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Abstract. Giv en a large square matrix A and a rectangular tall matrix Q, many application
problems require the approximation of the operation exp(A)Q. Under certain hypotheses on A, the
matrix exp(A)Q preserves the orthogonalit y characteristics of Q; this prop erty is particularly attrac-
tiv e when the associated application problem requires some geometric constrain ts to be satis�ed. For
small sizeproblems numerical methods have beendevised to approximate exp(A)Q while maintaining
the structure prop erties. On the other hand, no algorithm for large A has been derived with similar
preservation prop erties. In this paper we show that an appropriate use of the block Lanczos method
allows one to obtain a structure preserving approximation to exp(A)Q when A is skew-Hermitian
or skew-Hermitian and Hamiltonian. Moreover, for A Hamiltonian we derive a new variant of the
block Lanczos method that again preserves the geometric prop erties of the exact scheme. Numerical
results are reported to support our theoretical �ndings, with particular atten tion to the numerical
solution of linear dynamical systems by means of structure preserving integrators.

1. In tro duction. The approximation of the matrix-v ector operation exp(A)v
for a given N � N matrix A and vector v is the key ingredient of many exponential
integrators for solving systems of ordinary di�eren tial equations (ODEs) (see [10],
[26], [25]), time-dependent partial di�eren tial equations (see[21, 22]) and other ap-
plication problems ([34], [36]). When N is large, Krylo v subspacemethods represent
the de-facto alternativ e to far more costly proceduresfor approximating exp(A)v [33];
this has motivated the study of the convergenceproperties of Krylo v subspacebased
approaches,see,e.g., [16], [24], [31], [38].

The evaluation of the matrix exponential in the context of geometric integra-
tion has recently received signi�can t attention [23]. As an example, let A be skew-
symmetric, that is A = � AT where AT is the transposeof A, and V be an N � N
orthogonal matrix. Then the product exp(A)V is still an orthogonal matrix, that
is, the matrix exponential operator preservesthe geometric property of V . Devising
an approximation procedurefor exp(A)V that preservesgeometric properties of V is
crucial for the e�ectiv enessof certain geometric integration methods. This haslead to
the development of methods basedon matrix decompositions that comply with this
requirement, see,e.g., [8], [9], [13], [28], [43], and referencestherein.

The structural properties are even richer in caseA is skew-symmetric and Hamil-
tonian, or simply Hamiltonian (cf. De�nition 2.1). However, the same structure
preservation challengesarise whenever the solution of large dimension problems need
be approximated.

A situation similar to the onedescribed aboveariseswhenV is a rectangular N � p
matrix with prescribed properties, such as orthonormal or symplectic columns (cf.
De�nition 2.1). This is the case,for instance, when one needsto compute geodesics
on certain manifolds ([1], [17]), whenusingstructure-basednumerical integrators ([12],
[18], [11], [35]), or when one needsto compute few Lyapunov exponents of dynamical
systems([7], [14], [30]). In this latter application, it is often the casethat dynamical
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systemsin the following form needbe solved,

Q0 = A(Q; t)Q; Q(0) = Q0; (1.1)

where Q0 is a tall rectangular matrix with orthonormal columns and A is skew-
symmetric. A �rst order discretization leads to the discrete equation Q(k+1) =
exp(hA(Q(k ) ; tk ))Q(k ) , where h is the time step. If exp(hA) is computed accurately,
it can be shown that Q(k+1) has orthonormal columns for all k's.

In the caseof largeN , Krylo v subspacemethodsdo not usually preservestructure.
Using the sameexample as above and letting Q = [q1; : : : ; qp], the approximations of
each exp(A)qi in the corresponding Krylo v subspacespanf qi ; Aqi ; : : : ; Am � 1qi g with
m � N , provide unit norm vectors that are not orthogonal to each other, in gen-
eral. Therefore, unlessQ consistsof a single vector, the geometric structure is lost
when using regular Krylo v subspaceapproximation. We will show in this paper that
appropriate variants of block Krylo v subspacemethods can completely overcomethis
problem.

We show that structure preservation is also ensured for A skew-symmetric and
Hamiltonian, by making a special selection of the �rst matrix block that generates
the block Krylo v subspace.

The situation whenA is Hamiltonian but not skew-symmetric is morechallenging.
This is due to the fact that the crucial property that exp(A) is orthogonal does not
hold when A is not skew-symmetric. By generalizing recently devised methods, we
proposea block Lanczosapproach equipped with an inde�nite matricial inner product
that again ensuresstructure preservation.

Finally, we show that our results can be fully generalizedto the casewhen the
exponential function is substituted with other structure preserving functions such as
diagonal Pad�e rational functions.

To support the theoretical results, we report on our numerical experiencewith
the described algorithms, and explore their application to the numerical solution of
structure preserving dynamical systems.

2. Notation and preliminaries. We recall somede�nitions that we will use
throughout the text. To this end, we let

J2n =
�

O I
� I O

�
;

where I and O are the n � n identit y and zero matrices, respectively. The subscript
will be omitted when clear from the context. We will usethe 2-norm for vectors and
the induced norm for matrices. Exact arithmetic is assumedthroughout.

Our numerical experiments were carried out with Matlab ([32]) and Matlab no-
tation will sometimesbe used.

Definition 2.1. Let A be an N � N matrix.
1. A is skew-symmetricif A = � AT ;
2. A is Hamiltonian if J A is symmetric. This implies that A has the block form

A =
�

A1 A2

A3 � AT
1

�
; A2 = AT

2 ; A3 = AT
3 :

In particular, it also holds AJ = � J AT .
3. A is symplectic if AT J A = J ;
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4. A is ortho-symplectic if A is symplectic and in addition AT A = I , so that A
has the block form

A =
�

A1 A2

A2 � A1

�
; AT

1 A1 + AT
2 A2 = I ; AT

1 A2 � AT
2 A1 = 0:

In particular, when dealing with a rectangular N � 2p matrix V , we say that V
is symplectic if V T J V = J2p.

The following characterizations can be deduced;see,e.g., [3].

Cor ollar y 2.2.
If A is skew-symmetric,then exp(A) is orthogonal.
If A is Hamiltonian, then exp(A) is symplectic.
If A is skew-symmetricand Hamiltonian, then exp(A) is ortho-symplectic.

Givena vector v and a squareN � N matrix A, weexploregeometry-preservingap-
proximations to exp(A)v onto the Krylo v spaceK m (A; v) = spanf v; Av; : : : ; Am � 1vg
and its generalizations. If the matrix Wm is such that Range(Wm ) = K m (A; v), a
common choice is exp(A)v � Wm exp(Hm )e1� , where � = kvk and Hm is somerep-
resentation of A onto the Krylo v subspace[38]. We will refer to the standard Krylo v
method when Wm is such that W T

m Wm = I m . In this case,Hm = W T
m AWm .

Given a rectangular N � p matrix V , a generalization of the subspaceabove is
given by the block Krylo v subspacede�ned as

Km (A; V ) = spanf V; AV; : : : ; Am � 1V g: (2.1)

A basisof K m (A; V ) is generatedby using the following block Lanczosrecursion

AVm = Vm H m + Vm +1 hm +1 ;m E T
m ; (2.2)

where Vm = [V1; V2; : : : ; Vm ] 2 RN � mp with V1 = V , H m is an (mp) � (mp) block
upper Hessenberg matrix, H m = (hi;j ), with hi;j a p � p block, while Vm +1 is N � p
and hm +1 ;m is p � p. Finally, E T

m = [O; : : : ; O; I p] is a p � mp matrix; see,e.g., [39].
In the following, we assumethat dim(K m (A; V )) = mp, where p is the number of

columns of V and we usethe notation Vm +1 = [Vm ; Vm +1 ].
Matrix Vm can be built using (2.2) by imposing an orthogonality condition, from

which the structure of H m can be deduced. For instance, if M is a nonsingular
matrix and Vm satis�es VT

m +1 M Vm +1 = I m , then H m = VT
m +1 M AVm +1 . We will use

De�nition 2.1 to derive di�eren t orthogonality conditions, and thus a conveniently
structured representation matrix H m . A natural generalization of the single vector
case,amounts to approximating exp(A)V as

exp(A)V � Vm exp(H m )E1� 0; (2.3)

where � 0 2 Rp� p is such that V = Vm E1� 0.

3. Preserving geometric prop erties by structure preserv ation. Assume
that a rectangular N � p matrix Q is given, with an orthogonality property such
as being an appropriate sub-matrix of an orthogonal, symplectic or ortho-symplectic
matrix. Corollary 2.2 ensuresthat if A has a special structure, then the exponential
matrix preservesthis property, that is exp(A)Q hasthe sameorthogonality property as
Q. In this section we show that appropriate selectionsof the matrix V in K m (A; V )
allow us to derive an approximation of the type (2.3) that preserves orthogonality
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properties. In the following we will alsosupport our theoretical results with numerical
experiments. For comparison purposes,we will employ small size matrices to be
able to compute an accurate approximation to exp(A). Experiments with larger size
problems did not show a signi�can tly di�eren t behavior of the proposedapproaches.

3.1. The case of A skew-symmetric. Let A be a real and skew-symmetric
matrix, and V be an N � p matrix with orthonormal columns, that is V is an element
of the Stiefel manifold S(N ; p). Corollary 2.2 ensuresthat exp(A) is orthogonal and
thus U = exp(A)V also belongs to S(N ; p). We require that an approximation of
exp(A)V be in S(N ; p) as well. The approximation onto the block Krylo v subspace
Km (A; V ) naturally satis�es this requirement.

Pr oposition 3.1. Let V 2 S(N ; p) and A be skew-symmetric. Let Vm be gen-
erated by the block Lanczos method with VT

m Vm = I mp , so that its columns span
Km (A; V ), H m be as in (2.2) and alsoset E T

1 = [I p; Op; : : : ; Op]. Then for any m > 0,
the approximation Um = Vm exp(H m )E1 to U = exp(A)V satis�es UT

m Um = I p.
Proof. The matrix H m is skew-symmetric and thus banded. Indeed, sinceVm +1

has orthonormal columns and A is skew-symmetric, from (2.2) we have

H m = VT
m AVm = �V T

m AT Vm = �H T
m :

Therefore, exp(H m ) is orthogonal, and we obtain

UT
m Um = E T

1 exp(H m )T VT
m Vm exp(H m )E1

= E T
1 exp(H m )T exp(H m )E1 = I p: (3.1)

HenceUm is in S(N ; p).

Example 3.2. We considera 
o w problem as in (1.1), with Q0 an N � 2 matrix
with orthonormal columns, N = 400, and A is the skew-symmetric time dependent,
n � n matrix 1

A = toeplitz(c(t); � c(t)) with c = [0; 10sin(t); 2cos(t); � sin(t); 10; 0; : : : ; 0]:

Starting with Q(0) = Q0, we consider the iteration Q(k ) = expm(hA(tk � 1))Q(k � 1) ,
with k = 1; : : : ; 10, h = 1=40, t0 = 0 and tk = tk � 1 + h. Here expmis the Matlab
function that numerically approximates the exponential. The sameMatlab function
is usedthroughout the text when the matrix exponential is computed \directly"; asa
referenceapproach, we shall refer to this recurrenceas the \exact" method. We then
compare this solution with the block Lanczos iterate Y (k ) , obtained at each step k
by approximating the action of expm(hA(tk � 1))Y (k � 1) in the block Krylo v subspace
Km (A(tk � 1); Y (k � 1) ) with m = 5, with starting matrix Y (0) = Q0 (cf. Proposi-
tion 3.1). The departure from orthogonality of Q(k ) and of Y (k ) is reported in Figure
3.1,by displaying the error normsk(Q(k ) )T Q(k ) � I k and k(Y (k ) )T Y (k ) � I k. Wealsore-
port the samequantit y for the standard Krylo v subspaceapproach, wherethe columns
of Z (k ) = [z(k )

1 ; z(k )
2 ] are obtained in K m (A(tk � 1); z(k � 1)

1 ) and K m (A(tk � 1); z(k � 1)
2 ),

respectively, as described in section 2. As expected, the block method computes an
iterate with orthonormal columns with good accuracy, as compared with the stan-
dard Krylo v approach where orthogonality is completely lost. We also remark that
the errors kY (k ) � Q(k ) k and kZ (k ) � Q(k ) k are comparable for the two approaches,
ranging in both casesfrom 2 � 10� 5 at k = 1 to 2 � 10� 4 at k = 10.

1We use the notation A = toeplitz (a; b) to denote a Toeplitz matrix whose �rst column is a and
�rst row is b.
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Fig. 3.1. Example 3.2. Conservation of orthogonality as time steps proceed.

3.2. The case of A skew-symmetric and Hamiltonian. Assumenow that
A is skew-symmetric and also Hamiltonian of sizeN = 2n, that is it has the 2n � 2n
form

A =
�

A1 A2

� A2 A1

�
; A1 = � AT

1 ; A2 = AT
2 ; (3.2)

in particular, AJ = J A. Corollary 2.2ensuresthat exp(A) is ortho-symplectic sothat,
givenan ortho-symplectic matrix Q, the matrix exp(A)Q is alsoortho-symplectic. Let
Q 2 C2n � 2n be an ortho-symplectic matrix, henceQ has the form

Q =
�

Q1 Q2

Q2 � Q1

�
:

Let bQ collect p � n of its �rst n columns, and de�ne the 2n � 2p matrix

V = [ bQ; � J bQ]: (3.3)

Since J V = V J2p, we can show that V is a rectangular ortho-symplectic matrix;
indeed, V T V = I , and V T J V = V T V J2p = J2p. The following result can thus be
established.

Pr oposition 3.3. Let V be as de�ned in (3.3). Let Vm be generated by the block
Lanczosmethod with VT

m Vm = I , so that its columns span the block Krylov subspace
Km (A; V ). Then the matrix Um = Vm exp(H m )E1 with E1 2 Rmp � 2p, is a rectangular
ortho-symplectic matrix.

Proof. Since H m = VT
m AVm and A is skew-symmetric, H m is skew-symmetric

(and thus banded), henceexp(H m ) is orthogonal. Therefore, it can be readily veri�ed
that UT

m Um = I . Multiplying (2.2) from the left by J and using J A = AJ we obtain

AJ Vm = J Vm H m + J Vm +1 hm +1 ;m E T
m :
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Becauseof the choiceof V , we have Range(J Vm ) = Range(Vm ); therefore there exists
a nonsingular matrix Dm such that

J Vm = Vm Dm : (3.4)

Using the orthogonality of Vm , wehaveVT
m J Vm = Dm , that is, Dm is skew-symmetric.

Relation (3.4) holds for any m, so that it must be

J Vm +1 = Vm +1 Dm +1 = [Vm ; Vm +1 ]
�

Dm D �

O ~Dm +1

�
:

Since Dm +1 is skew-symmetric, D � = O, so that Dm +1 is block diagonal, that is
Dm +1 = blockdiag( ~D1; : : : ; ~Dm ; ~Dm +1 ). Thanks to (3.3) wehave ~D1 = J2p. Therefore

AJ Vm = J Vm H m + J Vm +1 hm +1 ;m E T
m

AVm Dm = Vm Dm H m + Vm +1 ~Dm +1 hm +1 ;m E T
m

AVm = Vm Dm H m D � 1
m + Vm +1 ~Dm +1 hm +1 ;m E T

m D � 1
m

AVm = Vm Dm H m D � 1
m + Vm +1 ~Dm +1 hm +1 ;m ~D � 1

m E T
m :

Comparing with (2.2) it must be H m = Dm H m D � 1
m for any m, so that it also holds

hm +1 ;m = ~Dm +1 hm +1 ;m ~D � 1
m . It thus also follows Dm exp(H m ) = exp(H m )Dm for

any m. Finally,

UT
m J Um = E T

1 exp(H m )T VT
m J Vm exp(H m )E1 = E T

1 exp(H m )T Dm exp(H m )E1

= E T
1 exp(H m )T exp(H m )Dm E1 = ~D1 = J2p; (3.5)

which completesthe proof.
Sincethe rectangular matrix Um is partitioned asUm = [ bUm ; � J bUm ], the explicit

computation of the secondblock of p columns is unnecessary, sinceit can be easily re-
coveredfrom the �rst p columns. The augmented costgivenby working with 2p rather
than with p vectors in V allows us to generatea quasi J -orthogonal basis (cf. (3.4)),
with the matrix Dm having a convenient structure. This constraint conforms with
the standard requirements used for building single vector Lanczos-type recurrences
that preserve the symplectic structure of the problem [4], [5], [42],[40].

Example 3.4. We considera 200� 200skew-symmetric and Hamiltonian matrix
A as in (3.2), with A1 and A2 the symmetric and skew-symmetric parts, respectively,
of two di�eren t matrices with normally distributed random entries (Matlab function
randn). The condition number of A is cond(A) � 538. Matrix Q = [q1; : : : ; q200]
was constructed as Q = exp(G) with G derived in a way similar to A. We consider
p = 2 and p = 6. The results in Table 3.4 report the error in the preservation of
orthonormalit y and J -orthonormalit y, by meansof the two quantities kUT

m Um � I 2pk,
kUT

m J Um � J2pk, respectively, whereUm = Vm exp(H m )E1 is the approximation of U
in Km (A; V ) with V = [q1; : : : ; qp; � J q1; : : : ; � J qp] and m = 1; : : : ; 10.

The basis Vm is computed by using a block Lanczos procedure with local re-
orthogonalization. The numbers in the table show that for this example the block
Lanczosalgorithm provides a satisfactory level of (J )-orthogonalit y in the approxi-
mate solution. Note that for p = 6, a block Krylo v subspaceof dimension as large as
120 is built. Finally, we stressthat the level of preservation of the geometric proper-
ties does not depend on the accuracy in the approximation, monitored by the error
norm kUm � Uk.
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p m kUT
m J Um � eJ2pk kUT

m Um � I 2pk
2 1 2.5249e-14 2.5597e-14

2 2.2105e-14 2.4717e-14
3 2.6457e-14 2.8592e-14
4 2.0475e-14 2.5974e-14
5 3.2515e-14 3.6217e-14
6 2.5311e-14 2.7904e-14
7 2.4948e-14 2.9303e-14
8 2.6959e-14 3.3816e-14
9 3.3527e-14 3.9958e-14

10 2.8564e-14 3.1646e-14
6 1 4.7120e-14 5.1477e-14

2 4.4224e-14 4.6034e-14
3 5.5361e-14 5.9217e-14
4 6.5580e-14 7.1523e-14
5 5.3517e-14 6.4597e-14
6 5.7162e-14 7.2058e-14
7 6.3882e-14 7.7346e-14
8 5.2415e-14 6.5304e-14
9 5.5321e-14 6.6984e-14

10 4.7034e-14 5.4387e-14

3.3. The case of A Hamiltonian. In the proof of Proposition 3.3 the fact that
A was skew-symmetric played a crucial role. In fact, relaxing the skew-symmetry
property makes the structure preservation problem more challenging, so that the
basic block Lanczosprocedureneedsto be adapted.

Let bQ 2 RN � p be a symplectic matrix. Given an Hamiltonian matrix A, Corol-
lary 2.2 ensuresthat U = exp(A) bQ is still a symplectic matrix. For a speci�cally
chosenV , we wish to determine a symplectic approximation Um in Km (A; V ) to U.
To completely reproduce the characteristics of the original problem within the space
Km (A; V ), we needto construct a symplectic basisVm and an Hamiltonian represen-
tation matrix H m .

The generation of a Krylo v subspacesymplectic basishas recently received con-
siderable attention, at least in the single vector case,namely bQ = q. This is due to
the impact that structure preservation hason the accuracyand stabilit y properties of
eigenvalue computation and on the solution of equations in several applications; see,
e.g., [6]. In the single vector case,the construction of a symplectic basiscan be car-
ried out by meansof a non-symmetric Lanczosrecurrence,using the properties of the
Hamiltonian matrix A intro duced in De�nition 2.1; see[20]. Further developments
include the derivation of an Hamiltonian matrix H m to e�ectiv ely approximate eigen-
values of an Hamiltonian matrix A; see[4], [5], [42]. A more recent implementation
of the Gram-Schmidt algorithm for the construction of a symplectic basis for p = 1
is given in [40], and expanded in [41] to devise a Symplectic `block-style' Lanczos
method for the eigenvalue problem again for p = 1.

In our setting, we wish to construct a symplectic basis for the block Krylo v sub-
space K m (A; V ) with the N � 2p matrix V properly chosen, for p � 1. To this
end, we propose a new algorithm that stems from the single vector (i.e., p = 1)
symplectic Lanczos processin [41]. We adapt the idea in [41] to work in the case
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of a general block Lanczos processwith p � 1, equipped with a speci�c orthogo-
nalization procedure, yielding a basis that is \logically" symplectic, together with
an Hamiltonian representation matrix H m . To the best of our knowledge, such a
block implementation appears to be new. Let eQ consists of 2p columns of a sym-
plectic matrix, so that eQT J eQ = J2p. Let us intro duce the 2kp � 2kp permuta-
tion matrix Pk = [I :;1:p:2kp ; I :;2:p:2kp ; : : : ; I :;p:p:2kp ]; for instance, for p = 2, we get
Pk = [e1; e3; e5; e2kp� 1; e2; e4; : : : ; e2kp].

Hence,we de�ne the starting matrix V as V = eQP, so that V satis�es

V T J V = eJ2p; where eJ2p := blockdiag(J2; J2; : : : ; J2) 2 R2p� 2p: (3.6)

Therefore, V is logically (upon permutation) symplectic. Note that P T
1

eJ2pP1 = J2p.
This permutation is commonly performed for algorithmic and notational convenience
also in the single vector case,i.e. for p = 1.

The algorithm proceedsby using the block Lanczosrecurrence(2.2) and requiring
that, upon permutation, the basis vectors be symplectic. More precisely, the matrix
Vm is constructed from (2.2) with

VT
m J Vm = eJ2mp or, equivalently (Vm Pm )T J (Vm Pm ) = J2mp : (3.7)

Multiplying (2.2) from the left by eJ � 1
2mp VT

m J we obtain H m = eJ � 1
2mp VT

m J AVm . Using

the fact that J A is symmetric, wededucethat eJ2mp H m = VT
m J AVm is alsosymmetric.

Finally, writing

PT
m

eJ2mp H m Pm = PT
m

eJ2mp Pm PT
m H m Pm = J2mp (PT

m H m Pm );

we conclude that (P T
m H m Pm ) is Hamiltonian. Since H m is banded with bandwidth

2p, the permuted matrix has the form

PT
m H m Pm =

�
H1 H2

H3 � HT
1

�
; H2 = HT

2 ; H3 = HT
3 ;

with Hi , i = 1; 2 bandedwith semi-bandwidth equal to p, while H3 hassemi-bandwidth
equal to p � 1.

A structure-preserving approximation to U = exp(A)V is thus given by Um =
Vm Pm exp(PT

m H m Pm )(Vm Pm )T J V . Since exp(P T
m H m Pm ) = PT

m exp(H m )Pm , it fol-
lows that the approximation above is equivalent to

Um = Vm exp(H m )VT
m J V = Vm exp(H m )E1 eJ2p;

and the approximate solution is also symplectic, upon permutation.
Pr oposition 3.5. Let V satisfy (3.6). Let Vm be generated by the block Lanc-

zos method with VT
m J Vm = eJ2mp , so that its columns span the block Krylov subspace

Km (A; V ). Then the matrix Um = Vm exp(H m )E1 eJ2p with E1 2 Rmp � 2p, is a sym-
plectic matrix after permutation with P1.

Proof. Let bH m = PT
m H m Pm , bVm = Vm Pm , so that we can write

Um = bVm exp( bH m )PT
m E1 eJ2p:

We also recall that bH m Hamiltonian implies that exp( bH m ) is symplectic. Therefore,

UT
m J Um = eJ T

2pE T
1 Pm exp( bH m )T bVT

m J bVm exp( bH m )PT
m E1 eJ2p

= eJ T
2pE T

1 Pm exp( bH m )T J2mp exp( bH m )PT
m E1 eJ2p (3.8)

= eJ T
2pE T

1 Pm J2mp PT
m E1 eJ2p = eJ2p:
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Hence,(Um P1)T J (Um P1) = PT
1

eJ2pP1 = J2p, and the proof is completed.

3.3.1. Computational aspects. A possible implementation of the procedure
outlined above is as follows, where V is a given symplectic matrix.

Algorithm: Symplectic block Lanczos.
Input : scalar m

matrices A of size2n � 2n, and V = [q1; q̂1; q2; q̂2; : : :] of size2n � 2p
Output : Vm of size2n � 2mp, H m of size2mp � 2mp
X = V
` = 1
for i = 1; : : : ; m

bX = A X
% Enforce symplecticity wrt previous blocks
k = 2pi
j 0 = maxf 1; k � 2(2p) + 1g
for j = j 0 : 2 : i � 2p,

H j :j +1 ;` :` +2 p� 1 = J T
2 V T

:;j :j +1 J bX
bX = bX � V:;j :j +1 H j :j +1 ;` :` +2 p� 1

end
% Enforce symplecticity within block
[X ; H k+1: k+2 p;` :` +2 p� 1] = mbsgs( bX )
V = [V; X ]
` = ` + 2p

end
Vm = V:;1:2mp , H m = H1:2mp; 1:2mp

The routine mbsgs(bX ) orthogonalizesthe columns of bX so as to maintain sym-
plecticit y. The corresponding algorithm was proposed in [40] and its matlab-style
implementation is reproduced in the appendix for completeness.

Our algorithm is basedon the \blo ck" inde�nite inner product

[X ; Y ]J = J T
2 X J Y; X ; Y 2 R2n � 2;

therefore, it may happen that [X ; X ]J is singular with X full column rank. In this case,
breakdown occurs in the symplectic block Gram-Schmidt method (function mbsgs)
and the symplectic block Lanczos method cannot proceed. A similar situation is
encountered in the non-symmetric Lanczosprocess.In there, someform of look-ahead
strategy has been developed (see,e.g., [2], [19]) to overcomethe occurrenceof near
singularity, that is, quasi-breakdown. It is not clear whether a look-aheadstrategy
could be devisedin this casewithout destroying the underlying symplectic structure.
An alternativ e strategy that has been proposedin the single vector caseconsists in
(implicitly) restarting the symplectic Lanczosprocess[5]. In [41] the authors report a
numerical examplewhere the symplectic Lanczosmethod breaksdown, whereastheir
algorithm (corresponding to ours for p = 1) successfullycompletesthe computation.

Noneof thesestrategieshasbeenspeci�cally designedtowards the approximation
of the matrix exponential, hencefurther analysis is required to assesstheir e�ectiv e-
nessin this context.
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3.3.2. Numerical exp erimen ts for A Hamiltonian. In the following we ex-
plore the numerical performanceof the proposedblock algorithm when A is Hamilto-
nian.

Example 3.6. Weconsidera 200� 200Hamiltonian matrix A asin De�nition 2.1.
The blocks A2; A3 were taken as the symmetric parts of two matrices with sparse
random entries uniformly distributed, with sparsity ratio 0.1 and condition number
10 (Matlab function sprand). The block A1 was taken as a sparserandom matrix,
with the same parameters as before. Matrix Q = [q1; : : : ; q200] was constructed as
Q = exp(G), with G generatedfollowing the samestepsas for A. In the table below
we report the error kUT

m J Um � eJpk as the Krylo v subspaceK m (A; V ) grows, with
V = [q1; q101; q2; q102] and m = 1; : : : ; 10.

m kUT
m J Um � eJpk m kUT

m J Um � eJpk

1 2:7 � 10� 14 6 1:4 � 10� 12

2 4:0 � 10� 13 7 1:4 � 10� 12

3 7:9 � 10� 13 8 1:1 � 10� 12

4 1:4 � 10� 12 9 1:1 � 10� 12

5 1:4 � 10� 12 10 1:1 � 10� 12

Example 3.7. We consider the following linear Hamiltonian system:
�

q0 = Aq
q(0) = q0

with q = q(t), A = J � 1S and S a 400� 400constant, symmetric matrix of uniformly
distributed valuesbetween1 and 100, so that A is Hamiltonian. The starting vector
is q0 = bQe1, where bQ is a 400� 400 symplectic matrix generatedas in the previous
example and the auxiliary symplectic vector is bq = bQe201, so that the matrix V =
[q0; bq] is symplectic, that is it holds V T J V = J2. The energy function of the system
is given by E(q(t)) = q(t)T Sq(t) which remains constant for all t > 0. In this test, we
are interested in evaluating the preservation of the systemenergyafter discretization.
More precisely, starting with q(0) = q0 and r = 0, we apply a symplectic exponential
integrator to solve our Hamiltonian system, that is q( r +1) = exp(hA)q( r ) , with h =
1=40 and r � 0. If exp(hA) is determined exactly, then the energy norm E(q( r ) )
remains constant for all r � 0. By approximating the action of exp(hA) on q( r ) with
a standard Krylo v subspaceapproach, the energy associated with the approximate
iterate is no longer constant, unlessexp(hA)q( r ) is obtained at high accuracy. On the
other hand, the Hamiltonian Lanczosmethod allows us to maintain constant energy
with good accuracy irrespective of the solution accuracy, at a price of some extra
computation. The left plot of Figure 3.2 shows the error jE (q( r +1) ) � E (q0)j. The
curve with symbol \-o-" refers to the casewhen the iterate is obtained by using the
Matlab function expmto evaluate exp(hA) at each iteration. The solid curve is given
by time stepping with the solution obtained with m = 5 iterations of the Hamiltonian
Lanczos,whereasthe dash-dotted curve depicts the energybehavior when the iterate
is obtained with 2m = 10 iterations of the regular Krylo v subspacemethod. Note
that this subspacedimensionrequiresapproximately the sameamount of spaceas�v e
iterations of the new Hamiltonian Lanczosmethod, for p = 1.

The following table shows the error in the solution of the discrete equation as
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Fig. 3.2. Example 3.7. Conservation of energy. Left plot: jE (y ( r ) ) � E (y0)j for the ex-
act, Hamiltonian and Krylov methods, for p = 1. Right plot: kE (Y ( r +1) ) � E (Y0)k, where
Y0 = Q[e1 ; en +1 ] for the exact, Hamiltonian and block Krylov methods.

the time steps proceed. For each time step r , q( r ) is the solution obtained with the
exact method, y( r ) is the Hamiltonian solution obtained in an Hamiltonian Lanczos
subspacewith m = 5, whereasz( r ) is the approximate solution in the Krylo v subspace
K 2m (A; z( r � 1) ) by meansof the standard Krylo v process.All time recurrencesstart
with the initial vector q0.

r ky( r ) � q( r )k kz( r ) � q( r ) k r ky( r ) � q( r )k kz( r ) � q( r ) k
1 2.7812e-03 2.8328e-08 6 1.4889e-02 2.0587e-07
2 5.5989e-03 6.7223e-08 7 1.9423e-02 2.4410e-07
3 7.7379e-03 9.9466e-08 8 2.0990e-02 2.6926e-07
4 1.0054e-02 1.4406e-07 9 2.2667e-02 3.5109e-07
5 1.3264e-02 1.7513e-07 10 2.8376e-02 3.5434e-07

The numbers report that the regular Krylo v approximate solution is closer to
the exact iterate q( r ) than the one obtained by the Hamiltonian method. There-
fore, the Hamiltonian method seemsto generatea lessrich subspacethan the usual
Krylo v subspacewith the samedimension;however, in certain applications the energy
preservation property is worth the price paid. Note however that in more complex
and larger problems, this di�erence in accuracy may signi�can tly be reduced. Not
surprisingly, the error in the energy preservation occurring in the standard Krylo v
subspaceapproach (cf. left plot of Figure 3.2) is of the sameorder of magnitude as
the error in the iterate.

The accuracy in the evaluation of the systemenergy is much higher in the struc-
ture preserving method. This fact is particularly apparent if one is interested in
evaluating the energyof the 
o w obtained by iterating with both y0 and the auxiliary
vector bq. In this case,the quantit y E(Y ( r ) ) = (Y ( r ) )T SY ( r ) should stay constant in
norm, where Y ( r +1) = exp(hA)Y ( r ) and Y (0) = [y0; bq]. The right plot of Figure 3.2
shows the energy error for the exact iterates, for the Hamiltonian Lanczos iterates
after m = 5 iterations, and for the iterates obtained after m = 5 steps of the block
version of the standard Krylo v process(cf. (2.3)) started with Y (0) . The discrepancy
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between the two Krylo v subspace-basedmethods can be further appreciated. Note
that m iterations of the block Krylo v method provide a lessaccurate approximation
than 2m iterations of the regular Krylo v approach. This explains the larger error in
the energyconservation than in the left plot.

4. Rational function appro ximation. It was shown in [8] that geometric
properties may also be preserved by functions di�eren t from the exponential. Among
thesewe �nd the (� ; � ) diagonal Pad�erational functions, which play an important role
for two reasons.Firstly they represent a reliable and feasiblecomputational deviceto
accurately approximate the exponential of small matrices and it is routinely imple-
mented in standard software (cf., e.g., function expmin Matlab [32]). Secondly, due
to the aforementioned geometric properties, low order Pad�e functions can e�cien tly
replaceexp(A) in the numerical integration of ODEs on manifolds, see,e.g., [37], [15],
[27].

Denoting by P�;� the diagonal Pad�e function of degree� , the (J � )orthogonalit y
properties of exp(A) can be readily extendedto P�;� (A). Becauseof the preservation
of (J � )orthogonalit y of powers of matrices (cf. [3]), the commonly employed scaling
and squaring technique in Pad�e approximation is completely harmless to maintain
geometric properties.

Moreover, the same holds within the Krylo v subspaceas long as the represen-
tation matrix H m preservesthe samestructure properties as A, yielding a structure
preserving approximate solution

Um = Vm P�;� (H m )E1� 0;

with Vm properly constructed. This fact is summarized in the following corollary.

Cor ollar y 4.1. Let P�;� (z) be the diagonal (� ; � ) Pad�e function. Let Um be
the approximate solution to U = P�;� (A)V obtained with a structure-preservingblock
Lanczosmethod started with an appropriate matrix. Then

1. If A is skew-symmetric,then Um has orthonormal columns;
2. If A is skew-symmetricand Hamiltonian, then Um has ortho-symplectic co-

lumns;
3. If A is Hamiltonian, then Um is symplectic.

Proof. The proof follows from applying the J -orthogonality properties of the
Pad�e matrix function P�;� (H m ) when replacing exp(H m ) in (3.1), (3.5) and (3.8),
respectively.

5. Conclusions. In this paper we have shown that Krylo v subspacemethods
can be naturally adapted to preserve geometricproperties of the exponential operator
when the matrix is skew-symmetric or also Hamiltonian. In the caseof Hamiltonian
matrix, we have proposeda new variant of the block Lanczosalgorithm that again
allows one to preserve the geometricstructure of the operator. The derived strategies
completely addressthe question of how to maintain structure properties in geometric
integrators whendealingwith problemsof largedimensionwhose(exponential) iterate
needbe approximated (cf. [43]).

Several questionsremain open and deserve further investigations. In particular,
very little is known about the convergenceproperties of the Hamiltonian (block)
Lanczos method and of the role of the conditioning of the generated basis on the
accuracy of the approximate solution. To this end, the inherent matrix structure
should be fully taken into account; see,e.g., [29]. Although our experiments did not
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seemto be signi�can tly a�ected by �nite precision computation, this should be taken
into account. More precisely, stabilit y problems and loss of rank may destroy the
Hamiltonian structure. Somestrategieshave beendevisedin [4] for the single vector
case,but a complete analysis is still lacking.

Ac kno wledgemen ts. We thank A. Salamfor providing us with the manuscripts
[40] and [41], and D. Watkins for explanations on [42].
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App endix. In this appendix wereproducea Matlab-style algorithm for the mod-
i�ed Symplectic Gram-Schmidt algorithm described in [40].

function [w,h]=mbsgs(v,J);

J2=[0 1;-1 0]; [n,p2]=size(v); p =p2/2;

\% ESRto first block
w = v;

v0 = w(:,1);
h(1,1) = norm(v0);
w(:,1) = v0/h(1,1);
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h(1,2) = w(:,1)'*w(:,2);
w(:,2) = w(:,2) - w(:,1)*h(1,2);
h(2,2) = w(:,1)'*J*w(:,2);
w(:,2) = w(:,2)/h(2,2);

\% ESRto subsequent blocks
for j=3:2:p2,

w(:,j:j+1)=w(:,j :j +1);
for i=1:2:j-1

h(i:i+1,j:j+1) = J2'*w(:,i:i+1)' *J *w( :, j:j +1);
w(:,j:j+1) = w(:,j:j+1) - w(:,i:i+1)*h(i:i +1,j: j+ 1) ;

end

\% ESRto last block
v0 = w(:,j);
h(j,j) = norm(v0);
w(:,j) = v0/h(j,j);
h(j,j+1) = w(:,j)'*w(:,j+1);
w(:,j+1) = w(:,j+1) - w(:,j)*h(j,j+1) ;
h(j+1,j+1) = w(:,j)'*J*w(:,j+1 );
w(:,j+1) = w(:,j+1)/h(j+1,j+ 1) ;

end

end


