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Abstract

We derive order conditions for commutator-free Lie group integrators. These schemes
can for certain problems be good alternativ es to the Runge-Kutta-Mun the-Kaas schemes,
especially when applied to sti� problems or to homogeneousmanifolds with large isotropy
groups. The order conditions correspond to a certain subsets of the set of ordered rooted
trees. We discuss ways to select these subsets and their combinatorial properties. We also
suggesthow the reuseof �o w calculations can be included in order to reducethe computational
cost. In the case that at most two �o w calculations are admitted in each stage, the order
conditions simplify substantially . We derive families of fourth order schemeswhich e�ectiv ely
use only 5 �o w calculations per step.

1 In tro duction

Crouch and Grossman[7] were perhaps the �rst to proposea method format in the generalclass
of integrators which are today recognizedas Lie group integrators for solving ordinary di�eren tial
equationson manifolds. Also Lewis and Simo, seee.g. [13, 14] madesigni�can t early contributions
to this class. Going even further back, one �nds the classof schemesknown today as exponential
integrators, perhaps �rst proposed by Certaine [4], an extensive review is given in [16]. Some
exponential integrators can be recognizedas Lie group integrators with respect to a particular
choiceof group action. For a completediscussionof the connectionbetweenexponential integrators
and Lie group integrators, see [15, 12]. See also [9] for sti� order conditions for exponential
integrators. More recently the methods known as the Runge-Kutta Munthe-Kaas methods have
beendeveloped [17, 18], seealso the survey article [11] and the referencestherein.

Given a di�eren tiable manifold M we consider the initial value problem

_y = F (y); y(0) = p 2 M ; (1)

where y(t) 2 M , and where F 2 X(M ) is the spaceof smooth vector �elds on M . We shall use
framesfor expressingthe numerical integrators, however onecanalternativ ely useLie group actions
[18]. A frame is here de�ned as a set of d smooth vector �elds, E1; : : : ; Ed where d � m = dim M
and such that for every point y 2 M we have

spanf E1(y); : : : ; Ed(y)g = Ty M : (2)

This property plays a similar role to transitivit y when schemesare expressedin terms of Lie group
actions. In the way we are going to use frames in the sequel,it is only the linear span V of the
vector �elds E1; : : : ; Ed which matters, in fact, one may assume,without loss of generality, that
E1; : : : ; Ed are linearly independent as vector �elds, and thus constitute a basis for V. A change
of basis for V is not going to a�ect the approximation obtained from the integration scheme.

As an exampleof a linear spaceVA of vector �elds on R m , with m = d � 1 one may consider,
for a �xed matrix L 2 R m � m

VA = f F : F (y) = �Ly + b; � 2 R ; b 2 R m g (3)

which is the choice underlying the exponential integrators.
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The property (2) allows us to write an arbitrary smooth vector �eld F as in (1) in the form

F (y) =
dX

i =1

f i (y)E i (y); (4)

for somefunctions f i 2 C1 (M ; R ). As usual, we de�ne the �ow of a vector �eld F to be the
one-parameterfamily of di�eomorphisms exp(tF ) de�ned on somet-dependent subsetof M such
that exp(tF ) p is the solution y(t) of (1) with initial value y(0) = p.

The notion of a frozen vector �eld is important when Lie group integrators are formulated in
terms of frames. Given a vector �eld F in the form (4) and a point p 2 M we associate a vector
�eld Fp 2 V de�ned as

Fp(y) =
dX

i =1

f i (p)E i (y):

The schemesof Crouch and Grossman [7] are designedby composing �o ws of vector �elds
frozen at various points near the initial value of the step. Recently Celledoni et al. [3] proposeda
new type of schemeswhich include the Crouch-Grossmanclassas a special case.

gr = exp(
P

k � k
r ;J Fk ) � � � exp(

P
k � k

r ;1Fk )(p)

Fr = hFgr = h
P

i f i (gr )E i ;

)

; r = 1; : : : ; s;

y1 = exp(
P

k � k
J Fk ) � � � exp(

P
k � k

1 Fk ) p:

(5)

The coe�cien ts of the methods are (� k
r ;j ); 1 � r; k � s; 1 � j � J and (� k

j ); 1 � k � s; 1 � j � J .
We notice that the scheme(5) is explicit if � k

r ;j = 0 whenever k � r . The motivation for proposing
this new scheme is twofold. On one hand, there are problems in which the use of commutators
may be undesirable, for instance in the solution of sti� systemsor on homogeneousspaceswith
large isotropy groups, see[3]. On the other hand, the schemesof Crouch and Grossmanwhich
avoid the use of commutators, involve a very large number of �o w computations (exponentials).
For instance, in an s stageexplicit Crouch-Grossmanmethod, there will be as many as s(s+ 1)=2
exponentials to compute in each step. The main idea behind thesenew schemesis to choosethe
number J of exponentials per stageas low as possible,clearly, one may usea di�eren t J for each
stage.

Weshall adopt the de�nition from [20] of order of consistency(or simply order) of an integration
scheme,by saying that a scheme,represented asa map � h : M ! M , hasorder q if for any smooth
function  2 C1 (M ; R ) and point p 2 M one has

 (exp(hF )p) �  (� h (p)) = O(hq+1 ) as h ! 0: (6)

The conditions one needsto imposeon the coe�cien ts of the scheme(5) such that (6) holds for
someprescribed q, will be called order conditions.

In this paper we will derive a complete set of order conditions for methods of the format (5).
In Section 2 we extend the results of [20] where order conditions were derived for the schemes
of Crouch and Grossman[7]. In Section 2.4 we shall seehow the conditions can be signi�can tly
simpli�ed in the casethat J = 2 in (5). Then, in Section 4 we provide examplesof schemes,and
we will show how reuseof exponentials can reducethe computational cost of the schemes.

2 Order conditions in terms of ro oted ordered trees

The schemes(5) are de�ned for an arbitrary choiceof frame, in particular onecan chooseM to be
a Euclidean spacewith global coordinate system(x1; : : : ; xd), and the vector �elds E i = @

@x i
. The

�o w of an element in the span of thesevector �elds is just translation, exp(tV )p = p + tV where
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V =
P

i Vi
@

@x i
. With this choice of frame, it follows that the scheme (5) reducesto a classical

Runge-Kutta scheme

gr = p +
P

k ak
r Fk

Fr = hFgr

9
>=

>;
; r = 1; : : : ; s;

y1 = p +
P

r br Fr ;

where ak
r =

P
j � k

r ;j and br =
P

j � r
j . So a necessarycondition for the schemeto have order p for

a general frame, is that the coe�cien ts ak
r , bk de�ned above, satisfy the classicalorder conditions

for Runge-Kutta methods.

2.1 Trees and elementary di�eren tials

For studying the schemesproposedabove, we shall use a generalisation of Butcher series[2, 8]
based on the use of rooted trees. In the classical order theory for Runge-Kutta methods, the
trees are non-ordered trees, meaning that no ordering is imposedon the set of subtreesof a tree.
However, as explained in [20] we here needto useordered rooted trees. We denote by TO the set
of all orderedrooted trees. A tree t 2 TO if either t = � , or if t = B+ (t1; : : : ; t � ) with each t i 2 TO .
B+ mapsan orderedset of trees in TO to onetree in TO by connectingthe root of each tree t i to a
new commonroot. Similarly we de�ne the map B � which assignsto a tree in TO the (ordered) set
of its subtrees. In particular, we set B+ (; ) = � and B � (� ) = ; . The number of nodes in the tree
is denoted jt j, so we have j � j = 1 and for t = B+ (t1; : : : ; t � ) we have jt j = 1+

P
i jt i j. We de�ne a

non-commutativ e concatenation product betweenelements in TO . The tree � is the unit element,
i.e. � � t = t � � = t for every t 2 TO . For trees u = B+ (u1; : : : ; u� ) and v = B+ (v1; : : : ; v� ), we set
u � v = B+ (B � (u); B � (v)) = B+ (u1; : : : ; u� ; v1; : : : ; v� ). Note that ju � vj = juj + jvj � 1.

We can now generalize the concept of elementary di�eren tials by associating to each tree
t 2 TO a di�eren tial operator F(t) : C1 (M ; R ) ! C1 (M ; R ). As usual, we let vector �elds
be derivations of C1 (M ; R ) and we use the notation F [ ] to signify the result of applying this
operator to a function  2 C1 (M ; R ). The product of two derivations F and G is de�ned as
(F � G)[ ] = F [G[ ]] and we sometimeswrite this product just as juxtap osition. Note that even
if both F and G are derivations, their composition is not. We de�ne

F(� ) =
�

; F(B+ (t1; : : : ; t � )) =
X

i 1 ;::: ;i �

F(t1)[f i 1 ] � � � F(t � )[f i � ] E i 1 � � � E i �

As with vector �elds, we can freezethe coe�cien ts of theseoperators at any point p 2 M and we
de�ne

Fp(� ) =
�

; Fp(B+ (t1; : : : ; t � )) =
X

i 1 ;::: ;i �

F(t1)[f i 1 ](p) � � � F(t � )[f i � ](p) E i 1 � � � E i �

This leads to a generalisation of the B-seriesdiscussedin [8]. For any map a : TO ! R and
p 2 M we de�ne the formal operator series

B (a) =
X

t 2 TO

hj t j� 1a(t) Fp(t) (7)

In what follows, we will frequently make calculation with series, these seriesshould be always
thought of as formal serieswithout any concernabout convergence.

The composition of frozen operators F p(t) is multiplicativ e with respect to the product on
trees de�ned above, that is, for any two trees u and v in TO one has

Fp(u)Fp(v) = Fp(u � v): (8)
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2.2 Expansion of the exact solution

To expand the exact solution in a B-series,we needto considerthe following seriesfor the �o w of
a vector �eld

 (exp(tF )y) =  (y) + F [ ](y) +
1
2!

(F � F )[ ](y) + � � � = Exp(tF )[ ](y)

so we let Exp(tF ) denote the exponential seriesof the operator tF . We have the following result
from [20]

Prop osition 2.1 The expansion of the exact �o w  (exp(hF )y) can be expressedin a B -series
B (a)[ ](y) where a(t) = � (t)=(jt j � 1)!, and where � (t) is de�ned recursively as follows:

� (� ) = 1 and � (t) = � (B+ (t1; : : : ; t � )) =
�Y

` =1

� P `
i =1 jt i j � 1
jt ` j � 1

�
� (t ` ): (9)

2.3 Expansion of the numerical solution

Lemma 2.2 Supposethat � a and � b are mapsof M with B -seriesB (a) and B (b), wherea(� ) =
b(� ) = 1. Thus for any smooth function  we have

 (� a (y)) = B (a)[ ](y);  (� b (y)) = B (b)[ ](y):

Then the composition of the maps � a � � b has a B -seriesB (ab) de�ned as

ab(� ) = 1

and for t = B+ (t1; : : : ; t � ),

ab(t) =
X

u�v= t

a(v)b(u) =
�X

k=0

a(B+ (tk+1 ; : : : ; t � )) b(B+ (t1; : : : ; tk ))

Proof. We �rst set z = � b (y), and calculate

 (� a (z)) = B (a)[ ](z) = B (a)[ ](� b (y)) = B (b)[B (a)[ ]](y) := B (b)B (a)[ ](y)

Thus, B (ab) = B (b)B (a) and we multiply the two seriesand use(8) to obtain
X

u 2 T O
v2 TO

hj u j� 1b(u)hj v j� 1a(v)Fp(u)Fp(v) =
X

u 2 T O
v2 TO

hj u �v j� 1b(u)a(v)Fp(u � v)

A changeof summation index yields the claimed result. 2

Lemma 2.3 Suppose that a = � a (p) has a B -seriesB (a). Then the frozen vector �eld Fa =P
f i (a)E i 2 V has the B -seriesFa = B (Fa ) where

Fa(� ) = 0

Fa(B+ (t1; : : : ; t � )) = 0; � � 2

Fa(B+ (t)) = a(t)

Proof:

Fa =
X

i

f i (� a (p))E i =
X

i

X

t 2 TO

hj t j� 1a(t)Fp(t)[f i ]E i =
X

t 2 TO

hj t j� 1a(t)Fp(B+ (t))

where we have usedthe recursive de�nition of the elementary di�eren tial operators. 2

4



Lemma 2.4 Let G 2 V be any vector �eld with B -seriesof the form

G =
X

t 2 TO

hj t j� 1G(t)Fp(( t))

Then, its h-�o w exp(hG)p has again a B -seriesB (g) where

g(� ) = 1

g(B+ (t1; : : : ; t � )) =
1
� !

G(t1) � � � G(t � )

Proof: The exponential seriesgives,setting ui = B+ (t i )

 (exp(hG)p) =
1X

� =0

h�

� !
G� [ ](p) =

1X

� =0

h�

� !

X

t 1 ;::: t � 2 TO

�Y

i =1

hj t i j� 1G(t i )Fp(u1) � � � Fp(u� )[ ](p)

By (8) one has F p(u1) � � � Fp(u� ) = Fp(B+ (t1; : : : ; t � )) , and since the subtreesconstitute an or-
dered set, every t 2 TO appears precisely once in the form t = B+ (t1; : : : ; t � ) as � rangesfrom
zero to in�nit y. Furthermore, since h� Q �

i =1 hj t i j� 1 = h
P

i t i = hj t j� 1, we get by reorganising the
above expression

 (exp(hG)p) =
X

t 2 TO

hj t j� 1g(t)Fp(t)[ ](p)

with g(t) given as in the lemma. 2
We now de�ne

gr ;0 = p 2 M and gr ;j = exp(
X

k

� k
r ;j Fk ) gr ;j � 1; j = 1; : : : ; J:

so that gr = gr ;J in (5). Also, it is convenient to de�ne � k
s+1 ;j := � k

j for 1 � k � s and 1 � j � J .
Then we can extend the above de�nition of gr ;j also to r = s + 1 such that gs+1 := gs+1 ;J = y1.
From thesede�nitions and the above lemmas,we have the result

Theorem 2.5 Consider the commutator-free method (5) where we set gs+1 ;J := gs+1 = y1 and
gr ;J = gr ; 1 � r � s. Then gr ;j ; 1 � r � s + 1; 1 � j � J have B -seriesB (gr ;j ) de�ned
recursively as follows

gr ;j (� ) = 1; (10)

gr ;0(t) = 0; 8t : jt j > 1; (11)

gr ;j (B+ (t1; : : : ; t � )) =
�X

k=0

gr ;j � 1(B+ (t1; : : : ; tk )) � b r ;j (B+ (tk+1 ; : : : ; t � )) ; (12)

b r ;j (� ) = 1; 1 � r � s + 1; 1 � j � J; (13)

b r ;j (B+ (t1; : : : ; t � )) =
1
� !

G r ;j (t1) � � � G r ;j (t � ); (14)

G r ;j (t) =
sX

k=1

� k
r ;j gk ;J (t): (15)

By combining Proposition 2.1 and Theorem 2.5 we obtain

Corollary 2.6 A commutator-free Lie group method (5) has order of consistencyq if and only if

gs+1 ;J (t) =
� (t)

(jt j � 1)!
; 8t : jt j � q + 1:

Here gs+1 ;J (t) is given recursively from Theorem 2.5 and � (t) is given by (9).
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Remark 2.7 It is possibleto make the recursion formulas in the above theorem more in line with
thosethat werederived for Crouch-Grossmanschemesin [20]. By inserting (15) and (14) into (12)
one gets

gr ;j (B+ (t1; : : : ; t � )) =
�X

k=0

1
(� � k)!

gr ;j � 1(B+ (t1; : : : ; tk ))
X

`

� ` k +1
r ;j � � � � ` �

r ;j g` k +1 ;J (tk+1 ) � � � g` � ;J (t � )

(16)
where the last sum is over � � k indices l i all ranging from 1 to s. One may apply this formula
repeatedly, starting with j = J and the �nal result is

gr ;J (B+ (t1; : : : ; t � )) =
JX

j <

1
j !

sX

k

� k1
r ;j 1

� � � � k �

r ;j �
gk1 ;J (t1) � � � gk � ;J (t � ); 1 � r � s + 1:

where we have usedthe short hand summation convention
JX

j <

=
JX

j 1 =1

JX

j 2 = j 1

� � �
JX

j � = j � � 1

and
sX

k

=
sX

k1 =1

sX

k2 =1

� � �
sX

k � =1

:

The factorial of the multi-index j is de�ned as

j ! = q1! : : : qJ !; qi = (# occurrencesof i in j )
X

qi = �:

Example: (1; 1; 2; 2; 3)! = 2! � 2! � 1! = 4. 2

2.4 Simpli�cations for the case J = 2

We begin by presenting a very useful simpli�cation of the formula for the quantities gr ;j as given
in Theorem 2.5 when J = 2.

Theorem 2.8 Let t1; : : : ; t � ; � � 2 be any collection of trees in TO . De�ne t; u; v 2 TO such that
t = B+ (t1; : : : ; t � ), u = B+ (t1; : : : ; t � � 1) and v = B+ (t2; : : : ; t � ). Then, if J = 2

gr (t) = gr ;2(t) =
1
�

sX

` =1

�
� `

r ;1g` (t1)gr (v) + � `
r ;2g` (t � )gr (u)

�
; 1 � r � s + 1:

In particular one has for r = s + 1

y1(t) = gs+1 (t) =
1
�

sX

` =1

�
� `

1g` (t1)y1(v) + � `
2g` (t � )y1(u)

�

Proof: By applying (16) twice one gets

gr (t) =
1
� !

�X

k=0

�
�
k

� X

`

� ` 1
r ;1 � � � � ` k

r ;1� ` k +1
r ;2 � � � � ` �

r ;2g` 1 (t1) � � � g` � (t � )

One may now split this sum into two parts, and usethe identit y
�

�
k

�
=

�
� � 1
k � 1

�
+

�
� � 1

k

�
; 1 � k � � � 1:

We get

gr (t) =
1
� !

� �X

k=1

X

`

� ` 1
r ;1g` 1 (t1)

�
� � 1
k � 1

�
� ` 2

r ;1 � � � � ` k
r ;1� ` k +1

r ;2 � � � � ` �
r ;2g` 2 (t2) � � � g` � (t � )

+
� � 1X

k=0

X

`

� ` �
r ;2g` � (t � )

�
� � 1

k

�
� ` 1

r ;1 � � � � ` k
r ;1� ` k +1

r ;2 � � � � ` �
r ;2g` 1 (t1) � � � g` � � 1 (t � � 1)

�

=
1
�

� sX

` 1 =1

� ` 1
r ;1g` 1 (t1)gr (v) +

sX

` � =1

� ` �

r ;2g` � (t � )gr (u)
�
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3 Minimal sets of order conditions

We have seenthat B -seriesof the form (7) are used to formally expressobjects of very di�eren t
kinds, such as maps and vector �elds. This suggeststhat in the set of maps from TO to R , there
are subsetsrepresenting each object type. In order to characterise these subsets, we begin by
interpreting the trees and expansionsin a strictly algebraic fashion.

Let A � � TO be the set of tree of the form B+ (t) for t 2 TO , and let A = A � [ f�g . Any
tree t = B+ (t1; : : : ; t � ) 2 TO can now be consideredas a word of the alphabet A, in the sense
that the �nite sequenceB+ (t1); : : : ; B+ (t � ) of elements of A, form the word B+ (t1; : : : ; t � ). With
the concatenation product de�ned on trees in Section 2.1, we obtain the whole set TO as the free
monoid on A, seefor instance [21]. The tree � servesas the identit y element. We may now extend
this structure to an R -algebra R TO which we for notational conveniencedenote B. Its elements
are the formal serieson A and it is in fact known to be the free associative R -algebra on the set
A. Denoting by (P; t) 2 R the coe�cien t of the tree t in the seriesP, we de�ne the product of
two seriesS and T to be the serieswith coe�cien ts

(ST; t) =
X

t = uv

(S;u)(T; v):

Next, we note that all integration methods methods consideredhere are derived by composing
exponentials of linear combinations of frozen vector �elds. According to Lemma 2.3 these linear
combinations have expansionswith coe�cien ts which are zero on trees not belonging to A � .
Compositions of exponentials of such seriescan be expressedformally as the exponential of one
single vector �eld through the Baker-Campbell-Hausdor� formula, thus we conclude that every
map consideredhere is the exponential of a vector �eld whoseexpansionis in the free Lie algebra
g on the set A � � TO .

We de�ne the following three subsetsof B

� The subspaceg � B which is the free Lie algebra on the set A.

� V � g is the subspaceof g consisting of seriesS such that

(S; t) = 0 whenever t 62A �

� G is the Malcev group of exponential seriesT = exp(S); S 2 g. In particular, if T 2 G then
(T; � ) = 1.

The characterization of this Lie algebra is well-known, seefor instance [21]. We de�ne the
coproduct � : B ! B 
 B to be the unique homomorphism of R -algebrassending� to (� 
 � ) and
such that

�( t) = � 
 t + t 
 � for any t 2 A � :

Writing this out for an arbitrary tree t = B+ (t1; : : : ; t � ), one gets

�( t) =
X

f � B � ( t )

B+ (f ) 
 B+ (f c)

where the sum is over all subforestsof B � (t) including the empty set and B � (t) itself and where
f c is the complement of f in B � (t). The ordering of the subforestsf and f c is inherited from the
ordered set B � (t).

The Lie algebra g is now characterisedas

g = f S 2 B : �( S) = � 
 S + S 
 �g :

7



By dualizing this relation, one obtains internal relations between the coe�cien ts (S; t) of a series
S 2 g. One gets for any t1 
 t2 2 B 
 B

(S; t1

9 t2)t1 
 t2 = 0

so we may conclude that the dependenciesamong the coe�cien ts of a Lie seriesS 2 g occur for
trees which are identical modulo a permutation of subtrees. Using, yet again, classicaltheory of
free Lie algebras,one may characterize this dependencyby a generalizedWitt formula counting,
for a given tree t, the dimension of the subspaceof g spannedby the set of trees obtained from
permuting the subtreesof t. Consider the equivalenceclass[t] characterized by a set of � distinct
subtrees t i 2 TO , i = 1; : : : ; � where there are exactly � i occurrencesof the subtree t i . From
Bourbaki [1], we �nd that the subspacespannedby the set of trees in [t] has dimension

c(� ) = 1=j� j
X

dj �

� (d)
(j� j=d)!
(�=d )!

(17)

This relation will be useful in the sequel in selecting a minimal set of order conditions. Some
examplesare

c(n) = 0; n > 1
c(n; 1) = 1; n > 0;
c(n; 1; 1) = n + 1; n > 0;
c(n; 2) = bn +1

2 c n > 0:

(18)

We haveseenthat there is a natural grading on B corresponding to the number of nodesin each
tree, de�ning the grade� (t) = jt j � 1 oneseesthat � (u � v) = ju � vj � 1 = juj + jvj � 2 = � (u) + � (v).
One may decomposethe spacesB and g according to this grading as

B =
a

n � 0

Bn ; g =
a

n � 1

gn ; gn = g \ Bn

Clearly dim Bn is the number of ordered rooted trees with exactly n + 1 nodes, it is well-known
(seee.g. [5]) that this number is given as the Catalan number

dim Bn = Cn =
1

n + 1

�
2n
n

�
; (19)

having generating function

g(T) =
1X

n =0

Cn T n =
2

1 +
p

1 � 4T
(20)

We prove the following result

Theorem 3.1

dim gn = � n =
1

2n

X

djn

� (d)
�

2n=d
n=d

�

where � (d) is the Möbius function de�ned for any positive integer as � (1) = 1, � (d) = (� 1)p when
d is the product of p distinct primes, and � (d) = 0 otherwise. The sum is over all positive integers
which divide n, including 1 and n.

Proof. This formula is well-known in several di�eren t contexts, for instance, it counts the
number of balanced Lyndon words [1] and has been used recently in the context of geometric
integration in [10] and [19]. The proof is mainly based on the Poincaré-Birkho�-Witt (PBW)
theorem concerning the envelopingalgebra of the free Lie algebra g. It is well-known [22, Thm
3.2.8,p. 174] that B is also the enveloping algebraof g. A standard way of �nding the dimensions

8



� n is to consider the dimensionsdim Bn . Viewing B as the enveloping algebra of g, one has from
the PBW theorem

1X

m =0

dim Bm T m =
1Y

n =1

 
1X

r =0

T nr

! � n

=
1Y

n =1

(1 � T n )� � n (21)

which we now just needto compareto (20) and solve for � n .
We take logarithms of both expressionsand usethe expansion� log(1 � x) =

P 1
k=1 xk =k

1X

n =1

� n

1X

k=1

1
k

T nk = logg(T) =
1X

m =1

1
2m

�
2m
m

�
T m :

where the Taylor coe�cien ts of logg(T) are found for instance by using the relation
�
logg(T)

� 0
=

g0(T )=g(T) = 1
2 (g0(T ) � (g(T) � 1)=T) which is easily veri�ed. Comparing equal powers we get

X

djm

� d
d
m

=
1

2m

�
2m
m

�

The Möbius inversion formula thus yields

n� n =
X

djn

� (d)
1
2

�
2n=d
n=d

�

2
The maps we considerhere have B -seriesin B interpreted as exponentials of seriesin g. It is

easyto prove that if T = exp(S) with S 2 g, then T satis�es the following relation in terms of the
above coproduct

�( T ) = T 
 T

This relation can also be characterized in terms of the shu�e product on B by

(T; u 9 v) = (T; u)(T; v);

see[21] for a proper de�nition of the shu�e product 9 .

4 Examples and implemen tation issues

4.1 Order conditions up to order 4.

The eight classicalorder conditions up to order 4 are well-known, and given as

Order Condition

1
P

r br = 1;

2
P

r br cr = 1
2 ;

3
P

r br c2
r = 1

3 ;

3
P

r ;k br ak
r ck = 1

6 ;

Order Condition

4
P

r br c3
r = 1

4 ;

4
P

r ;k br cr ar
k ck = 1

8 ;

4
P

r ;k br ar
k c2

k = 1
12 ;

4
P

r ;k ;m br ak
r am

k cm = 1
24 :

(22)

Thesemust be ful�lled also by the commutator-free schemes(5) with

br =
X

j

� r
j ; ak

r =
X

j

� k
r ;j (23)

9



To simplify the notation in what follows, we shall work with covectors in (R s)� whosecomponents
are the upper indices, as

� j = [� 1
j ; : : : ; � s

j ]

and we use tensor product notation to indicate multilinear mappings on R s � � � � � R s as for
instance

(� j 
 � m )(u; v) =
X

k1 ;k 2

� k1
j � k2

j uk1 vk2

We next intro duce the (�; 0)-tensor

t � =
X

j <

1
j !

� j 1 
 � � � 
 � j � ; � � 1: (24)

We have for example

t 2 =
JX

j 1 =1

(� j 1 
 (
1
2

� j 1 +
X

j 2 >j 1

� j 2 )) (25)

There are no additional order conditions for order 1 and 2. For order 3, however, one must take
into account the order condition associated to either of the two trees

�
�
�

� or �
� �

�

Denote by 1 = [1; : : : ; 1]T the s-vector of onesand cq = [cq
1; : : : ; c2

s ]T the qth power of the abscissae
in the scheme,and c = c1. The third order non-classicalcondition is

t 2(1; c) = 2t 2(c; 1) =
1
3

: (26a)

In the casethat there are two exponentials in the �nal stage,onecan useTheorem 2.8 and replace
(26a) by the condition

� 1(c) +
1
2

� 2(1) =
1
3

(26b)

As for the fourth order condition, one �rst seesthat there are 14 trees with �v e nodes. The two

trees �
� � � � and �

�
�

�
�

can be discarded,and among the subsets

f �
�
�

� � ; �
� �

�
� ; �

� � �
�
g; f �

�
� �

� ; �
� �
� �

g; f �
�
�
�

� ; �
� �

�
�

g

one needsto include exactly one tree. The corresponding generalcondition and the version valid
in caseof two exponential are respectively

t 3(c; 1; 1) =
1
24

(general) (27a)

1
6

� 1(c) +
1
18

� 2(1) =
1
24

(two exponentials) (27b)

Choosing the �rst tree of the secondset, we get the conditions

t 2(
1
2

c2; 1) =
1
24

(general) (28a)

1
4

� 1(c2) +
1
12

� 2(1) =
1
24

(two exponentials) (28b)

and from the �rst condition of the last set we get

t 2(ac; 1) =
1
24

(general) (29a)

1
2

� 1(ac) +
1
12

� 2(1) =
1
24

(two exponentials) (29b)

10



The remaining 5 treesare related to the classicalorder conditions (22). The �rst, third and fourth
condition of order four correspond respectively to the trees

�
�

� � �

�
�
�

� �

�
�
�
�
�

whereasthe secondfourth order condition of (22) is the sum of the conditions corresponding to
each of the two trees

�
�

�
�

�

�
�

� �
�

(30)

So, given that the classicalorder conditions have been imposed,it su�ces to considerone of the
two above trees and the order condition is

X

r

br T 2;r (c; 1) =
1
24

(general) (31a)

where the (�; 0)-tensor T �;r is formed as

T �;r =
X

j <

1
j !

� j 1 ;r 
 � � � 
 � j � ;r (32)

The condition (31a) is actually the �rst oneto involve the non-classicalcoupling coe�cien ts � k
r ;j of

the scheme,thus this condition is responsiblefor the necessity of having more than oneexponential
in at least one of the internal stages. Setting J = 1 in all internal stageswould yield con�icting
conditions corresponding to the two trees (30). If we allow instead at most two exponentials in
the internal stages,we get the condition

1
2

0

@
X

r ;`

br cr � `
r ;1 c` +

X

r ;`;m

br a`
r c` � m

r ;2

1

A =
1
24

(two exponentials) (31b)

A useful strategy for constructing commutator-free schemes, is to start with an underlying
classicalRunge-Kutta schemewhich satis�es the classicalorder conditions (22) up to order p � 4.
Then, there is one extra condition schemesorder three and four additional ones for order four.
One may used the equations marked �a� for the general case,and those marked �b� when there
are at most two exponentials. For schemesof order three one needsthree stagesand the update
stagemust contain (at least) two exponentials in order to satisfy (26b). On the other hand, this
extra exponential provides three parameters. For schemesof order four satisfying the classical
conditions, the � -parametersare, in the caseof two exponentials in the update stage, involved in
(26b), (27b), (28b) and (29b). We observe that these4 equations immediately yield

� 1(1) =
1
2

; � 1(c) =
1
12

; � 1(c2) = 0; � 1(ac) = 0; (33)

The condition (31b) calls for two exponentials in one of the internal stages. Adding one in stage
r givesr � 1 extra parameters.

4.2 Reusing exp onentials

Supposethe commutator-free scheme(5) is explicit. In [3] it was suggestedthat whenever more
than one exponential is to be included in a stage, one may try to reuseexponential calculations
performedin previousstages.If it is possibleto �nd coe�cien ts such that for some1 � r < r̂ � s+ 1
and j � � 1, one has

� k
r ;j = � k

r̂ ;j ; 1 � k � s; 1 � j � j � ;

11



one may in stager calculate

p� = exp(
X

k

� k
r ;j � Fk ) � � � exp(

X

k

� k
r ;1Fk )(p)

and �nd gr ; gr̂ as

gr = exp(
X

k

� k
r ;J Fk ) � � � exp(

X

k

� k
r ;j � +1 Fk )(p� ); gr̂ = exp(

X

k

� k
r̂ ;J Fk ) � � � exp(

X

k

� k
r̂ ;j � +1 Fk )(p� );

and thereby save j � calculations of the exponential map. In the casethat onemay allow for storing
separateexponential maps (as e.g. matrices), there are further possibilities for reuse.

The schemesof order three are discussedin detail in [3].

Explicit fourth order schemes with four stages We refer to [8, p. 138] for a complete
classi�cation of fourth order classical Runge-Kutta schemes. There exists one two-parameter
family and three one-parameterfamilies of such schemes.We shall allow exactly two exponentials
in the update stage, and assumethat there is an underlying classicalRunge-Kutta scheme with
coe�cien ts br , ak

r as in (23) satisfying the classical order conditions (22). The conditions (33)
uniquely determines all the � k

1 . It is impossible to reuse an exponential in the update stage
becausethe explicitness of the scheme would require � 4

1 = 0, leading to an inconsistency. As
mentioned above, one extra exponential is neededin one of the internal stages. We include this
in the last stageto maximize the number of free parametersand allow for reusing an exponential
from one of the �rst two stages. We have at our disposal the coe�cien ts � 1

4;1; : : : ; � 3
4;1, the � k

4;2
being determined by (23). It is natural to try to make the exponential from the secondor third
stagecoincide with the rightmost exponential in the fourth stage,setting

� k
4;1 = ak

r ; r = 2 or 3; k = 1; : : : ; r � 1: (34)

This requirement is rather restrictiv e, it completely determines all the � k
4;j coe�cien ts when the

underlying classicalschemeis given.
However, equation (31b) must still hold and this leads to further conditions on the classical

underlying coe�cien ts

b4(a42c2 + a43c3)c2 =
1
24

; if r = 2 in (34)

or
b4(a42c2 + a43c3)c3 � b4a32c2 =

1
24

; if r = 3 in (34)

In reusing the exponential from the secondstage,onecan choosec2 62f 0; 1=3; 1=4; 1g and then set

c3 =
3c2 � 1
4c2 � 1

The classicalRK4 schemeof Kutta with c2 = c3 = 1
2 was given as an exampleof such schemesin

[3], it is the leftmost schemeof �gure 1. It is interesting to observealsothat with the choiceof linear
spaceV asin (3) the internal stagesof this schemecoincidewith an exponential integrator presented
by Cox and Matthews [6]. Note that the famous 3/8-rule of Kutta having c2 = 1=3; c3 = 2=3
cannot be usedin this way. Reusingthe exponential of the third stageis alsopossible. Incidentally ,
it happens that the RK4 schemealso allows for a reuseof the exponential in the third stage,see
the rightmost schemeof �gure 1.

There existsoneother con�uent schemewhich is reusingthis exponential namely the onegiven
in �gure 2

All other schemeswhich reusethe exponential from the third stagemust have c2 and c3 which
satisfy the relation

2(3c2 � 2)c2
3 + (3 + 2c2

2 � 6c2)c3 + 3c2 � 2c2
2 = 1
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Figure 1: Commutator-free schemesof order four based on the classical RK4 scheme, reusing
exponentials from secondand third stagerespectively
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Figure 2: Commutator-free schemesof order four basedon a con�uent scheme,reusingexponentials
the third stage
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Unfortunately , the procedure presented here cannot be applied to obtain commutator-free
generalizationsof classicalschemesof order �v e and higher becausethe composition of more than
two exponentials is required. There are for instance a total of 25 conditions of order 5 according
to theorem 3.1. Of these, 11 involve the � -coe�cien ts of the update stage. Fifth order classical
explicit Runge-Kutta schemeshave at least six stages, thus three exponentials (J = 3) in the
update stage would add 12 parameters. The conditions can however not be made linear when
J = 3.

We have presented a generalorder theory for the commutator-free schemesintro duced in [3].
Several new schemesof order four are easilyobtained from this discussion.Much work still remains
for constructing schemesof higher order, but the theory presented herecan be usedto write down
the order conditions to any order.
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