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The quantum partition function at finite temperature requires computing the trace of the imag-
inary time propagator. For numerical and Monte Carlo calculations, the propagator is usually
splitted into its kinetic and potential parts. A higher order splitting will result in a higher order
convergent algorithm. At imaginary time, the kinetic energy propagator is usually the diffusion
Greens function. Since diffusion cannot be simulated backward in time, the splitting must maintain
the positivity of all intermediate time steps. However, since the trace is invariant under similarity
transformations of the propagator, one can use this freedom to “correct” the splitted propagator
to higher order. This use of similarity transforms classically give rises to symplectic corrector al-
gorithms. The splitted propagator is the symplectic kernel and the similarity transformation is the
corrector. This work proves a generalization of the Sheng-Suzuki theorem: no positive time step
propagators with only kinetic and potential operators can be corrected beyond second order. Sec-
ond order forward propagators can have fourth order traces only with the inclusion of an additional
commutator. We give detailed derivations of four forward correctable second order propagators and
their minimal correctors.

I. INTRODUCTION

The quantum partition function requires computing the trace
Z = Tr(p) = Tr(e™PH), (1.1)

where p is imaginary time propagator, 5 = 1/(kgT) is the inverse temperature and H = T'+V is the usual Hamiltonian
operator. Although specific forms of the kinetic and potential energy operators will not be used in the following, it
is useful to keep in mind the many-body case where T' = (—=h*/2m)Y",_, VZ and V = > i< v(rij). In numerical or
Monte Carlo calculations, the imaginary time propagator is first discretize as

o—B(T+V) _ [es(T+v>] " (1.2)

wheree = —Af = —f/n, and the short-time propagator e*(T+V) is then approximated in various ways. One systematic
method is to decompose, or split the short-time propagator into the product form

N
S (T+V) HetiETe'UiEV’ (1.3)
i=1

with coefficients {¢;,v;} determined by the required order of accuracy. For quantum statistical calculations, since

(r'| et | r) oc e~ (r'=1)*/(2t:48) i5 the diffusion kernel, the coefficient #; must be positive in order for it to be simulated
or integrated. If ¢; were negative, the kernel is unbounded and unnormalizable, and no probabilistic based (Monte
Carlo) simulation is possible. However, as first proved by Sheng!, and later by Suzuki?, beyond second order, any
factorization of the form (1.3) must contain some negative coefficients in the set {¢;,v;}. Goldman and Kaper? further
proved that any factorization of the form (1.3) must contain at least one negative coeflicient for both operators. Thus,
despite myraid of factorization schemes of the form (1.3) proposed in the classical symplectic integrator literature* 7,
none can be used for doing quantum statistical calculations beyond second order. It is only recently that fourth order,
all positive coefficients factorization schemes have been found®® and applied to time-irreversible problems containing
the diffusion kernel'®'4. In order to bypass the Sheng-Suzuki’s theorem, one must include other operators, such as
[V,[T,V], in the factorization (1.3).

In computing the quantum partition function Z, only the trace of p = e#H is required. Since the trace is invariant
under the similarity transformation

5= SpsY, (1.4)

one is free to used any such g to compute Z. This is immaterial if p is known exactly. However, if the short-time
propagator is only known approximately, then one may use a clever choice of S to further improve the approximation.
This is a well known idea in many areas of physics. For example, to calculate the exact quantum many-body ground
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state using the Diffusion Monte Carlo algorithm, one can choose S = ¢g, where ¢g is a known trial function close
to the exact ground state. This is the idea of “importance sampling” as introduced by Kalos et al.'>. Its operator
formulation as described above has been implemented by Chin'® some time ago. Similar ideas have been used to
improve path-integrals, as detailed by Kleinert!?. If the short time propagator is approximated by the product form
(1.3), the error terms can be calculated explicitly and eliminated by S. When implemented classically, these are known
as symplectic “corrector”, or “process” algorithms'®23. In this context the propagator p is the kernel algorithm and
S is the corrector. Since S disappears in the calculation of Z, there is no restriction on the form of S. If S were also
expanded in the product form (1.3), then there would be no restriction on the sign of its coefficients. This suggests
that there may exist a product form (1.3) of p with only positive coefficients such that its trace is correct to higher
order. This would not be precluded by the existing Sheng-Suzuki theorem.

In this work, we show that this is not possible. If p is approximated by the product form (1.3) with positive
coefficients {t;}, then p cannot be corrected by S to higher than second order. The proof of this generalizes the
Sheng-Suzuki theorem. The corrected propagator p can be fourth order only if additional operators, such as [V, [T, V]],
are used in the splitting of p. By understanding the “correctablility” requirement, we can systematically deduce the
four fundamental correctable second order propagators and their correctors.

In the following Section, we recall some basic results of similarity transforms. Beyond second order, only a special
class of approximate p satisfying the “correctability” condition can be corrected to higher order. In Section III, we
compute the explicit form of the error coefficients required by the correctability criterion. In Section IV, we show that
this requirement cannot be satisfied for propagators of the product form (1.3) with only positive {¢;} coefficients. In
Section V, based on our understanding of the correctability restriction, we deduce all four second order correctable
propagators and their minimal correctors. Some conclusions are given in Section VI.

II. SIMILARITY TRANSFORMS AND THE CORRECTABILITY CRITERION

Similarity transforms on approximate propagators of the product form (1.3) have been studied extensively in the
context of symplectic correctors'® 22, However, not all use the languague of operators and some are specific to celestrial
mechanics. Here, we recall some elementary results and establish the fundamental correctability requirement in the
context of quantum statistical physics.

Since

Sps! = [seTH1I5 1 " (2.1)

it is suffice to study similarity transforms of the approximate short-time propagator p4. Let p4 approximates e*(T+V)

in the product form such that

N
pA = HetiETe’UiEV — eEHA, (22)

i=1
where H 4 is the approximate Hamiltonian
Ha=T+V +e(erv[T,V]) + & (errv[T, [T, V]| + evrv[V, [T, V]]) + O(e®) (2.3)

with error coefficients epv, erry, eyry determined by factorization coefficients {¢;,v;}. The transformed propagator
is

A= SpaST! = SeTHag—1 = (SHaS™!) = oeHla (2.4)
where the last equality defines the transformed approximate Hamiltonian H 4. If now we take
S = expleC] (2.5)

where C' is the to-be-determined corrector, then we have the fundamental result
7 eC —eC 1 2 1 3
Hy = e~ Hye :HA+8[C,HA]+§E [C,C,HA]-I-gE [C,C,C,HA]+---. (2.6)

Let’s first consider the case where the product form (2.2) for Hy4 is left-right symmetric, i.e., either ¢t; = 0 and
Vi = UN—i+1, tit1 = tN—it+1, or vy = 0 and v; = vN—;, t; = tn—s+1. In this cases, the propagator is reversible,
pa(e)pa(—e) =1, and Ha(e) is an even function of € with ery = 0. In this case

Hy = Hy+¢€[C,Hal + -+,
=T+V +52(6TTV[T; [T, V]] + eVTV[Va [Tv V]]) +6[C’T + V] + (27)
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and one immediately sees that the choice C' = eCy with C; = epy[T, V] would eliminate either second order error
term with cry = epry or epy = eyry. So, if Hy4 is constructed such that

eTTV = eVTV (2.8)

then both can be simultaneously eliminated by the corrector. This is the fundamental “correctability” requirement for
correcting a second order p4 to fourth order. This observation can be generalized to higher order. At higher orders,
H 4 will have error terms of the form [T, @;] and [V, @;] where @; are some higher order commutator generated by T
and V. If Hy is of order 2n in g, then H 4 can be of order 2n + 2 only if H4’s error coefficients for [T, Q;] and [V, Q]
are equal for all @;’s. This fundamental corrector insight is often obscured by the more general case where odd order
errors are allowed.

Sheng! and Suzuki? independently proved that no p4 of the form (2.2) can have positive coefficients ¢; beyond
second order. More precisely, if p4 is of the product form (2.2) with positive ¢;’s such that epy = 0, then ey and
eyry cannot both be zero. We will prove a more general theorem that the product form (2.2) with positive ¢;’s such
that ey = 0 cannot be corrected beyond second order, i.e., erry can never equal to eyry. From this perspective,
the Sheng-Suzuki theorem is a special case where the common value for both coefficients is zero.

In the general case where ery # 0, we have

Hy =T+V +e(ery[T,V]) +2(errv[T, [T, V] + evrv[V, [T, V]])
+e[C,T + V] + ey [C, [T, V] + %EQ[C, C,T+V] +0(). (2.9)

Since [erT + ey V, T + V] = (er — ¢y)[T, V], the liner term in £ can be eliminated if we choose C' = Cy = e7T + cyV
such that

(cr —cv) = —erv. (2.10)

This is the first order correctability condition. This means that with a suitable choice of ¢ and cy, a first order
propagator can always be corrected to second order. Hence, the trace of any first order propagator is always second
order. For example, the trace Tr(eTe®") is second order despite its appearance.

With the first order correctablility condition satisfied, the remaining commutators in (2.9) are either [T, [T, V] or
[V,[T,V], and can again be corrected by adding to C' the term ¢Cy = ecpy [T, V]. Thus with

C=Cqo+eC :CTT+CVv+ECTv[T, V] (2.11)
such that (¢ — cy) = —erpy, we have
ﬁA =T+V+ 52( eTTV[T7 [T7 V]] +evrv [Va [Ta V]] )
1
+e2[C1, T + V] + 2erv[Co, [T, V]] + 562[00, Co, T+ V]+O(e%),
1
=T+ V +&(errv — crv + ECTeTV)[Ta (T,V]]
1
+52(€VTV —cry + EC\/eTv)[V, [T, V] =+ 0(63) (212)

If we now choose cryv = erry + %cTeTV to eliminate the error term [T, T, V], then the error term [V, T, V] can vanish
only if

1
errv = evrv + 5(6TV)2- (2.13)
This is the general second order correctability requirement for correcting any first order propagator beyond second

order. The major result of this work is to show that this condition cannot be satisfied for product decomposition of
the form (2.2) with only positive ¢; coeflicients.

III. DETERMINING THE ERROR COFFICIENTS

To check whether the correctability requirement (2.13) can ever be satisfied by an approximate propagator of the
product form (2.2), we need to determine ery, epry and eypy in terms of {¢;,v;}. From the assumed equality

N
HetisTeviEV — eEHA, (3.1)
i=1
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with H4 given by (2.2), we can expand both sides and compare terms order by order in powers of €. The left hand
side of (3.1) can be expanded as

N N
e Tgen1VetaTgevaV | etnToeonV 1 4 o (Z ti) T+¢ <Z vi) V4., (3.2)

i=1 i=1
and the right hand side as
efHa 14 e(T+V)+ 626Tv[T, V]+ Serry [T,[T,V]] + 83€VT\/[V, [T, V]]

+%52(T LV 4 és%w {(T+ V)T, V] + [T, VI(T +V)}

1
+§53(T+V)3 4o (3.3)

Matching the first order terms in e gives the primary constraints

N N
Zti =1 and Zvi =1 (3.4)
1=1 =1

To determine the error coefficients, we “tag” a particular operator in (3.3) whose coefficient contains ey, epry or
evry and match the same operator’s coefficients in the expansion of (3.2). For example, in the 2 terms of (3.3), the
coefficient of the operator TV is (3 + ery) Equating this to the coefficents of TV from (3.2) gives

1 N
5 +ery = ; S;U;.- (35)

where we have introduced the variable

S = th. (36)
j=1

This way of computing TV from (3.2) corresponds to first picking out a V' operator from among all the v; terms, then
combine all the ¢; terms to its left in the exponential to generate a T operator. Alternatively, the same coefficient can
also be expressed as

1 N
§ +eyr = ;tiui. (37)

where

N
U; = Z’l}j. (38)
Jj=1

This way of computing TV corresponds to first picking out a T" operator from among all the ¢; terms, then combine
all the v; terms to its right in the exponential to generate a V' operator. To demonstrate how these variables are to
be used, we can directly prove the equality of (3.5) and (3.7). First, note that sy = 1 and u; = 1. Second, since
t; = s; — $;—1, at i = 1 we must consistently set so = 0. Similary, since v; = u; — u;41, we must set uyy; = 0.
Therefore we have

N N

N N
Zsivi - Z si(ui - Ui+1) = Z(Sl — si_l)ui = Ztiui (39)
i=1 ] i=1

i=1 i=1

The determination of error coefficients is simplified if we pick operators whose expansion cofficients are easy to
calculate. Matching the coefficients of operators TT'V and TVV (note, not the operator VI'V) yields

N N
1 1
6 + EeTV +erry = 3 Z._E 1 S%’Ui = 5 Z._E 1(312 — S%_l)ui, (3.10)
1 1 N
_ 2
6 + EETV —eryr = 3 E tiu;. (3.11)

1

<
Il
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Using the expression for ey from (3.11), the correctability requirement (2.13) reads

1 N
3 E tiu? = a, (4.1)
=1
with
11 9 1
- (= - _ 4.2
a 2(2+6Tv) +24 eTTV ( )

and ery, epry given by (3.7), (3.10) respectively. In Suzuki’s proof?, he recognized that in terms of the variable
Vtiui, (4.1) is a hypersphere and (3.7), (3.10) are hyperplanes. His proof rest on a geometric demonstration that his
hyperplane cannot intersect his hypersphere. While this geometric language is very appealing, it is cumbersome when
dealing with more than one hyperplane. We will use a different strategy.

If ¢; are all positive, then the LHS of (4.1) is a positive-definite quadratic form in u;. There would be no real
solutions for u; if the minimium of the quadratic form is greater than a. Our strategy is therefore to minimize the
quadratic form subject to constraints (3.7) and (3.10)

N
Ztiui = b, (43)
i=1

N

Z ti (Sz + si_l)ui

i=1

c, (4.4)

with b = %—k ey, Cc= %—k ery + 2epry, and show that the resulting minimium is alway greater than a. (The primary
constraints (3.4) are just sy = 1 and u; = 1.)
For constrainted minimization, one can use the method of Lagrange multiplier. Minimizing

1 N N N
— 2
F = § ;t,ul -\ <Zz; tiu; — b) — A <Zz; ti(Si + si_l)ui - C) (45)

gives
U; = A1+ Ao (S, + Si—l)- (46)
Substituting this back to satisfy contraints (4.3) and (4.4) determines A\; and Ao:

AL+ X = b, (47)

)\1 + AQ + gAQ =C. (48)

The only non-trivial evaluation is Zfil ti(s; +si_1)? =1+ g, where

N

g= Z(s?si,l — 8i87_4)- (4.9)

i=1

The minimum of the quadratic form is therefore
N
F = Z ti[)q + A (Sz + Si_l)]Q

= S +X2)” + N3]

1 2 1 2
= 5l +§(c—b) ]. (4.10)
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To minimize F', one must maximize g. Solving dg/0s; = 0 gives s; = (S;+1 + Si—1)/2, which means that s; is linear
in 4. The normalization sy = 1 fixes s; = i/N, giving

1 1
mazr = 5 (1 — —=5). 4.11
P (4.11)
This is indeed a maximum since one can directly verify that 82¢g/ds? = —2(s;41 — si—1) < 0. Hence, at any finite N,
Loy o _ 11 2, 3 Lo 2
F > E[b + 3(c —b) ]:§(§+6Tv) +§(26TTV_6) =a+6erry. (4.12)

Thus the minimum of the quadratic form is always higher than the value required by the correctability condition.
Hence, no real solutions for u; are possible if ¢; are all positive.

We note that the above proof is independent of e7y . For ey = 0, the correctability condition is just epry = eyry.
Hence for symmetric decompositions with positive t;’s, where epy = 0 is automatic, we have as a corollary that eppy
can never equal to eyry.

V. CORRECTABLE FORWARD PROPAGATORS AND THEIR CORRECTORS

The last section is the main result of this work. Here, we show how the correctability criterion can be applied
systematically to deduce forward correctable second order propagators and their minimal correctors.

The proof of non-correctability is limited to the conventional product form (2.2), which factorize the propagator
only in terms of operators 7" and V. As shown in the last section, symmetrically decomposed positive time steps
propagators cannot be corrected beyond second order because erry cannot be made equal to eyry. For example,
the second order propagator

exp(%sT) exp(eV) exp(%sT) (5.1)

has t) = to = 1/2, vy =u; =1, s; = 1/2 and epy = 0. From (3.10) and (3.11), we can determine indeed that the
two error coefficients are not equal:

11 21 11

v = 5\2 6 24

1 1/1 1
= )1=—= 2
VT = % 2(2) 12 (52)

A simple way to force them equal is to directly incorporate either operator [T, [T, V] or [V, [T, V] in the factorization
process. Since [V, [T,V]] = (h°/m) Y|V E#iv(rij)P is just another potential function, Suzuki?* suggested that
one should keep the operator [V, [T, V]. If now we add 55¢3[V,[T,V]] to eV in (5.1), we can change the coefficient
eyry from —1/12 to —1/24, matching that of eppy . The result is still only a second order propagator

pTI = exp <%5T> exp <5V + %SS[V, [T, V]]) exp <%5T> ; (5.3)

but now has a fourth order trace. This propagator was first obtained by Takahashi and Imalda?®-2¢ by directly
computing the trace. It is a remarkable find given how little they had to work with. This derivation explains, without
doing any trace calculation, why the propagator worked.

The alternative of keeping [T, [T, V] would require adding —5;¢[T, [T, V]] to make erry equal to eyry’s value
of —1/12. This operator is too complicated for practical use, but in the case of the harmonic oscillator, it can be
combined with the kinetic energy operator:

pap = €Xp (%ET - %53[T, T, V]]) exp (eV) exp <%5T - %53[T, [T, V]]) ) (5.4)

This can also be casted in the form of

pap = exp (%w) exp <5T - 21—453[1“, T, V]]> exp GEV) . (5.5)
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In this case exp(1eV)exp(eT)exp(3eV) has erry = 1/12 and eyry = 1/24 and propagator psp corresponds to
changing erry’s value to match that of eyry. The Takahashi-Imalda propagator (5.3) can also be recasted as

Py = exp ( V4 %5 V.IT, vu) exp (eT) exp ( V4 %5 V[T, vu) , (5.6)

corresponding to changing eyry’s value to match that of eppy. These are the four fundamental correctable second
order propagators with a fourth order trace.

For the computation of the trace, it is unnecessary to know the corrector explicitly. In other cases, such as symplectic
corrector algorithms, one may wish to apply the corrector occasionally to see the working of the corrected fourth order
propagator p. We will give a detailed derivation of correctors for propagators (5.3)-(5.6), cumulating in a set of four
minimal correctors. These minimal correctors with analytical coefficients have not been previously described in the
literature!823,

For the Takahashi-Imalda propagator, we have erpy = eypy = ea with eo = —1/24. From (2.7), we see that a
possible corrector is C = eq¢[T, V]. This can be constructed in a straightforward manner as suggested by Wisdom et
al.'®. Since

B(vi,t1) = exp(eviV)exp(et;T) exp(—ev1V) exp(—et1T)

1 1
= exp <—v1t152[T, V] - §t%v153[T, [T,V]] - Etlful e3[V, [T, V]| + O(e )) (5.7)
by setting v1t1 = (1/48), the following product is a workable corrector
1
Blon,t)B(—on, —t1) = exp (=, 2TV + 0 ) (5.8)

Note that it is important to have the operator V' before T to generate a negative ey coefficient. However, without
fully determining both v and t1, this corrector clearly under-utilize B(vq,t1). It requires eight operators, which is
far from optimal. We will show below that four is suffice.

Let H=T+V and G = [T, V]. Since Hy = H +ese?[H, (], we can see from (2.7) that adding a term coH to C, will
not affect the corrector term e[C, T + V], but such a term will generate unwanted third order terms coese®[H, [H, G]
from [C, Ha] and fcoese®[H, [G, H]| from £e[C,[C, Ha]]. To cancel them, we must add another term c;e?[H, G] to

the corrector such that ¢s = %0062. Thus the corrector can have the more general form

1
exp(eC) = exp <005H + e2e?G + §c06253[H, G]) +0(eh), (5.9)
= exp(coeH) exp(e2e?G) + O(e?), (5.10)
where the second line follows from the fundamental Baker-Campbell-Hausdorff formula, exp(A) exp(B) = exp(A +

B+ (1/2)[A, B]---). To exploit the use of the free parameter ¢g, we can approximate exp(coeH) by

exp(e %0 V) exp(ecoT) exp(e %OV)

~ exp <cosH + %cos T, [T, V] + i4@05 V,IT, V]) +0(e), (5.11)

and the term exp(e2c2G) by B(vi,t1). We can now choose ¢g, vy, t1 such that vit; = 1/24 and the third order terms
in (5.11) exactly cancel the third order terms in (5.7): it3v; = L¢3, 2t10} = Lcf. This gives g = 1/(2 - 31/6),
vy = 1/(4v/3) and t; = 1/(2v/3). The result is a corrector with six operators:

S= exp(s%OV) exp(ecoT) exp(zs(c—0 +v1)V) exp(et1T) exp(—ev1 V') exp(—¢et1 T). (5.12)

2

Since this corrector has made good use of all the parameters, it is surprising that one can find a even shorter corrector.
Instead of B(v1,t1), consider just

exp(edoV) exp(sdgT)
= exp <d05H - d2[T V]+ T, [T, V] - —d IV, [T, V]> + O(e"). (5.13)
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The corrector
Srr = eXp(E%OV) exp(ecoT) exp(s(%o +do)V) exp(edoT) (5.14)

1

1 1
= exp <(co + do)eH + (—5d3)eG + 5 (= 5d3) (o + do)[H. G]

+11—2(c3' +4d3)e (T, [T, V] + 21—4(cg +4d3)* [V, [T, V]) +0(e")

will have the correct value for e, if we take d3/2 = 1/24, fixing dy = 1/(2v/3). The corrector will also be of the
form (5.9) after both commutators have been eliminated by setting ¢ = —4d3, giving ¢g = —1/(2'/3v/3). This is the
minimal corrector for the Takahashi-Imalda propagator.

The corrector of the form (5.9) is completely determined by a single number es. Its sign dictates the order of the
T and V operators and its value fixes their coefficients. For the alternative propagator psp (5.4) with eo = —1/12,
its corrector is of the same form as (5.14), but now with dy = 1/+/6 and ¢o = —2'/6//3.

For positive values of es, the corrector is of the form

S

exp(s%OT) exp(ecoV) exp(s(%o +do)T) exp(edo V) (5.15)
1 11
= exp((co +do)eH + (5d3)52G + §(§d3)(co +do)[H, G]

1 1

556 HRSIT V] - (6 + )V [TV]) + 0.

Propagator pap is dual to the T'I propagator with ex = 1/24. Its corrector is of the form (5.15) but with same
coefficients dy = 1/(2V/3) and ¢ = —1/(2'/3\/3). The p4; propagator (5.6) with e; = 1/12 is dual to psp. Its
corrector is of the form (5.15) with dy = 1/4/6 and ¢g = —2'/%/4/3. These compact correctors are fitting companions
to their equally compact propagators.

VI. CONCLUSIONS

In this work, we proved a fundamental result on the correctability of forward time step propagators. We show that
if p = e*(T+V) were to be approximated by the product form (2.2), then no product form with positive coefficients {t;}
is correctable beyond second order. Whereas a conventional higher order propagator requires its error terms to vanish,
a correctable propagator only require its error terms to satisfy the correctability condition. The latter requirement
seemed far less stringent. A surprising element of this work is that, this is not the case. For symmetric decomposition
with positive {¢;}, the two second order error coefficients cannot both vanish because, they can never be equal! The
correctability requirement itself is stringent enough. This proof of non-correctability generalizes the previous work of
Sheng' and Suzuki?.

From knowing correctability requirement, we derived systematically the four forward correctable second order
propagators and their minimal correctors. These minimal correctors follows from a more general form (5.10) of the
corrector with free parameters. Much of the existing literature on symplectic corrector are rather opaque, concerned
only with how to satisfy “order conditions” numerically??23. This work suggests that a more analytical approach is
possible.

The Takahashi-Imalda type of propagtors considered here are unique in that they are the only known second order
forward time step propagator with a fourth order trace. If one is willing to evaluate the potential at least twice,
then with the inclusion of [V, [T, V], one can make both error coefficients erry and eyry vanish®?. The result is a
whole family of positive time step fourth order propagators?”3? with a fourth order trace. While this class of forward
decomposition algorithms is indispenable for solving time-irreversible problems'®4 they are less interesting from the
point of view of calculating the trace. For correctable propagators, their key attraction is that one can obtain a higher
order trace without being a higher order propagator. Methods and results of this work can be use to study ways of
correcting these fourth order propagators to higher orders.
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