing multisymplectic PDEs on the TEA bundle I

Consider the case of M = R? with S in standard form

0P = V'(g)
d¢g+d6éR = P
dpP = W/'(R).

where V and W are given smooth functions.

Discretizing multisymplectic PDEs on the TEA bundle reduces to
discretizing differential forms on a discrete Riemannian manifold. Here
the theory of “difference forms” of Mansfield & Hydon will be applied.

Introduce a lattice for R?,

!
|
' O—forn

and discretize ¢ as a zero form, P as a one form and R as a two form,
and introduced discretizations for d, Hodge star and 4.

. /

20
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Discretization using difference forms I

Let ¢*/ = q(iAxy, jAxy) and define the shift operators

Siqi,j _ qi+1,j and qui,j _ qi,j+1

and the difference operator
A—'_qi’j = (Sz — I)qi’j N Al + (S] — ])qi’j A Az s
where A! and A? are basis vectors for the the one-forms, and
Az, = hAF, k= 1,2 with scaling factors hy and hs.
Hodge star is defined by
*1 = hho A'AAZ hihho A'ANA2 =1,
*hlAI - h/QAQ, *h2A2 == —hlAl .

Take the simplest discrete representation for the one-forms and
two-forms:

pii = p§+1/2’jh1A1 + pngrl/?hQAQ

R = ri+1/2,j+1/2 hyhs AL A A2
For the codifferential proceed as in the one-dimensional case, and

define the discrete codifferential ™ to be the adjoint of A* with respect
to the induced inner product on Z x Z. For example,

D ATGIAKPY =g AKkSTP,
1,J N
with
TPV = — A % P .

21
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Simplest multisymplectic TEA discretization I

Substituting the discretized forms into the governing equations results

i1/2.5  io1/2. irl/2 ig_1/2
B p21+ / 7]7p7i 1/2,5 B péﬂ'l/ 7p;] 1/ _ V’(qi’j)
h1 h2

m

gt g n pit1/2,5+1/2_it+1/2,5-1/2 _ i+1/2,5
hn ha P
_(A/2041/2 i 1/2,541/2 I gid Tl _gid . i,j+1/2
h1 ha = D2

i+1,7+1/2 i,j+1/2 i+1/2,74+1 i+1/2,7
pyl I _ppat R\ R/ = W(r/2041/2)
hl h2 '

This discretization leads to the staggered box scheme, which is a
concatenation of Stormer-Verlet in each space direcftion

i+1/2j+1 |
; ‘
,,,,, ””’””””’”"”””
ij+1/2] w112 | p L2
2 T 12
T i iy
ij i+1/2,j i+1,j
q P,

The discretization methodology reduces to discretization of differential
forms on M. To construct a multi-symplectic discretization,

discretize M, the k—forms, the exterior derivative, Hodge star, and then
deduce the discrete codifferential.

Easy to show that the above scheme satisfies discrete conservation of
symplecticity, but it is of interest to relate the structural properties of

\the discretization to the discrete properties of ©. Work in progress! /

22
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Breaking water waves and geometric integration I

The widely used governing equations for modelling water waves are
Hamiltonian, and therefore one would expect that symplectic
integrators would be appropriate for time integration.

For a simple free surface (a graph) the Hamiltonian formulation is
canonical, but still the use of symplectic integrators is not
straightforward. To simulate breaking waves one needs to represent the
surface parametrically.

The Hamiltonian formulation for this case is not well known but was
discovered by BENJAMIN & OLVER (1982). However, the Hamiltonian
structure is no longer canonical: the symplectic form depends on the
position of the surface.To determine the appropriate numerical scheme,
new ideas from geometric integration are needed.

N /

23
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Benjamin-Olver Hamiltonian formulation I

The coordinates for the Hamiltonian formulation are X (a,t), Y (a,t)
and ®(a,t) where

®(a,t) = ¢(z,y,1) }x:X(a,t),y:Y(a,t) :

The equations are

0 -®, Y, | [X SH/5X
o, 0 =X, ||y | =|sH/)5Y
-Y, X, 0 o §H/5®

or
K(U)U, = VH(U),

which can also be cast into the illuminating form

U, x U, =VH(U), U=(X,Y,®).

The Hamiltonian function is the total energy and the symplectic form is
generated by

az
@:/@dx-ndsz/ O(X,dY — Y,dX)da,
S

ai
with w = dO.

Kernel of K is {U,}. The kernel is due to the reparameterization
symmetry.

. /
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Explicit equations for time integration I

K(U)U, = VH(U),

with
0 —®, Y,
K=|® 0 -X,|=0U,x
Y, X, 0
Now
U,U”
KK = U, [1- [t |
U,
and so
1
U, = J(U)VH(U) + Ker(K), I = s K
or

U, =J(U)VH(U) + v(a,t)U,.
e 7(a,t)is arbitrary.

e Nonzero v is equivalent to a time-dependent reparameterization.
What are the implications?

e While K(U), the symplectic operator, is a linear function of U, J(U)
is a nonlinear function of U.

e How to choose v to optimize the numerical scheme? Mesh
relabelling?

25
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Curvature driven free surface flow I

A model problem which is useful for studying the reparameterization

question in isolation is the normal motion of a closed plane curve
driven by its local curvature.

This “curve-shortening” problem is a model for a number of phase
transition and front dynamics.

Let X(a,t) = (X(a,t),Y (a,t)) where a parameterizes the curve. Then
the governing equation for the curve X (a, ) is

n- Xt =K,
where n is the unit normal
1 _Ya
n= 7 , U= \/W>
X,

and « is the surface curvature

XaYaa - YaXaa

/€<a7t) = £3

The dynamics of X(a, t) is not unique since only the normal velocity is
prescribed. This becomes apparent when the governing equation is
expressed in the form

X; = rn +y(a,t)t, t:z :

with (a, t) arbitrary.

. /
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Curvature driven free surface flow I

X; = kn+y(a,t)t,

Can choose 7(a, t) to optimize the numerical scheme.

Choosing v is equivalent to a time-dependent reparameterization. To
see this, first suppose 7 is zero,

Xt = KRN,
Introduce a time-dependent reparameterization
a = h(b,t) forsome h(b,t) satisfying h, # 0 for all (b,¢)

Then with

A~

X(b,t) = X (h(b, 1))

it follows thati = n,t = t and % = x and so

~

%X(b, t) — Xt ‘l— Xaht
= wkn+ htt
— RO+ (ht
that is,
~ N ~ . h, ~
Xy =kn+~t with ’y:h—tf.
b

The water-wave problem has the same structure but with the normal
velocity determined by a third equation for ®.

. /
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Summary and comments I

Appropriate geometric integrator for time evolution of water
waves is still largely unsolved.

When the surface is a graph, the symplectic structure associated
with the Zakharov Hamiltonian formulation is canonical, but (a)
infinite-dimensional, (b) non-local, and (c) the kinetic energy
depends on the position of the free surface.

The Hamiltonian structure changes when using the coordinate-free
Hamiltonian formulation for a parametrically-defined surface,
proposed by Benjamin & Olver.

Symplectic form in the BO formulation is non-constant — a
“Lie-Poisson type” structure on the “left”. What is the appropriate
geometric integrator in this case?

There is a potential to take advantage of reparameterization
symmetry in designing numerical schemes.

Analogy with curvature-driven curve-shortening flow.

The coordinate-free Hamiltonian formulation generalizes to the
case of interfacial waves and problems like the nonlinear
Kelvin-Helmholtz roll-up problem.

28



http://www.maths.surrey.ac.uk/ I

29




