NORGES TEKNISK-NATURVITENSKAPELIGE
UNIVERSITET

Order conditions for commutator-free Lie group metho ds

by
Brynjulf Owren

PREPRINT
NUMERICS NO. 7/2005

NORWEGIAN UNIVERSITY OF SCIENCEAND
TECHNOLOGY
TRONDHEIM, NORWAY

This report has URL http://www.math.ntnu.no/prepri nt/n umerics/2 005/N7-2005.ps
Address: Department of Mathematical Sciences,Norwegian Univ ersity of Scienceand Technology,
N-7491 Trondheim, Norway.






Order conditionsfor comnutator-freeLie groupmethads

Brynjulf Owren

Septenber 19, 2005

Abstract

We derive order conditions for commutator-free Lie group integrators. These schemes
can for certain problems be good alternativ es to the Runge-Kutta-Mun the-Kaas scdhemes,
especially when applied to sti  problems or to homogeneousmanifolds with large isotropy
groups. The order conditions correspond to a certain subsets of the set of ordered rooted
trees. We discussways to select these subsets and their combinatorial properties. We also
suggesthow the reuseof o w calculations can beincluded in order to reducethe computational
cost. In the casethat at most two ow calculations are admitted in eac stage, the order
conditions simplify substantially . We derive families of fourth order schemeswhich e ectiv ely
useonly 5 ow calculations per step.

1 Intro duction

Crouch and Grossman([7] were perhapsthe rst to proposea method format in the generalclass
of integrators which are today recognizedas Lie group integrators for solving ordinary di eren tial

equationson manifolds. Also Lewis and Simo, seee.g. [13, 14] madesigni cant early cortributions

to this class. Going even further back, one nds the classof schemesknown today as exponertial

integrators, perhaps rst proposedby Certaine [4], an extensive review is given in [16]. Some
exponertial integrators can be recognizedas Lie group integrators with respect to a particular

choiceof group action. For a completediscussionof the connectionbetweenexponertial integrators
and Lie group integrators, see[15, 12]. Seealso [9] for sti order conditions for exponertial

integrators. More recertly the methods known as the Runge-Kutta Munthe-Kaas methods have
beendeweloped [17, 18], seealsothe survey article [11] and the referencestherein.

Given a di eren tiable manifold M we considerthe initial value problem

y = F(y); y0) =p2M; 1)

wherey(t) 2 M, and where F 2 X(M ) is the spaceof smooth vector elds on M . We shall use
framesfor expressingthe numerical integrators, however onecanalternativ ely uselLie group actions

[18]. A frame is herede ned asa set of d smooth vector elds, Ei;:::;Eq whered m = dimM
and such that for every point y 2 M we have
sparf E1(y);:::; Eq(y)g= TyM : (2)

This property plays a similar role to transitivit y when schemesare expressedn terms of Lie group
actions. In the way we are going to use framesin the sequel,it is only the linear spanV of the

of basisfor V is not going to a ect the approximation obtained from the integration scheme.
As an example of a linear spaceV, of vector elds on R™, with m = d 1 one may consider,
fora xed matrix L2 R™ ™

Va=fF:F(y)= Ly +b; 2R; b2R™Mg 3)

which is the choice underlying the exponertial integrators.



The property (2) allows us to write an arbitrary smooth vector eld F asin (1) in the form

xd
F(y) = fi(Y)Ei(y); 4)
i=1

for somefunctions f; 2 C' (M ;R). As usual, we de ne the ow of a vector eld F to be the
one-parameterfamily of di eomorphisms exp(tF ) de ned on somet-dependert subsetof M such
that exp(tF ) p is the solution y(t) of (1) with initial value y(0) = p.

The notion of a frozenvector eld is important when Lie group integrators are formulated in
terms of frames. Given a vector eld F in the form (4) and a point p2 M we ass@iate a vector
eld F, 2 V dened as

xd
Fo) = Hi(REI(Y):
i=1
The schemesof Crouch and Grossman [7] are designedby composing o ws of vector elds
frozen at various points near the initial value of the step. Recertly Celledoni et al. [3] proposeda
new type of schemeswhich include the Crouch-Grossmanclassas a special case.

Py Py )
g = exp( EJFk) exp(  raFP) f L
Fro= MR =h filg)Ei ’ (5)
yi = exp(  5F) exp(  fFd)p:
The coe cien ts of the methods are ( 'r‘;j);l rrk s; 1 | Jand(jk);l k s;1 ) J.

We notice that the scheme(5) is explicit if 'r‘;j = Owhenewrk r. The motivation for proposing
this new schemeis twofold. On one hand, there are problems in which the use of commutators
may be undesirable, for instance in the solution of sti systemsor on homogeneousspaceswith
large isotropy groups, see[3]. On the other hand, the schemesof Crouch and Grossmanwhich
avoid the use of commutators, involve a very large number of ow computations (exponertials).
For instance, in an s stageexplicit Crouch-Grossmanmethod, there will be asmany ass(s+ 1)=2
exponertials to compute in ead step. The main idea behind these new schemesis to choosethe
number J of exponertials per stageaslow as possible,clearly, one may usea dierent J for eath
stage.

We shall adopt the de nition from [20] of order of consistency(or simply order) of an integration
scheme,by saying that a scheme,represerted asamap ,:M ! M, hasorder qif for any smooth
function 2 C! (M ;R) and point p2 M one has

(exp(hF)p)  ( n(p) = O(h™™) ash! o (6)

The conditions one needsto imposeon the coe cien ts of the scheme (5) such that (6) holds for
someprescribed g, will be called order conditions.

In this paper we will derive a complete set of order conditions for methods of the format (5).
In Section 2 we extend the results of [20] where order conditions were derived for the schemes
of Crouch and Grossman([7]. In Section 2.4 we shall seehow the conditions can be signi cantly
simpli ed in the casethat J = 2in (5). Then, in Section 4 we provide examplesof schemes,and
we will show how reuseof exponertials can reducethe computational cost of the schemes.

2 Order conditions in terms of rooted ordered trees
The schemes(5) are de ned for an arbitrary choice of frame, in particular onecanchooseM to be

a Euclidean spacewith global coordinate system(x1;:::;Xq), and the vector elds E; = @@i. The
ow of an elemen in the span of thesevector elds is just translation, exp(tV)p = p+ tV where



V= .V @@. With this choice of frame, it follows that the scheme (5) reducesto a classical

Runge-Kutta scheme 9
o = pr  aF
= k
r K >;r=1;:";s,
Fr = thr ’
P
yl = p+ r UFI”:

P P "
where ak = j 'r‘;j andb =, . Soanecessarycondition for the schemeto have order p for
a generalframe, is that the coe cien ts a*, b de ned above, satisfy the classicalorder conditions
for Runge-Kutta methods.

2.1 Trees and elementary dieren tials

For studying the schemesproposedabove, we shall use a generalisation of Butcher series[2, 8]
based on the use of rooted trees. In the classical order theory for Runge-Kutta methods, the
trees are non-orderedtrees, meaning that no ordering is imposedon the set of subtreesof a tree.
However, as explained in [20] we here needto useordered rooted trees. We denote by T, the set
of all orderedrooted trees. A treet 2 T, if eithert = , orif t = By (t1;:::;t ) with eadh t; 2 T.
B. mapsan orderedset of treesin T, to onetree in Ty by connectingthe root of eac tree t; to a
new commonroot. Similarly we de ne the map B which assignsto atree in T the (ordered) set
of its subtrees. In particular, wesetB. (;)= andB ( )= ;. The number gf nodesin the tree
is denotedjtj, sowehavej j= landfort= B.(t1;:::;t ) wehavejtj= 1+ ;jtjj. Wedene a
non-comirutativ e concatenation product betweenelemeris in To. The tree is the unit elemer,
ie. t=t =tforeveryt2 Ty. Fortreesu= B, (us;:::;u )andv= By (vq;::15v ), weset
uv=B.i(B (u);B (v)) =Bs(ug;:::;u ;vy;iii;v ). Notethat ju vj=juj+jvj 1

We can now generalizethe concept of elemerary dierentials by assaiating to ead tree
t 2 T, adierential operator F(t) : C* (M ;R) ! C! (M;R). As usual, we let vector elds
be derivations of C! (M ;R) and we usethe notation F[ ] to signify the result of applying this
operator to a function 2 C! (M ;R). The product of two derivations F and G is de ned as
(F G)[ 1= F[G[ ]] and we sometimeswrite this product just as juxtap osition. Note that even
if both F and G are derivations, their composition is not. We de ne

X
F()= 1 FB«(ty;ii5t)) = F(t)fi,]  F@OIfi 1B, E

As with vector elds, we can freezethe coe cien ts of theseoperators at any point p2 M and we
de ne

X
Fo()= 5 Fp(Bs(tiiiit )) = F(t)lfi,J(p)  F()Ifi (D Ei, Ei

This leadsto a generalisation of the B-seriesdiscussedin [8]. For any mapa: T, ! R and
p2 M we de ne the formal operator series

X
B(a) = hY ta(t) Fp(t) ()

12T,

In what follows, we will frequertly make calculation with series,these seriesshould be always
thought of asformal serieswithout any concernabout convergence.

The composition of frozen operators F(t) is multiplicativ e with respect to the product on
treesde ned above, that is, for any two treesu and v in T, one has

Fo(U)Fp(v) = Fp(u v): ®)



2.2 Expansion of the exact solution

To expandthe exact solution in a B-series,we needto considerthe following seriesfor the ow of
a vector eld

(exp(tF)y) = (y)+ F[ 1(y) + %(F F)LIy)+ = Exp(tF)l 1(y)

sowe let Exp(tF ) denote the exponertial seriesof the operator tF . We have the following result
from [20]

Prop osition 2.1 The expansionof the exact ow (exp(hF)y) can be expressedin a B-series
B(a)[ 1(y) wherea(t) = (t)=(jtj 1)!, and where (t) is de ned recursively as follows:

YR ot
()=21and ()= (B+(ty;:::;t)) = Ij_tl‘j 1 (t): 9)
=1

2.3 Expansion of the numerical solution

Lemma 2.2 Supposethat , and , aremapsof M with B-seriesB(a) and B(b), wherea( ) =
b( ) = 1. Thus for any smooth function  we have

(a(y)=B@I[ 1y); (u(y)=B(b) Iy):
Then the composition of the maps 5 , hasa B-seriesB(ab) de ned as
ab()=1

and fort = B, (ty;:::;t ),

X X

ab(t) = a(v)b(u) = a(B+ (tk+1;:i;t ) b(B+(tg; 115 tk))

uv=t k=0

Proof. We rst setz= (y), and calculate
(a(2) = B[ I(z) = B(A)[ 1( v(y)) = B(L)B()[ 1I(y) := B(b)B()[ 1(y)

Thus, B(ab) = B(b)B(a) and we multiply the two seriesand use(8) to obtain

X
hiul 1 (u)hlv la(V)Fp(u)Fp(V): hiu Vi lb(u)a(V)Fp(U V)

u2T u2T

O [0}

v2T, V2T,
A changeof summation index yields the claimed result. 2
emma 2.3 Supposethat a = 4(p) has a B-seriesB(a). Then the frozen vector eld F, =
fi(a)E; 2 V hasthe B-seriesF, = B(F,) where
Fa() = 0
Fa(B+(t1;::t)) = 0 2
Fa(B+ (1) = a(t)

Proof:

X X X X
Fa=  fi( a(P)Ei = hY ta()Fp(1If]E; = hY ta(t)Fp(B+ (1)
[ i t2T, t2T,

where we have usedthe recursive de nition of the elemenary di erential operators. 2



Lemma 2.4 Let G2 V beany vector eld with B-seriesof the form

X
G= hY 16 (t)Fp((1)

27T,

Then, its h- o w exp(hG)p has again a B -seriesB (g) where

1

1

=G(t1) G(t)

«Q

—~

w

+

—

—

=

— «Q
—

~

z o

1 1

Proof: The exponertial seriesgives,setting uj = B (tj)

X h X h X Y
(exp(hG)p) = —G [ 1I(p)= — W 1G (t)Fp(uz)  Fp(u ) 1(p)

=0 =0 T tyt 2T =1

By (8) onehasFy(u1) Fp(u ) = Fp(B+(ty;:::;t )), and since the subtreesconstitute an or-
dered set, every t 2 T, appears prems&ly oncein the form t = B, (t;:::;t ) as rangesfrom
zeroto in nit y. Furthermore, sinceh h“'J 1= h % = ht 1 we get by reorganisingthe
above expression X
(exp(hG)p) = Y tg(F (W) 1(p)

127,

with g(t) givenasin the lemma. 2
We now de ne

X
Go=p2M and g =exp(  GF)Gy 1] = L
k

sothat g = g,y in (5). Also, it is corveniert to dene &, := fforl k sandl j J.
Then we can extend the above de nition of g, alsoto r = s+ 1 sudh that gs+1 = Gs+1;3 = V1.
From thesede nitions and the above lemmas, we have the result

Theorem 2.5 Considerthe commutator-free method (5) where we set gs+1.3 = Gs+1 = Y1 and
O3 =6; 1 r s Thengy;, 1 r s+ L1 J have B-seriesB(g;; ) de ned
recursively as follows

g () = L (10)

Oro(t) = 0O; 8t:jtj> 1, (11)
X

Orj (B+(tg;:i5t ) = Orj 1(B+(t;iii5tk)) brj (Be (tkensiiiit ), (12)
k=0

by() = L 1 r s+L;1 j J (13)

by (Be (115 )) = G (k) Gyt ); (14
X3

Grj(t) = Ki Ok (1) (15)
k=1

By combining Proposition 2.1 and Theorem 2.5 we obtain

Corollary 2.6 A commutator-free Lie group method (5) has order of consistencyq if and only if

(1) .
Gt v

Here gs+1 -3 (t) is given recursively from Theorem 2.5and (t) is given by (9).

Os+1 (1) = 8t:jtj q+ L



Remark 2.7 It is possibleto make the recursionformulasin the above theorem morein line with
thosethat werederivedfor Crouch-Grossmanscemesin [20]. By inserting (15) and (14) into (12)
one gets

X 1 X . .
Or;i (B+ (ty;:::;t)) = Wgr;j 1B+ (tg;::::tk)) rI;Kj+1 ri Oyl (tker) g a(t)
k=0 : :

(16)
where the last sum is over k indices|; all ranging from 1 to s. One may apply this formula
repeatedly, starting with j = J and the nal result is

X 1% ‘ K
9 (B (t:it )= o e g Yaa(t)  Gea(t) 1 or s+l
j< ) k
where we have usedthe short hand summation cornvention
X X X X x x X
= and =
j< j1=1 j2=]j1 j =i 1 k k1=1 kp=1 k =1
The factorial of the multi-index j is de ned as X
"=aql:ql G = (# occurrencesofi in j) g =
Example: (1;1;2;2;3)!= 2! 21 11= 4. 2

2.4 Simplications for the caseJ = 2

We begin by preserting a very useful simpli cation of the formula for the quartities g,; asgiven
in Theorem2.5whenJ = 2.

Theorem 2.8 Lettq;:::;t ; 2 be any collection of treesin T5. De ne t; u;v 2 Ty sudh that

11X . .
Or (t) = gr2(t) = — r;1g‘(t1)gr(v) + r;zg‘(t )Jor(u) ; 1 r s+ L
o1
In particular onehasforr = s+ 1

11X . .
yi(t) = gs+1 (1) = = 19 (t)y1(v) + L0 (t )ya(u)

-1
Proof: By applying (16) twice one gets
1 X X . o em .
o) =+ K 1 12 r20,(t) g ()
" k=0 :
One may now split this sum into two parts, and usethe identit y
1 1
= —+ . .
K K1 Ko 1 k 1
We get
1 X X ° 1, . .
gr(t) = - r;lg‘l(tl) kK 1 1 r:lor;2 r;zg‘z(tZ) g (t )
k=1
XX . 1 . SN .
+ r;Zg\ (t) k r;11 r‘;(l rI;KZ+1 r;zg\1(tl) o) 1(t 1)
k=0 °
1 X

. x .
r19, (t)gr(v) + 20" (t)gr(u)
T1=1 to=1



3 Minimal sets of order conditions

We have seenthat B-seriesof the form (7) are usedto formally expressobjects of very dierent
kinds, such as maps and vector elds. This suggeststhat in the set of mapsfrom T, to R, there
are subsetsrepreseriing ead object type. In order to characterise these subsets, we begin by
interpreting the trees and expansionsin a strictly algebraic fashion.

Let A Ty be the set of tree of the form B, (t) fort 2 T,, andlet A= A [ fg. Any

the concatenation product de ned on treesin Section 2.1, we obtain the whole set T, asthe free
monoid on A, seefor instance[21]. The tree serwesasthe identity elemen. We may now extend
this structure to an R-algebraR T, which we for notational corveniencedenote B. Its elemeris
are the formal serieson A and it is in fact known to be the free assaiative R-algeba on the set
A. Denoting by (P;t) 2 R the coe cient of the tree t in the seriesP, we de ne the product of
two seriesS and T to be the serieswith coe cien ts

X
(ST;t) = (S;u)(T;v):

t=uv

Next, we note that all integration methods methods consideredhere are derived by composing
exponertials of linear combinations of frozen vector elds. According to Lemma 2.3 theselinear
combinations have expansionswith coe cien ts which are zero on trees not belonging to A .
Compositions of exponertials of such seriescan be expressedformally as the exponertial of one
single vector eld through the Baker-Campbell-Hausdor formula, thus we conclude that every
map consideredhereis the exponertial of a vector eld whoseexpansionis in the free Lie algebra
g on the set A To-

We de ne the following three subsetsof B

The subspaceg B which is the free Lie algebraon the set A.

V g is the subspaceof g consisting of seriesS sudc that

(S;t) = 0 whenewert 62A

G is the Malcev group of exponertial seriesT = exp(S);S 2 g. In particular, if T 2 G then
(T;)=1

The characterization of this Lie algebra is well-known, seefor instance [21]. We de ne the
coproduct :B! B B to bethe unique homomorphismof R -algebrassending to ( ) and
such that

()= t+t foranyt2 A :

X
()= B+(f) B+(f°)
f B (1)

where the sum is over all subforestsof B (t) including the empty setand B (t) itself and where
f ¢ is the complemeri of f in B (t). The ordering of the subforestsf and f € is inherited from the
orderedsetB (t).

The Lie algebrag is now characterisedas

g=fS2B: (S)= S+S g:



By dualizing this relation, one obtains internal relations betweenthe coe cien ts (S;t) of a series
S2g. Onegetsforanyt; t;2B B

(S;t]_@tg)tl t,=0

sowe may concludethat the dependenciesamongthe coe cien ts of a Lie seriesS 2 g occur for
trees which are identical modulo a permutation of subtrees. Using, yet again, classicaltheory of
free Lie algebras,one may characterize this dependencyby a generalizedWitt formula counting,
for a given tree t, the dimension of the subspaceof g spannedby the set of trees obtained from
permuting the subtreesof t. Considerthe equivalenceclass][t] characterized by a setof distinct
subtreest; 2 Ty, i = 1;:::; where there are exactly ; occurrencesof the subtree t;. From
Bourbaki [1], we nd that the subspacespannedby the set of treesin [t] has dimension

)
(=d)!

X
o)=19 ] (d)
di

17

This relation will be useful in the sequelin selecting a minimal set of order conditions. Some
examplesare

c(n) = 0 n>1
c(n; 1) = 1 n>0;
cn; ;1) = n+1 n>0; (18)
cn;2) = b%lc n>o

We have seenthat there is a natural grading on B corresponding to the number of nodesin eath
tree, de ning the grade (t) = jtj loneseeshat (u v)=ju vj 1=juj+jvj 2= (u)+ (V).
One may decomposethe spacesB and g accordingto this grading as

a a
B= Bni 9= G O =9\ B
n 0 n 1

Clearly dim By, is the number of ordered rooted trees with exactly n + 1 nodes, it is well-known
(seee.g. [B]) that this number is given asthe Catalan number

1 2n
dmB, =Cp = —— ; 19
IM Bp n n+1 n (19)
having generating function @
2
T) = ChT" = — 20
o(T) . n 1—+pﬁ (20)
We prove the following result
Theorem 3.1
dimgn = o= L (@ 2=
9= 0= n=d

djn
where (d) is the Mobius function de ned for any positiveintegeras (1) = 1, (d) = ( 1) when

d is the product of p distinct primes,and (d) = O otherwise. The sumis over all positive integers
which divide n, including 1 and n.

Proof. This formula is well-known in seweral di erent contexts, for instance, it counts the
number of balanced Lyndon words [1] and has been used recertly in the context of geometric
integration in [10] and [19]. The proof is mainly basedon the Poincaré-Birkho -Witt (PBW)
theorem concerning the envelopingalgeba of the free Lie algebrag. It is well-known [22, Thm
3.2.8,p. 174]that B is alsothe enveloping algebraof g. A standard way of nding the dimensions



n is to considerthe dimensionsdim B, . Viewing B asthe ernveloping algebra of g, one has from
the PBW theorem

% ¥ % "y
dim By TM = ™ =@ T") -° 1)

m=0 n=1 r=0 n=1

which we now just needto compareto (20) and solve for . p
We take logarithms of both expressionsand usethe expansion log(l x) = ﬁ:l xX=k

XX X 1 2m

—T1nk — - m.
] n ) kT logg(T) m om T":
n=1 k=1 m=1

wherethe Taylor coe cien ts of logg(T) are found for instance by using the relation logg(T) 0=
gYT)=g(T) = §(go(T) (o(T) 1)=T) which is easily veried. Comparing equal powers we get

X d_ 1 2m
%m T 2m m
djim
The Mobius inversion formula thus yields
X 1 2n=d
Nn= @35 =g
djn

2
The maps we consider here have B-seriesin B interpreted as exponertials of seriesin g. It is
easyto provethat if T = exp(S) with S 2 g, then T satis es the following relation in terms of the
above coproduct
(M=T T

This relation can also be characterizedin terms of the shue product on B by
(T;uov) = (T; u)(T;Vv);

see[2]] for a proper de nition of the shue product ©.

4 Examples and implemen tation issues

4.1 Order conditions up to order 4.

The eight classicalorder conditions up to order 4 are well-known, and given as

Order Condition Order Condition
P P
1 i = 1 4 e = %;
P P
2 e = 5 4 rx D Cral o = L (22)
P P
3 Prtftf = % 4 Pr;kUaM = 5
3 wHakae = 4 4 em Tafalicn =
Thesemust be ful lled also by the commutator-free schemes(5) with
X X
b= [ af= i (23)

i i



To simplify the notation in what follows, we shall work with covectorsin (R®) whosecomponerts
are the upper indices, as

i - l..... _S]
R
and we use tensor product notation to indicate multilinear mappings on RS RS as for
instance X
(] m)(U; V) = jk1 jkzulekz
kikz
We next introducethe (; 0)-tensor
X 1
t= i i L (24)
j< I
We have for example
X 1 X
2= (i (Gt j2)) (25)
j1=1 i2> 1

There are no additional order conditions for order 1 and 2. For order 3, however, one must take
into accourt the order condition assaiated to either of the two trees

| |
\Y or \Y

Denoteby 1 = [1;:::;1]" the s-vector of onesand c% = [c];:::;c2]" the gth power of the abscissae
in the scheme,and ¢ = c¢!. The third order non-classicalcondition is

ta(1;c) = 2ty(c;1) = %: (26a)

In the casethat there are two exponertials in the nal stage,onecanuseTheorem 2.8 and replace

(26a) by the condition
1 1
1(c) + > 2(1) = 3

As for the fourth order condition, one rst seesthat there are 14 trees with v e nodes. The two

(26b)

11
trees ¢ and V can be discarded,and among the subsets

I I
I I I \YARRAV/ I I
fN, N, \wg f v, vg fv;vg

one needsto include exactly onetree. The corresponding generalcondition and the version valid
in caseof two exponertial are respectively

tz(c;1;1) = 2i4 (general) (27a)

é 1(c) + 1_18 2(1) = o (two exponertials) (27b)
Choosingthe rst tree of the secondset, we get the conditions
1

1o\ 2

tz(éc ;1) = >4 (general) (28a)
1 (c?) + 1 (1) = 1 (two exponertials) (28b)

4! 1227 2 .

and from the rst condition of the last set we get

to(ac;1) = 2i4 (general) (29a)
1 (ac) + 1 (1) = 1 (two exponertials) (29b)

2 * 1227 2 P

10



The remaining 5 trees are related to the classicalorder conditions (22). The rst, third and fourth
condition of order four correspond respectively to the trees

|

\/ |

\l/ | |
| | |

whereasthe secondfourth order condition of (22) is the sum of the conditions corresponding to

ead of the two trees
| |

\Y \Y

[ [ (30)
So, given that the classicalorder conditions have beenimposed,it su ces to considerone of the
two above trees and the order condition is

B To(c;1) = 2i4 (general) (31a)

r

wherethe (; 0)-tensorT .. is formed as

jair jor (32)

r
the scheme,thusthis condition is responsiblefor the necessiy of having more than one exponertial

in at least one of the internal stages. Setting J = 1 in all internal stageswould yield con icting
conditions corresponding to the two trees (30). If we allow instead at most two exponertials in
the internal stages,we get the condition

0

The condition (31a) is actually the rst oneto involve the non-classicalcoupling coe cien ts k.j of

1
1 X . X . 1
> @ Hg ,.c+ Hac A= (twoexponertials) (31b)

r; r;sm

A useful strategy for constructing commutator-free schemes,is to start with an underlying
classicalRunge-Kutta schemewhich satis es the classicalorder conditions (22) up to orderp 4.
Then, there is one extra condition schemesorder three and four additional onesfor order four.
One may usedthe equations marked a for the general case,and those marked b when there
are at most two exponertials. For schemesof order three one needsthree stagesand the update
stage must cortain (at least) two exponertials in order to satisfy (26b). On the other hand, this
extra exponertial provides three parameters. For schemesof order four satisfying the classical
conditions, the -parametersare, in the caseof two exponertials in the update stage,involved in
(26b), (27b), (28b) and (29b). We obsene that these4 equationsimmediately yield

=5 1@= 5 1@A=0 @0)=0 (33)

The condition (31b) calls for two exponertials in one of the internal stages. Adding onein stage
r givesr 1 extra parameters.

4.2 Reusing exponentials

Supposethe commutator-free scheme (5) is explicit. In [3] it was suggestedthat whenewer more
than one exponertial is to be included in a stage,one may try to reuseexponertial calculations
performedin previousstages.If it is possibleto nd coe cien ts such that forsomel r<rf s+1
and j 1, onehas

Ir(;jzlé;j;lkS;ljj;
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one may in stager calculate
X k X k
p = exp( ri F)ooexp( faF)(p)
k k

and nd g ;gr as

X k X k X k X k
g =exp(  raF)  exp( 5 aFdP) gr=exp( fyF) exp( oy aa F(P);
k k k k

and thereby savej calculations of the exponertial map. In the casethat one may allow for storing
separateexponertial maps (as e.g. matrices), there are further possibilities for reuse.
The schemesof order three are discussedin detail in [3].

Explicit fourth order schemes with four stages We referto [8, p. 138]for a complete
classi cation of fourth order classical Runge-Kutta schemes. There exists one two-parameter
family and three one-parameterfamilies of such schemes. We shall allow exactly two exponertials
in the update stage, and assumethat there is an underlying classical Runge-Kutta scheme with
coecien ts If, a¥ asin (23) satisfying the classical order conditions (22). The conditions (33)
uniquely determines all the . It is impossibleto reuse an exponertial in the update stage
becausethe explicitness of the scheme would require § = 0, leading to an inconsistency As
mentioned above, one extra exponertial is neededin one of the internal stages. We include this

in the last stageto maximize the number of free parametersand allow for reusing an exponertial

being determined by (23). It is natural to try to make the exponertial from the secondor third
stage coincide with the rightmost exponertial in the fourth stage,setting

Kko=a% r=2or3 k=151 L (34)
This requirement is rather restrictiv e, it completely determinesall the 'j,';j coe cien ts when the
underlying classicalschemeis given.
However, equation (31b) must still hold and this leadsto further conditions on the classical
underlying coe cien ts

1 :
b*(au2Co + a43C3)Cr = o7 if r = 2in (34)
or
1. if r = 3in (34)

24
In reusingthe exponertial from the secondstage,one can choosec, 62X 0; 1=3; 1=4; 1g and then set

b*(as2Cz + assCs)cs  blagsc, =

3, 1

C: =
3T 46, 1

The classicalRK4 schemeof Kutta with ¢ = ¢3 = % was given as an example of such schemesin
[3], it isthe leftmost schemeof gure 1. It isinteresting to obsenealsothat with the choiceof linear
spaceV asin (3) the internal stagesof this schemecoincidewith an exponertial integrator presened
by Cox and Matthews [6]. Note that the famous 3/8-rule of Kutta having ¢, = 1=3; ¢z = 2=3
cannot be usedin this way. Reusingthe exponertial of the third stageis alsopossible. Incidentally,
it happensthat the RK4 schemealso allows for a reuseof the exponertial in the third stage, see
the rightmost schemeof gure 1.

There exists one other con uent schemewhich is reusingthis exponertial nhamely the one given
in gure 2

All other schemeswhich reusethe exponertial from the third stagemust have c, and ¢z which
satisfy the relation

2(3c; 2)3+ (3+ 265 6C)cz+ 3¢, 265=1
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Figure 1: Commutator-free schemesof order four based on the classical RK4 scheme, reusing
exponertials from secondand third stagerespectively
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1] 3 1
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1l 2 Lo
1 3
g 8 1
1 1 1 1
4 12 3 6
1101 1
12 4 3 2

Figure 2: Commutator-free schemesof order four basedon a con uent scheme,reusingexponertials
the third stage
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Unfortunately, the procedure preseried here cannot be applied to obtain commutator-free
generalizationsof classicalschemesof order v e and higher becausethe composition of more than
two exponertials is required. There are for instance a total of 25 conditions of order 5 according
to theorem 3.1. Of these, 11 involve the -coe cien ts of the update stage. Fifth order classical
explicit Runge-Kutta schemeshave at least six stages,thus three exponertials (J = 3) in the
update stage would add 12 parameters. The conditions can however not be made linear when
J=3

We have preseried a generalorder theory for the commutator-free schemesintroducedin [3].
Seweral new schemesof order four are easily obtained from this discussion. Much work still remains
for constructing schemesof higher order, but the theory presened here can be usedto write down
the order conditions to any order.
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