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EIGENPROBLEM FOR JACOBI MATRICES:
HYPERGEOMETRIC SERIES SOLUTION

VADIM B. KUZNETSOV AND EVGENY K. SKLYANIN

ABSTRACT. We study the perturbative power-series expansions of the eigen-
values and eigenvectors of a general tridiagonal (Jacobi) matrix of dimension d.
The (small) expansion parameters are being the entries of the two diagonals of
length d — 1 sandwiching the principal diagonal, which gives the unperturbed
spectrum.

The solution is found explicitly in terms of multivariable (Horn-type) hy-
pergeometric series of 3d — 5 variables in the generic case, or 2d — 3 variables
for the eigenvalue growing from a corner matrix element. To derive the re-
sult, we first rewrite the spectral problem for a Jacobi matrix as an equivalent
system of cubic equations, which are then resolved by the application of the
multivariable Lagrange inversion formula.

Explicit formulae are also found for any monomial composed of eigenvec-
tor’s components.

CONTENTS

1. INTRODUCTION

There are many applications of the Lagrange inversion formula for power series,
from finding zeros of algebraic equations to deriving non-trivial identities for hy-
pergeometric functions [T, 2].

The problem of finding series expansions for zeros of polynomials has a long his-
tory. In the classical paper [3], Birkeland developed the original approach through
the Lagrange inversion formula. An advantage of this approach is that it equally
gives not only the zeros but also their powers as explicit hypergeometric series.

Later on, an alternative approach was suggested by Mayr in [], who derived the
relevant hypergeometric series as solutions of some PDE’s satisfied by the zeros as
functions of the coefficients of the polynomial (small expansion variables).

Modern interpretation [B] is in terms of Gel’fand-Kapranov-Zelevinsky hyperge-
ometric functions [6, [, B]. This approach can be applied to finding solutions of
general systems of algebraic equations.

We adopt here the approach through the Lagrange inversion formula, as it gives
us the quickest way to the desired result.

The main aim of this paper is to derive a complete solution of the spectral
problem for an arbitrary finite (d x d) Jacobi matrix M. Specifically, for each
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eigenvalue and the corresponding eigenvector, it is a special system of d quadratic
equations for d unknowns. We consider the off-diagonal matrix elements to be
small, so that the whole problem looks as a perturbation of a diagonal matrix. We
rewrite the spectral problem for a Jacobi matrix in an equivalent form as a larger
system of special (Lagrange-form) 3d — 5 cubic equations, which are then inverted
by the application of the multivariable Lagrange inversion formula. The solution
is given explicitly in terms of multivariable (Horn-type) hypergeometric series of
3d—5 variables. In the case of a corner eigenvalue the number of expansion variables
drops to 2d — 3.
Consider a tridiagonal (Jacobi) matrix of order d

a1 B

Ml (1)

and the corresponding eigenproblem MV = AV for the eigenvector V and the
eigenvalue A.

Assume that the off-diagonal elements (i, % are the small parameters of the
power expansion and that oy, are distinct. In the zeroth approximation By = v, =0
the matrix M is diagonal, its eigenvalues and eigenvectors being «j and V),
respectively, where the components Vj(k) of V) can be chosen as Vj(k) = 0. Itis
obvious then that for the small values of Ok, 7 the eigenvalues Ag, k = 1,...,d,
are distinct and can be numbered in such a way that

Ak = aj, + higher order terms. (1.2)
We also choose to normalize the eigenvector V (*)
MV®) = A v *) (1.3)
by the condition
AR (1.4)

for its k" component. Therefore, the remaining components must vanish in the
zeroth approximation

Vj(k) = 0 + higher order terms, Jj#k. (1.5)

The eigenvalue problem ([[3)) together with the normalization condition ()
form a system of d algebraic (quadratic) equations for the eigenvalue Ay and the
components Vj(k) of the eigenvector V*) defining them as algebraic functions of the
parameters «, 3, 7. The conditions (L) and (CH) fix uniquely the branches of the
multivalued algebraic functions for small values of 5 and ~.

The problem we solve in the present paper is to find an effective way to con-
struct explicit expressions for the coefficients of the power series expansions for the
eigenvalues Ay and the components of the eigenvectors Vj(k). This problem falls
into a large subject of expanding solutions of algebraic equations and of systems
of algebraic equations into power series. It has been extensively treated in the lit-
erature. Despite a huge progress of the modern approach to this problem which
generated a large body of knowledge about the generic case, we are not aware of
any detailed analysis of the case of systems of equations arising from Jacobi matrix
spectral problem. To deal with this special case of much physical interest, we follow
the original idea of Birkeland [3] to use a variant of Lagrange inversion formula,
rather then the later approach making use of differential equations.
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We shall use the following variant of the multivariable Lagrange inversion theo-
rem [0, [I0]. Let boldface letters denote vectors & = (&1, ...,&p) and multi-indices
€1=¢0 00 8. Let [€9)h(€) denote the coefficient at €2 in the power series h(&).

Theorem 1.1. Let £ = (&1,...,¢p), m = (n1,...,mp). Let x(n) and p;(n), i =
1,...,D, be formal power series in n such that ¢;(0) # 0Vi. Then the system of
D equations

&= . i=1,...,D, (1.6)

defines uniquely n;(€), i = 1,...,D, as formal power series in €. Moreover, the
expansion for x(n(€)) is given by the formula

(£ x(n(€)) = mx(m)e?(n)J(n), (1.7)

where J s the Jacobian

nk 0p;(n)
Sip — 2 2 VU 1.8
ik SD] 8771@ ( )

J=det|1-— Olog ¢ = det
dlogn

When applying the Lagrange formula (L), the major complication comes from
the Jacobian J, which may be difficult to compute. Fortunately, for our particular
problem the Jacobian can be calculated explicitly.

The paper is organised as follows. In section Plwe write down the set of quadratic
equations defining the eigenvalue A and the components V; of the eigenvector V/,
transform them into the form which is convenient for studying, identify the combi-
nations of the small parameters which serve as the expansion variables, and rewrite
the equations again in the form which allows us to apply Lagrange’s inversion for-
mula. In section Bl we calculate an important ingredient of Lagrange’s formula:
the Jacobian J. In section Bl we put together all the ingredients of the Lagrange
formula and produce explicit expressions for all Ax’s and Vj(k) 's as sums of power
series which we recognize as Horn-type multivariable hypergeometric series. In sec-
tion Bl we describe the simplification of our results for the special case k = 1 (or
k = d) when the eigenvalue A stems from a corner of the matrix M. The last
section contains a discussion of possible applications and extensions of our result.

2. LAGRANGE EQUATIONS

From now on we shall fix the value of k and concentrate on studying the single
eigenvalue A; = A and the corresponding eigenvector V(*) = v. We shall change
our notation accordingly, to simplify the calculations. Set r =d —k and ¥ =k — 1,
sothat d =r+7+1. Let Ay = ag + A, Vj(k) =Up—j and aj = ap—j for j =1,...,k,
and Vj(k) =wvj_; and a; = a;_ for j = k,...,d, so that Vk(k) = v9g = Vo and
ar = ag = ap. Respectively, let §; :Ek_j_l and o = ap—j—1 for j=1,..., k-1,
and 3; = Bj—r and a; = «aj_ for j = k,...,d — 1. Without loss of generality
we can set a = ag = a9 = 0. The normalisation condition () implies that
Vk(k) = Vg = 170 =1.
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As a result, the eigenvalue problem () takes the following, more symmetric
form:

az by Ux Ux
Ci a; b1 U Vi
C1 51 bo (%) V1
o 0 b 1 =A 1 )

co a1 by U1 U1
Cie1 o ai b Vi i
Cr—1 Gy Ur Ur

(2.1)

The numbers 7,7 = 0, 1,. . ., measure the distance of an eigenvalue from the corners

of the matrix. The cases when 7,7 = 0, 1 are slightly special, we shall remark about
those in due course, all other cases with 7,r > 2 are generic.
Expressing A from the ‘central’ (‘zeroth’) row as

A = ¢ov1 + bovy (2.2)

and substituting it into the remaining rows we get the set of r 4+ 7 equations
Ci—1Vi—1 + a;v; + bjviy1 = Cov1v; + bov1vy, i=1,...,r (2.3a)
Cilip1 + il + by 1Ti1 = G0 + boni B i=1,...,F, (2.3b)

where we assume that vg = vgp = 1, b, = 0, ¢ = 0. The formula ([Z32) eliminates the
eigenvalue A by expressing it in terms of the two eigenvalue’s components. From
now on, the variables v; and v; will be our only r + 7 unknowns satisfying r + 7

quadratic equations (23al)—(E230).

Note that the equations ([Z3) are invariant with respect to the involution
T, Vi 5¢, A; < Eii, bl — EZ‘, C; < Ei (24)

which we refer to as the tilde-symmetry. This is seen in () as the symmetry
with respect to reflection about the ‘anti-diagonal’ passing through the ‘central’
zero. Of course, r and 7 interchange, therefore the reflected matrix will be centred
differently, if r # 7.

The next step is to rescale the variables v; and v; in order to identify the con-
venient combinations of the expansion parameters. Setting by = ... = b,_1 =0
and ¢g = ... = ¢z—1 = 0 and denoting the corresponding values of v; and v; as,
respectively, v{ and 20 we get the equations

Ci—1

0 0 0 ? 0

ci—1v;_1 +av; =0 = Vi == i (2.5a)
K2

~ b

~ ~0 ~0 ~ i—1 ~0

a;v; +bi—1v;_1 = — v = — = Vi_1, (2.5b)
(2

0 iCO---Ci—l .

)= (—1) —————, =1,...,m 2.6

v = (1) - — i r (2.6a)
by .. bie ~

W= (-1 2 =1 (2.6b)
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Let us rescale v; and v; by the formulae

0 i Co---Ci—1 .
i = v U, = (—1) ———— uy, =1,...,m 2.7
v, = vju; = (—1) o u i T (2.7a)
N _ by biq , -
Uizﬂgui:(—l)l%ui, i=1,...,7 (2.7b)
ai...a;

and rewrite the equations 3) in terms of u;, u;:

boco boco bic; <

U; = Uj_1 — ULU; — —— UL Uit1, i=1,...,7, (2.8a)
aia; ai1a; A; Qi1

SO 5050 -~ bpcg - E'a' ~ ) -

U = Uj—1 — == U1U; — —= U1 U; + == Ui+1, i1=1,...,7, (2.8b)
a1a; a1a1 a;Ait1

where we assume ug = ug = 1, b, = ¢, = 0.

The equations (ZF) contain the parameters a, b, ¢, a, 5, ¢ in the specific combi-
nations which are convenient to use as the expansion parameters. Note that b; and
¢; enter only through the product b;¢; (same for Ea) Introduce the variables z;,
Yiy 24

b

o= 20 i=0,...r—1, (2.9a)
a1ai41
boco )

Yi = = , i=0,...,7r—1, (2.9b)
a1ai41

g = JHGHL g 2, (2.9¢)
Q410542

(altogether r 4+ r 4 (r — 1) = 3r — 1 variables) as well as their tilde-analogs

_ bod N

= 0 i=0,..., 71, (2.10)
a1ai41

. b . -

= —20 i=0,...,F—1, (2.10b)
a1i+1

b . -

Z¢=#, 1=0,...,7—2, (2.10c)
Q41542

(altogether 747+ (77— 1) = 37 — 1 variables). The total number of variables is then
D =3r+3r—2=3d—5. Let us remark that the variables (x,y, z, Z,y, Z) are
not independent, as there can be only 2r + 27 independent variables because b, ¢
(b, €) enter only in the products b;c; (b;¢;). Nevertheless, for our purposes we shall
use them as independent variables. In what follows we shall attach to them the
same number, D = 3d — 5, dependent variables, thereby reformulating the original
system ([Z3)) of d — 1 equations as the one embedded into a larger system. One
reason for introducing this larger system is that it can consequently be put into the
form suitable for application of the Lagrange inversion theorem. There are, in fact,
many more reasons to believe that the above choice of the independent variables
is not only a natural one but is also the right one. A strong argument comes from
the fact that with such a choice of the variables the (3d — 5)-dimensional Jacobian
can be found explicitly, which in its turn results in explicit representations of all
unknowns in terms of multiple hypergeometric series with explicit coefficients. The
final result therefore shall finally demonstrate that the above choice of variables is
relevant for the solution of the problem. Exactly these variables enter as arguments
of the associated hypergeometric series.
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The equations (Z8) are simplified now to the form

Ui = Uj—1 — Tj—1ULU; —yi_lului+z¢_1u¢+1, 1= 1,...,’/’, (211&)
U; = Uj—1 — Tj—1ULU; —yi,1U1Ui+Zi,1ui+1, 1= 1,...,7‘, (211]:))
where we assume ug = ug = 1, z,_1 = z7z—1 = 0. Since b;, b;,c;,¢; are small

parameters, So are x;, Yi, 2i, L, Ui, 2;- Lhe iteration of the equations Il with the
initial values u) = uY = 1 produces formal power series expansions of u; and ;.

The tilde-symmetry (Z4]) for the equations [ZIT) takes the form
(2.12)

TS T, U U, T Ty, Yo o Ui i< 2

In order to find explicitly the coefficients of the power series for u; and u; we shall
use the Lagrange inversion formula. In the notation of the Theorem [Tl the expan-
sion variables vector £ is composed of the 6 sets of variables & = (x,y, 2z, €, Y, Z).
To meet the theorem’s premises we have to introduce also the vector n composed,

respectively, of the 6 matching sets of expandable quantities n = (s, ¢, w, 8, t, w):

8§ ~ T; 1=0,...,7r—1; S~ T; j=0,...,7—1, (2.13a)
ti ~ v i=0,...,r—1; ti~y  j=0,...,7—1, (2.13b)
w; ~ % 1=0,...,7—2; Wy ~ Z; 1=0,...,7T —2. (2.13c¢)

Note that the variables uu cannot be used as 1 because they have nonzero
limits for & — 0, therefore they have to be completed by small factors. Besides, the
number of the variables uw is only r +7 = d — 1, so we need 2d — 4 extra variables
to match the number D = 3d — 5 of expansion variables. Actually, it appears that
the arithmetic is completely different and the right choice of variables corresponds
to the following splitting of the number D = 3d — 5 = (2d — 2) + (d — 3), with the
first set of 2d — 2 variables for a larger system coming from only two variables, uq
and ﬂl. Define Si, ti, gi, %; as

i=0,...,r—1,

i=0,...,7—1.

(2.14a)
(2.14b)

t; = ysu,

t; = yiua,

8 = Tiju1,

8 = LU,
The second set of d — 3 extra variables w, w must be defined in terms of the (NB:
two-step) ratios of the variables u; and u;, respectively:

Uit2

w; = z; , 1=0,...,7—2, (2.15a)
Uj
Uy -
(3 :Z¢:—+2, :0,. ,’I"—2. (215b)
Us
From ug = gy = 1 it follows that
wo = ZolUz, (2.16a)
Wy = ZoUo. (2.16Db)
Solving the equations ZI0)-(I6) we obtain the expressions for us, . .., u, in terms
of w; and for ug, ..., us in terms of w;:
wi—2 ...Wo w2i—1...W180
ugj = —L—— Upjy = — ) (2.17a)
22j—2+--20 22j—1---21%0
~ @2-_2...11)0 ~ @2-_1...@1%
U5 = ~J —, U241 = = J == - (217b)
22j—2+--20 22j—1---21%0
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Proposition 2.1. The set of equations (ZZI1), (Z-I4) and (ZI3) is equivalent to
the set of Lagrange-type [LA) equations

Ty = —, Yy = —, Z'ZO,...,’/’—l, Z':_" jZO""’T_2’
fi gi Tk
(2.18a)
-8 ot ~ > w; s
331:877 Y = =, ZZO) 7T_17 zJ:&) .]ZO’ 7T—27
7 fi hi
(2.18b)
where 1
_ - + wo
=...=fr1=¢gQ=...=0r.1 = —, 2.19
Jo fr—1 =100 S (2.19a)

1 i) (1 i .
po=Arwdltwe) g (o, =0), (219b)
(L+si+t)(1+ sit1 +tit1)

~ 1+ wp
fo=i=fi=go=...= g1 = — 20 2.20a
! 1+ 30 + to (2.202)

T (14 w;)(1 + Wig1)

’ (145 +t) (1451 +tiv1)
In the notation of the Theorem [[Tl, we have

£= (m,y,z,i,ﬂ,E), n= (Sataw’gai;ﬁ)a Y = (fagahafag’ﬁ)' (2'21)

i=0,...,7—2  (Wr_1=0). (2.20b)

Proof. Consider the equation [ZITa) for w;41:

Uip1 = Wi — TiULUi41 — Yl Wip1 + ZiUipo. (2.22)

Note that z;u;1+2 = w;u,; by virtue of (ZIhal). Having rearranged the terms we get

Uit1 (1 + xiur + yiun) = ui(1+ w;). (2.23)

From (ZT44) it follows that x;u; = s; and y;u; = ¢;. Therefore,
u, 148+t

- (2.24)
Uit 1 1+ w;
Multiplying the equalities ZZ4)) for the index i and i + 1 we get
wi _ (L si+ )+ sivn +tip1) (2.25)

Uiy2 (1 +wi)(1 + wit1)
It remains to replace w;/u;1o with z; /w; from the equality [ZIhal), and we obtain
the equality of the form z; = w;/h;, see (22I8al), where

I+ w;)(1 4+ w; ‘
p— — AFw)ltwe) gy (2.26)
(1 + s; + ti)(l + Siy1 + ti+1)
and it is assumed that w,_1; = 0.
The special case of the equation ZITal) for i =1,

u=1-— xou% — YoU1uU1 + 2oUs2, (227)

should be treated separately. Similarly to the general case, we replace zous with wq

using ([ZI6al), and substitute u; = so/xg from [ZI4a) and U, = /T from EI4H).
Then we replace yg3g with Zoto, using both [EI4a) and BI4H). As a result, the
equation takes the form

so(1+ s0 +to) = xo(1 + wop) (2.28)
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or, equivalently, the form xg = s¢/ fo, see [ZI8al) for i = 0, where

1+ wo
= 2.29
Jo=17 50+ to (2:29)
From ([ZIZa) and I4H) it also follows that
S; tNl ~ S
X Yi Zo

The remaining half of the equations is obtained by the tilde-symmetry ZIZ). ™
As was said before, the case of a corner eigenvalue, i.e. when r = 0 or 7 = 0,
and the next one, i.e. when r =1 or ¥ = 1, are slightly special. Let us remark that
when one applies the formulae from the above theorem describing the generic case,
i.e. when both 7,7 > 2, to such cases one has to remember that
e for a corner eigenvalue, say r = 0, there are no untilded variables and there
are also no variables ¥, t,g, so that in this case we only have 2d — 3 =
2(r+1) — 3 = 27 — 1 variables, therefore one must disregard [ZI9) entirely
andput?j =0,57=0,...,7— 1, in (Z20);
e for the immediate next eigenvalue, say r = 1, all variables are present but
w, so that one must set wg = 0 in [ZITal) and disregard (2J9D) entirely,
there are 3d — 5 = 3(7 + 2) — 5 = 3r + 1 variables in this case.
All these modifications are easily seen from the expressions ([229)—(ETI0) of the small
parameters (x, Yy, z, £, Y, z) in terms of the initial small parameters (b, ¢, E, c).

3. JACOBIAN

In this section only, we use the ordering of variables which is different from the one
used above: £ = (Z,Y, T, Y, 2, 2), n = (5,1, s, t, w,w), ¢ = (f, 9, f,9,h, h).
Theorem 3.1. The Jacobian J defined by [L3) can be expressed as

J=S88-1TT, (3.1)
where
s;(1 +w;) = 1 S 41+ w)) =
— 1 J J R T:— 7j J 5 3.2
W +Zl+sj+t How’“ WJZ()1+sj+tijO e (3:2)
and
r—2
W= [ +w). (3.3)
k=0

Here we adopt the following agreement: whenever a sum has the upper limit
smaller than the lower one then its value should be taken as 0. Also, any product
in a similar case should be taken as 1. The tildes in the above formulae refer to
replacing s;, t;, w; and r by their tilded versions. We must also assume that, as
always, wy_1 = 0 and w,_1 = 0 (similar to the stated in the Proposition EXTI).

Let us remark that the number of terms in J @) is r7 + (r + 1)(7+ 1) =
2r7 + 1 +7+1=2dk — 2k? + 2k — d (recall that d =7 +r + 1 and k =7+ 1).

Proof. Consider the rows of the matrix J = ;5 — % %—f;’?:
J
S0 S0 S0 S0
(1+ e 1+§0+‘£o""’0""’0""’1+§0+€o""’1+§o+€o’0""’0"") (3.4)
3 3
(0,1,0,...,0,...,0,...,0,...,m,m,o,...,o,...)

S Sg
(0,0,1,0,...,0,...,0,...,0,...,0,71%2%,71%2#2,0,...,o,...)
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i By By

(HEDHO,...,1,0,...,0,...,Hgom,...,1+§0+t0,o,...,o,...) (3.5)
i P

(0,...,0,1,0,...,0,...,0,...,Hgll%,1+g11+;1,0,...,0,...)

i i
(o,...,o,0,1,0,...,0,...,0,...,0, 1+g2+‘£2’1+;2+€2’0""70"")

S0 S = __So S0
(0 i T i T O O 2,0, (36)

S S
(o,...,o,...,0,1,0,...,0,...,0,...,m,m,o,...)

(0,...,0,...,0,0,1,0,...70,...,0,...,O,H;ﬁ,m,o,...)

to to __to
(0 T o 10 O R 0,) (3)

t t
(o,...,o,...,o,...,o,1,o,...,0,...,@,@,0,...)

t t
(0,...,0,...,0,...,0,0,1,0,...,0,...,0,m,m,0,...)

w, w, 1
(—ﬁ,...,o,..wo,...7—ﬁ,...7m,0,...,0,...) (38)
w 1

(o,...,o,...,o,...,o,...,—lﬂ%l,m,o,...,o,...)

(0,...,0,...,0,...,0,...,0, T 1 0,...,0,...)

- 14+ws ? 14w’

(o,...,—%guo,...,—%500,...,0,...,0,...,%,0,...) (3.9)
w 1
(0,...,0,...,0,...,o,...,o,...,—H;Jl,m,o,...)

(0,...,0,...,0,...,0,...,0,...,0, w1 0,...)

- 14wz’ 14wz’

First lines of each of the four first sub-sets above, which correspond to the variables

50 @A), to @), so () and to @), can be replaced by simpler versions (without
changing the determinant) by adding a multiple of the row associated with wy [B3)

or wo ([BX). They become as follows:

So (14wo)
(1,0,...,0,...,0,...,o,...,7(1+g0+;0)%,0,...,0,...)

1,0,...,0,...,0,..., —o0+@) o g

> (1+30+to)Wo

(0,...
(0,...,0,...,1,0,...,0,..,70,,_. so(Lwo)

? (I+so+to)wo? 7"

,0,...,0,...,1,0,...,0,..., ~old+wd

0, » (14s0+to)wo’

NN N~
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After the above replacement, the (37 4+ 3r — 2) x (3r + 3r — 2) matrix J =
Ok — % g%;’? acquires the following block-matrix form:

T = (1(27“+2T)Cf(2F+2T) g) , whence J =det J =det(D — CB),

where the matrix B is equal to

§0(1+ﬂ]0)
T, 0, 0,..., 0, 0
S1 S1
1451+t 143+t P’ 0 0, 0
S92 S92
0, 1+32+t2’ 1+32+t2’ 0, 0, 0
SF_1
0 0, el 0, 0, 0
t0(1+’l'1v)0)
(1+30+t0) o’ 9’ 0, 0, 0, 0
t1 t1
14381+ 1431+t 9’ LR 0, 0
to to
0, 1+32+to’ 1+32+tp’ 0,00 0, 0
trg
0,..., 0, m, 0,..., 0, 0 5
50 (1+wo)
0,..., 0, 0, gl 0
S1 S1
0., 0, 0, 14s1+t1? 1+SS1+t1 ’ SO
2 2
0., 0, 0, ’ 1+sa+ta? 1+s2+t2
Sr—1
0,..., 0, 0, 0,..., 0, i
t0(1+w0)
07 9 07 07 (1+50t+t0)w07 t07 0
1 1
0., 0, 0, 1+s1+t1° 1+St1 +t17? tO
07 M ) 07 07 07 2 ) 2
1+s2+12 1+s2+t2
0 0 0 0 0 el —
IR ’ ) IR ’ 14+Sr—14tr_1
W W
_1+%}07' ) 07 ) 07 ’ _1+%}07'
07 b) 07 MR 07 ) 07
o 0,..., 0,..., 0,..., 0,.
B __wo __wo )
0,..., Qe —p 0,
07 ) 07 ] 07 ) 07
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1
T+wo’ ) 07 ’ 07 07 . ’ 0
w 1
_ﬁv T+w,° ) ’ 07 0) AR 0
Wy _3 1
D= 0, ’ I4wr_2?  14wi_2’ 1’ 0, ’ 0 (3.10)
0; ) 0; 0; T+wo’ (1); 0
__w
07 ) 07 07 T+w;’ T+w;’ 0
Wr—2 1
0,..., 0, 0, 0,...,

T Ttwe—2  Tfw,—2

Therefore, the calculation of the Jacobian has been reduced to finding an explicit
formula for the determinant of a smaller, (¥ 47 —2) x (7 +r — 2), matrix D — CB.
Subtraction of the product C'B does only change two rows of the triangular matrix
D, those associated with the variables wy and wg. They now become

Wo 1 So(1+wo) 51
1+wo \ wo (14+30+t0)wo 14351+t
51 _ gQ _ gf—2N gf—lN
1451+t 14824t 148 ottr o 14Er_iHtro1]
to(14+wo) ty
(I+so+to)wo ' T+si+t1’
t1 + to tr—2 + tr—1
1+s1+t1 I+so+t2? """ 1+8p_2+tr_2 1+sp—1+tr—1
and
wo zo(lJriE)o) I3 _
1+wo \ (14350+t0)wo 14381+t
?1 — ?2 — ‘ET‘72~ ?T‘flw
14814+t 14824t "7 1485 ottio 1435 1+tr_1’
S 50 (1+wo) 51
wo (14+so0+to)wo 1+s1+217

51 + S2 Sr—2 + Sp_1
1+s1+t1 I4+sa+t2? " 77 14sp_2+tr—2 1+sp—1+tr—1 )7

respectively. The rest of the rows in the matrix D—C'B are the same as in the matrix
D above, that is they all have only two non-zero elements: one is on the diagonal
and the other one is to the left of it. By adding multiples of the columns, without
changing the determinant, we can arrange that all those non-diagonal entries in the
selected (7 — 2) + (r — 2) rows vanish, allowing us to compute the determinant by
reducing it down to a 2 x 2 determinant.

Indeed, multiply the last column of the matrix D — CB (look at the formula
BId) by w,—2 and add the result to the penultimate column. The last row has
now got only one (diagonal) element. Hence, we keep the factor and reduce

1
1+w,_2
the determinant to its minor, removing the last column and the last row. By

repeating this process, we shall end up with the expression

’LE()’LU() (Sg — T’j:)

/= (I+wp) (14 Wp—a)(1 +wp) - (14+wp_2)’
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where
S = L4 _So(+@o) | 5148y Z 5504 0) sy @y Sroa T3] @n
w (1+§0+t0)ﬂ;0 1431+t 143,415 14355 1+ts_q’
T = to(14wo) t1(1+w1 + E t (1+w1)Hk 1wk + tr—1 HL;% Wi
- (1+50+t0)w0 14+s1+t1 1+s;+t; 14+8p_1+tr—17
T = to(1+o) + t(1+a@1) + § t;(1+w1)H;;_i Wi + [ Hi;ﬁ Wi
(1430+to)wo 1431+t — 143+t 1485 _1+tr_q1’
J:
1 r—2 j—1 r—2
S = L i _so(itwo) s1(1+w1) +§ :Sj(1+wj')l_[i=1 Wk Srot [lp=7 we
wo (1+s0+to)wo 1481+t 1+s;+t; 14+sp—1+tr—1 "
Jj=2
This is apparently equivalent to the statement of the Theorem. [ |

4. HYPERGEOMETRIC SERIES

Now we have all the ingredients for the right-hand side of the Lagrange formula ()
and can calculate the expansion coefficients. In this section we return to the initial
ordering £ = (x,y, 2, %, Y, 2), n = (s,t,w, s,t,w) and ¢ = (f,g,h, f,g,h).

Let us choose the arbitrary function x(n) in [7) to be the monomial x(n) =
nq'zs "t wP 5 @b’

Note that, due to the formulae [ZI4) and I7), any monomial in uw can be
expressed as a monomial in £&. The components v; of the eigenvector v are, in turn,
proportional to w@ by ). Thus, from the expansion of the monomial 9" in &
one can derive the expansion of any monomial in v; in § and, by Z3) and EI0),
in bebe. To get the expansions involving the eigenvalue A one has to use [Z2).

Define the step function o;; as

_Jo, i<y

We shall use the binomial and trinomial coefficients defined for integer m,n as
a a
= [z"](1 e = [z™y"](1 . 4.2
() =waear, (,0,)=bmslasary @2)

Note that the multinomial coefficients are evaluated as

<a>:a(a—l)...(a—n+1) (a>:a(a—1)...(a—m—n+1)

)

n n! m,n mln!
(4.3)
for m > 0 and n > 0 and vanish if m < 0 or n < 0.
Let l[m|=mg + ...+ m,_1 etc., and
poa=lml A, i =+l (4.4)

Theorem 4.1. The expansion coefficient of the monomial x = nq' = sm'tn wP’
s™ t™ wP at the monomial €9 = x™y"2Px™yY"ZP is given by

[SQ]nq' = [wmy prmyngp] m’t"'wp'gﬁ'?"aﬁ'
r—1 7—1 r—1r—1

S IDIFETLE 3 S L D
i=—17=-1 i=0 7=0

where

r—1 _
mnp _ —Pj-1— Pj—1 +p] + 51] 4
A B H <mj —mj — 5% ng — ) 1;[ < Oij 7 (4.6)

=0 J pj
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r—1 —
B:nnp _ H ( —Pj-1—Pj — i' ) H <pj 1+Dp;+ 513 ) (47)
m; — m My — n — 045 o

=0 pj — T

(and respective tilded versions).

Proof. Using the definitions [ZI9) and E20) we get for ¢ = (m, n, p, m,n,p):

©l(m) = fmg"hPFTG R
0" S gt I
x fono . froigae gl Rk | pEr2

IZI

B 1+ wp [m|+[n|+po [r—-1 1 + wj Pj—1+P;
 \l+so+to 1+s;+t;

7 5o [F— — Pj-1+D;
><< 1+ @ )|m+|n|+po 1 1+ @, Pj—17P
14350 +to I\t ’

where we assume w,_1 = Wy_1 = pr_1 = pr_1 = O.
Using the shorthand notation 4] we can write down ¢9(n) in the compact

form
r—1 Pi—1+D; r—1 ~ ﬁj—l—"—ﬁj
14 w; J J 1+ w;
7 (m) = H(l—l—s‘—:t-) H<1+§-+Jt~->
=0 J J j=0 j Tl

Using the step function o;; we rewrite the expressions ([B2) for the ingredients
of the Jacobian J in the following equivalent form:

—

r—1r—1 01 i
]t]
T =
ZH (1+w;)t= 51)(1—|—sj—|—t)bf’
r—1 r—1 ‘71_7 5]
=211 =
= 130 (14 wjy) (1—|—s + t;)0%

Substituting the above expressions for y, ¢? and J into the right-hand side of
the Lagrange formula () we get

r—1 7—1 r—17—1
xp?J = Z Z A A; — ZZ&B}, (4.8)
i=—17=—1 i=0 7=0
where
A = sV w?

IZI

r—1 1+wJ Pj—1+Dp;
1+s;+1;

— Oij w’
J
: 1] (1+sg+t ) (1 +w;)t=2

_ Sm;-"r(;ij tn;- wP;- +0ij4
- J J i
j=0

X (14 85 4 t;) P21 7Pi =00 (1 4 qpy yPi—1 TPiF05 =1 (4.9)
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H n;tnj+51] PJ+01]

><(1 + s +t5)” PJ—l—Pj—5ij(1 + wj)pj—1+pj+6ij—1 (4.10)

and A;, B; are their tilded versions.

It remains to take the coefficient of the resulting expression for ye9J at the
monomial 9. Using the binomial and trinomial expansions 2) we get the ex-
pressions @H) and () for the expansion coefficients AP = [s™t"wP]A; and
B = [s™"wP]B;. The final expression ([@X) for [£]n? follows then immedi-
ately. [ ]

We see from this final result that the problem is being solved in terms of Horn-
type hypergeometric series, which are defined as arbitrary power series such that
ratios of their shifted coefficients are rational functions of the indices.

In this paper we study only formal power series expansions. The analytic version
of the Lagrange theorem [J] guarantees that our power series converge in an open
neighbourhood around & = 0. The precise description of the convergence domain
of a multivariate power series is, however, a difficult task, see for example [, [IT],
and we leave it to further study.

5. CORNER EIGENVALUE

Let us consider a special case of the corner eigenvalue 7 = 0. The problem corre-
sponding to the other corner eigenvalue r = 0 can be treated by the tilde-symmetry.
We have

0 by 1 1
co a1 by U1 U1
............ S Y e 51
ci—1 a; b V4 V5 (5-1)
Cr_1 (07% (U3 (U8

The tilded variables are absent. Besides, the sequences y;, resp. t; are also absent.
The total set of variables € = (x, z) has the cardinality (r)+(r—1) = 2r—1 = 2d—3,
and all the expansion variables are independent, in contrast with the generic case.
Respectively, n = (s, w) and ¢ = (f, h), where

1+ wg (1+wi)(l+wi+1)

=...=fro1= , h; = , i =0,...,7r—2.
.fO f ! 1+SO (1—|—81)(1—|—81+1) ! "
(5.2)
The expression (Bl for the jacobian J simplifies to
r—1 j—1
1 s;(1 4+ wjy)
J=8=———— |1+ e Wy, (5.3)
g0 (1 + wi) j;) 145, kl;[O
and contains thus only r + 1 = d terms. The analog of the formula (] is
r—1
i=—1
where
r—1 !/ & ! ..
A = H S;TLJ'JF Uw;’jJer (1+ Sj)—Pj—l—:Dj—éij(l + wj)il’j—1+:l7j+6ij—1. (5.5)

=0
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Finally, the expression () for the expansion coefficient becomes
r—1
€9n? = [@™2P]s™ wP = Y AP, (5.6)
i=—1
where
r—1 r—2
AT = [s™wP]A; = [] (‘pﬂ‘l —hi 5”’) I1 <pj1 AR 1). (5.7)
j=0

mj —m; 0ij 6 pj — Py — 0ij

6. DiscussioN

In the present paper we have solved a problem of much physical interest. The
spectrum of finite Jacobi matrices appear in many applications: from orthogonal
polynomials and nearest-neighbours interaction models to solvable models of quan-
tum mechanics (Lamé polynomials and Bethe ansatz).

What is left for further study are the questions of convergence domains, differ-
ential equations and integral representations for the obtained solutions. It would
be also interesting to understand the reduction of the jacobian in this and simi-
lar cases. The approach used in this work can be generalised to multiparameter
spectral problems.

Explicit perturbative solutions have appeared before in the works by Edwin
Langmann [I2], notably for the multi-dimensional spectral problems related to the
Calogero-Sutherland and elliptic Calogero-Moser systems.
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