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Abstract

In this paper we revisit the Moser—Veselov description for the free Rigid Body, which, ixtBease,
can be implemented as arplicit, second order, integrabbgpproximation of the continuous solution. By
backward error analysis, we study the modified vector field which is integrated exactly by the discrete
algorithm. We deduce that the discrete Moser—Veselov (DMV) is well approximated to higher order by
time-reparametrizations of the continuous equations (modified vector field). We use the modified vector
field to preprocess the initial data to the DMV and show the equivalence of the DMV algorithm and
the RATTLE algorithm. Numerical integration with these preprocessed initial data is several order of
magnitude more accurate of the original DMV and RATTLE approach.

1 Introduction

In 1991 Moser and Veselov published a memorable paper (Moser & Veselov 1991) in which they described
discrete versions of several classical integrable systems, among which, the Rigid Body (RB). The inte-
grability of these discrete maps was shown with the help of a Lax-pair representation corresponding to a
factorization of certain matrix polynomials.

There is a large interest of the computational community towards good methods for the integration of
the RB equations, since they arise naturally in a number of applications, for instance celestial mechanics
and molecular dynamics. RB equations are used here to follow particles (planets, atoms, molecules, etc.)
in between other body-body interactions. It is of fundamental importance that some qualitative features of
the system under consideration are preserved under integration, for instance energy. However, in the recent
years it has become clear that numerical preservation of energy alone is not enough to obtain ‘good’ qualita-
tive descriptions of the system. Other properties like symplecticity and time-reversibility have been shown
to produce favourable propagation of errors, hence better numerical methods, especially when interested
over long time behaviour.

Another interesting aspect of the work of Moser and Veselov is that their approach is based on the
theory ofdiscrete Lagrangianswhich has become emergent in the computational mechanics community
(see for instance (Marsden & West 2001) and references therein) because the methods derived by this
approach naturally inherit the symplectic structure of the system under consideration, they preserve the
discrete Lagrangian, preserve momentum and preserve energy. However, this approach has also some
major drawbacksi) it is difficult to obtain numerical methods of order higher than twpjt is usually
difficult to estimate the numerical error, aiiigl the derived methods (with some few exceptions) are highly
implicit, hence computationally expensive. In facts, the DMV algorithm fordthe3 RB is an exception,
since, as we shall see in the sequel, it can be implementedeaglicit numerical method.
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Motivated by this, in this paper we revisit the DMV algorithm for the RB equations and analyse it as
a numerical algorithm for the their time integration. The original DMV is a second order method, but,
unfortunately, it has a large error constant, so that it is not competitive with other numerical algorithms (like
the splitting method of McLachlan (1993), which is second-order, explicit, reversible and norm-preserving,
or the Implicit Midpoint Rule (IMR), which is second order, norm- and energy-preserving for this problem
but implicit, though remarkably accurate) which are nowadays widely used for the integration of the RB.

Using tools dear to numerical analysis, lilzackward error analysi¢BEA), we are able to construct a
modified vector field which is integrated by the DMV up to ordesind describe a general procedure for
obtaining higher order approximations. The study of the modified vector field fo3 thé RB reveals
that the DMV algorithm solves a time-reparametrisation of the original RB equations. This observation is
hence used to “preprocess” and “postprocess” the initial condition of the original DMV algorithm so that
a 4th and a6th order method are obtained, adding only a tiny percent to the total expense of the original
DMV algorithm! These observations hold also for the RATTLE methods for the RB, which is shown to be
equivalent to the DMV algorithm. Remarkably, for tBe< 3 RB the DMV algorithm can be implemented
as anexplicit method, without losing any of its originaly integrability.

The present paper is organised as follows. In the rest of this section we describe briefly the connection
between the DMV algorithm and the discrete Lagrangian approach. In Section 2 we study the modified
vector field of the DMV algorithm deriving the componerftsand f; explicitely and sketching the pro-
cedure for the higher order components. In Section 3 we focus on the casedktl3eRB equations
and obtain explicit expressions f@s and f5 as a constant timgd/, Q2]. These constants are then used in
Section 4 to rescale the initial condition in order to obtain numerical approximation of oeshelt respec-
tively (DMV4, DMV6). In Section 5 we discuss the behaviour of the methods DMV, DMV4 and DMV6
as function of the step sizk of integration. In Section 6 we establish the equivalence of the RATTLE
method for the RB with the DMV algorithm and conclude that the scalings for order 4 and 6 for DMV can
be used to improve RATTLE in an analogous fashion. In Section 7 we present some numerical experiments
illustrating the results presented in this paper. Finally, in Section 8, we describe the explicit algorithm used
to implement the DMV in this paper.

1.1 The DMV via the discrete Lagrangian approach
Moser & Veselov (1991) consider the fuction| X') determined by

S = tr(XpJ X)) (1.1)
k

whereX = {X;} with X;, € O(V) andJ is a symmetric matrix. To obtain the stationary pointsSpthey
take constrained variations

1
D r(XpIX) ) - 3 D tr(Ap(Xe X[ — 1)),
k k

(whereA;, = A/ is a Lagrange multiplier), so thas = 0 becomes
X1 + Xi—1J = A X,
from which, multiplying byX, on the left and taking into consideration the symmetrj\pf
X1 J X + X1 JX)] = Ay = A = X X, + X J Xy, (1.2)
hence, thaliscrete analogue of the angular momentum in space
my = XpJ X§_1 — X1 JJX),

is conserved.



In the body variables, setting, = X,CTXk_l € O(N) and My, = Xk_flkak_l = wkTJ — Jwy €
s0(N)* (angular momentum w.r.t. the bodyf)..2) becomes

— T
Mk+1 = wkMkwk

(1.3)
Mk = w,;rJ — ka.

thediscrete Euler—Arnold equation.

What is the relation between the discrete Lagrandfiaif) and the Lagrangian of the continuous RB
equations?

Let us consider the continuous RB equations in body coordinates,

M =[M,Q), M=QJ+JQ, (1.4)

(Arnold 1989), whereM is the angular momentum arfd the angular velocity. M and 2 are skew-
symmetric matrices and is a diagonal matrix, the inertia operator. The Lagrangian of the continuous
RB equations, is the kinetic energy,

L= %tr(QTM) = %tr(—sz —QJQ) =tr(QTJQ), (1.5)

where we take into account th@t" = — and that the trace is invariant under cyclic permutations. Fol-
lowing (Marsden, Pekarsky & Shkoller 1999), discrefise- g~ g, whereg € SO(N) is the configuration
of the body, using a finite difference approximation of the derivative,

_1. 1
Q=g 'g~ Egl;r+1(gk+1 — k)s gk, grk+1 € SO(N),

which gives
1
L~ ﬁtr(J — n 91 — TG 19k — G G119

Due to the orthogonality of the,’s and the cyclicity of the trace, the first and the last term cancel, and
moreover, we can write

1
L~ 359k Jgi)-

Up a scaling factor, this is precisely the discrete Lagran whereasXy, is replaced byy.

1.2 The DMV algorithm for the RB equations

Assume that the we wish to solve the RB equati in the interval[ty, t,], wherety, = to + kh, his
the step size of integration ard is initial condition. Without loss of generality, the mattixis assumed
to be diagonal.

The DMV algorithm:
1. SetMy = Myh.

2. Fork=0,1,...,n—1,
find the uniquew;, with the properties below such thaf, = w/! J — Jwy,
Seth+1 = wkMkwkT
end

3. Reconstruchf,, = M (t,,) = M, /h.



In step 2. one has to solve ripetutely the Moser—Veselov equation
M=w'J-Jw (1.6)

where M is a skew-symmetric matrix and is diagonal with entries/y, Jo, ..., Jy, for the unknown
orthogonal matrixv. The Moser—Veselov equatiafi.6]) does not have a unique solution; however, if the
setS of eigenvalues\; of W = w'.J admits a splittingS = S, U S_, with

S,=S,, S.=S., S =-S5, S.NnS =0 (1.7)

then, there exists a unique= J~'W T that satisfieg1.6), with speci’ = S, (Moser & Veselov 1991).
We recall that the eigenvalu@sare the solutions of the characteristic equation

P(\) = det(A\2T — AM — J?) = 0. (1.8)
For the3 x 3 RB,
—P(\) = XN\ (JP+ T3+ J] —miy, —mi; —m3,)
+ N (J3J3 + T T3 + J3J5 — miyJ5 —misJi —magJt) — JTJ3 5.

Due to the skew-symmetry dff, P(\) = P(—\), which implies that, introducing the auxiliary variable
= A2, P(p) is a polynomial of degree three,

—P(p) = p®—p’ (J12+J22+J§_m§2_m%3_m§3)
+ut (JRJ5 4+ T2 5 4 I35 —miyJ; —misJs —misJy) — JPJ5 J3
= 1+ ay® + arp + ao,

whose roots can be explicitely found (see (Abramowitz & Stegun 1965) p. 17). @n¢e and s are
determined, we recover thes by

A = £, i=1,2,3.

It must be noted that the coefficients Bf\) are invariants, therefore the computation of the rogtsan
be done once and for all (before step 2.).

Having computed the\;s, one can then proceed to the computation of the makfiky solving for
eigenvectors corresponding to thgs having positive real part, henge= J—'W T is constructed for each
iterationk. We refer to this method as tlirect methodand it is essentially described in (Moser & Veselov
1991).

The matrixw can be computed also indirectly, via Schur real forms, as proposed by Cardoso & Leite
(2001). This approach, and our explicit approach, is described in greater details in Section 8.

2 Modified vector field of the DMV

In this section, we consider the Discrete Moser—Veselov algorithm for the dynamics of the rigid body,

Mk = w;—J — ka

(2.1)
M1 = wiMyw)
and assume that, ~ I — hQ(tg), tr, = to + hk, whereQ(t) is the angular momentum of the continuous
RB equation at time = .
Setting
Mk—i—l = q)h(Mk) = M + h[Mk, Qk} + h2d2 + h3d3 + h4d4 + -y (22)



we look for a modified vector field (see for instance (Hairer, Lubich & Wanner 2002)),
M' = [M,Q] + hfa(M,Q) + h%f3(M,Q) + h3 f4(M,Q) + - -- (2.3)

such thatby, (M) equals the squtioM(tkH) attimet,1 = to + (k + 1)h of the modified vector field

23).

2.1 Deriving the map®;, (M)
To arrive at the formulatior2.2)), we write

wp = exp(—hQy — K2 — h3Qy — A Q3 — APQy + -+ ), (2.4)
whereQq, Q1,Qs, ..., are skew-symmetric matrices computed so that
wp J — Jwp = h(Q(tg)J + JQty)). (2.5)

The next step consists of expanding, ., = @, (M) in (2.1) in terms of powers of using the series
expansion fot,. Finally, comparison of the Taylor expansion of the solutioif208)) and([2.2)) allows us
to derive the expressions for thfgs, i = 3,4, 5,. .. in (2.3).

We commence by expanding, in powers ofh,

WE = I — hQO + hz(—Ql =+ %92) =+ h?’(—QQ + %(QOQI + QIQO) — éQg)
= Qa4 B3 + Q0 + %) — HBY + Q0 + 203) + H04)

+ h5( — Q + (00 + D + 0O+ QQ3) 26)
N .

L8 + 03010 + QD + 00F) — 50)
+O(hS).

Substituting in(2.5)), we obtain

h(Q(te)J + JQ(t)) = h(QJ + JQ) + h2 (] + JU + 2(Q3T — J3))
+ 13 Q2 + T + L[ + ), J] + ST + JQ)) + -

Comparing left and right-hand-sides, it is trivially observed that the okderm disappears i, = Q (to
simplify notation, we omit the dependencef®bn ;). In order to annihilate th&2-term, we require that

1
g+ IO + §(Q%J - JO3) =0.

RecallthatV/ = Q.J+.JQand hencé/’ = ' J+.J. Onthe other handy’ = [M, Q] = —(Q*J—JQ?).
Hence we can write

1 1
O=MJ+JO — 5M' =W J+JQ - 5(Q’J + J)
and the identity is satisfied by if and only if

Q, - %g (2.7)



M=QJ+JQ

M = —[02,J] =T+ JY

M" = —[Q'Q+ 0, J) =Q"J +JQ"
M = —[Q”Q +2072 4+ Q" J] = Q"]+ JQ"
Mv) — —[Q/”Q + 3(9//9/ 4 Q/Q”) + QQ”/’ J] _ Q(“’)J+ JQGv)

Table 1: M and its first derivatives with respect to time as function$ofthe commutator is the usual
matrix commutator)

M=QJ +JQ
M = [M,9)
M" = [[M,Q), Q] +[M, Y]

Q)+ [[M, ], Q] + 2[[M, Q], @] + [M, Q"]
M( :HH Q, 0], Q] + [[[M, ©,9],Q] + 2[[[M, 9], 2], Q]

M = (M ],f]ll
Q,

3[[[M, 2,

Table 2: M and its first derivatives with respect to time in terms of a single occurrengé. of

O+ [[M, "], Q] + 3[[M, ], ] + 3[[M, 9, Q)] + [M, 2]

By a similar token, we require that

Vo + JQy = — L (03] + JO3) — L[( + 1), J]

= —§(Q3J+ JO3) + 1M
= —3(BJ+J3) + LT+ JQ"),
From which we deduce that . )
0y = iQ” — 693' (2.8)
The equation fof23 is
0 = Q3J+JOQ5+ l[Q2 + Q0 + Q2Q0, J]

3' ((9291 + Qo0 Qo + Q02)T + J(Q2Q + Q0 Qo + 9192))

from which we deduce that
Qs = é@ - %(QQQ’ T Q00+ 90%) + éjfl[n J] + j e, ),

where the operatqf is the linear operator such thaiS = SJ + JS.
Using the relations betweeW, Q2 andJ and their derivatives, after some tedious computations we find

Q% J] =~ ((Q’Q2 +Q2Q) T + J(Q + 929')) — 04, J],
Hence 23 reduces simply to

1
5= 507 + 2 +5 :
Q5 = 20" — o (5070 +200/Q + 50'0°). (2.9)

24(

Next, we consider the equation f;. Setting the coefficient df® to zero, we obtain

0 = Q4J+JQ4+ [QsQo+Qle+Q Q + QQ3, J]



1
+ 2 (039 + 200200 + 0208 + Q002 + 2000 + B0).T

+ T(Q2Q + Q00 + Q02 + Q02 + Q10 + QfQO))
1

+ (939 + Q80100 + 20 + 219, J]
1

+ (987 + J95).

At this point, we repeat the tedious work of substituting in the above expression the known values of
Qo, 1, ..., and of expressing the whole 8sJ + JQ, = CJ + JC, from which we will deducé), = C.
Firstly, we have

1 _
0 = QJ+JQy— E(Q(W)J—F JQ(W))
1
— g[QNQ/ + Q'+ PAQ+ QU0 + Q3 + O3, J]

1
+ 5 ((929” + Q'+ Q0% + Q02 + Q0 + Q%Q)J

+ J(Q2Q + QQ"Q + Q"0 + Q% + Q0 + Q’QQ)>

3
— (5T 4+ JOP).
40( + )

Secondly, using the equalities
[QHQ/ + Q,Q//’ J] — 7[M/7 Q//] _ [MN, Q/}
= [[Q2 J], Q"]+ [+, ], Q]
- ((Q”Qz + QZQH)J + J(Q”Q2 + 929”)) + QQM// + M”92
+ [+, ], 7,
_ ((Q”92 Q20T+ J(Q02 + QQQ”)) - (QQ[Q’Q +Q0, ]
Q4 Q, J]Q2) F[Q+ Q. J], ],
[Q2(Q'Q + Q') + (Q'Q + Q)02 J]
= QAU+ QY J]+ [+ QQ, J]0?
— (M'(Q'Q+QQ) + (VQ+ QY )M).

[Q2Q/Q + Q02 + QP + Q3 ]

we deduce that
[QVQY + QY+ Q2UQ + QU2 + Q3 + Q0P J]
S ((Q”Q2 £ 020+ Q20+ 2000 + QQ2)J
Q102 + Q2 + Q2Q + 20000 + 99’2)),

from which we obtain

Q= %69(1’”) - i(m”m + QOO+ 4020 4+ 4Q0%Q 4+ TA'OQQ + 400%) + %95. (2.10)
In general, the algorithm to derie;, fori =1,2,...,is

1. Find the coefficient oh‘*! in (2.5 and set it equal to zero. This will give an equation of the type
0, J+JQ; = C,J+ JC; + [D,, J]. Note that the term€’;J + JC; have an odd occurrence of the



Q=0
1oy

%Q// _ %QS

0y = 107 — L (5020 + 200/ + 50'0?)

fole)
N =
Il

Table 3: The function§;

Q;s, while the terms of the typgD;, J] have an even occurrence of thes (this statement can be
rigorously proved by writingy = exp(—f(h)), wheref(h) = Z;";O hiT1Q);, and then using the
relations betweeaxp andsinh, cosh).

2. Use the derivatives ¥/ and(2 to express the teriD;, .J] asC;.J + JC..
3. Deduceﬂi =C; + éi.
Once the2;s are known, substituting back {@.1)) and using the well known identity

o0
1
exp(X)Y exp(—X) = expyq, ¥ = Z Ha(ﬁ((Y),
k=0

where ad (Y) = [X,Y] and, recursively, dd(Y) = [X,adi (Y] (see for instance (Iserles, Munthe-
Kaas, Ngrsett & Zanna 2000)), we obtain the Taylor expansion for the DMV algorithm,

Mi41 = My — h[Q0, My] + b3 (=@, M] + 3,0, [Q0, My]])
n zﬁ( — [, My] + £ ([Q0, [, My]] + [Q1, [Q0, M]]) — %[0, [Q0, [Qo,Mkm)
+0(n?)
hence,
Myt1 = My — h[Q, My] + 3h*(—[, My] + [©, [, M,]])
+ 3 (=3[0, My] + 110, [0, M) + F9, [0, M3]] = 2[99, [0, My]]] + 392, M)
+ O(h*).

Using the expressions for tlig s, by the skew-symmetry of the commutator and by comparison@,
we obtain the explicit expressions for the functiehsds, . . .,

d2 = %([M7 Q/] + [[M7 9]79])7
ds = 2[M, Q"] + L[[M, ], Q) + $[[M,Q], ] + :[[[M, Q],Q],Q] — 2[M, Q7] (2.11)
dy=...,

whereM = M, = M (t;). The general expression fdy as a function of)y, ..., Q;_1 is

dizz(i)j Z ach,, adh,, ---ad, M, ki,...kj €{0,1,...,i—1}. (2.12)

1l
Jj=1 J kitkot--+kj=i—j

2.2 Taylor expansion of the solution of the modified equation

The derivation of the Taylor expansion of the solution of the modified vector field can be done according to
(Hairer et al. 2002). Consider

7 =10 +hf25) + h2 fa(g) + -+,



wheref(M) = [M, Q] = [M, J~*M] is the original vector field of the RB equations, whefés a linear
operator, defined such that? = QJ + JQ = M. Puttingg(t) = M(t), we expand the solution of the
above equation in a Taylor series and collect corresponding powérs of

GE+h) = M)+ hf(M)+ A (fz(M) n ;!f'ﬂM))
+ 1 (fs<M> b o (FROM) + FFOD) + 5 (F(F, (M) + f’f’f(M))> T

wheref’ is considered as a linear operatf,as a bilinear operator and so on and so forth. In our case,

fZM) = [z "M+ [M,J "]
= [2,9 +[M, T ]
[z, 22) (M) = 2[z1,T 'z,

and, sincef is quadratic,f””” and all the other higher derivatives equal zero.
Taking into accout the equalities displayed in Takffgs([2)), we have

I = (M9, Q]+ [M, [77HM, Q]| = [[M,Q], Q] + [M, ]
F0 D) 2([M, Q], T [M, Q] = 2[[M, 9, ]
f1 (M) [[[M, 9], 91, Q) + [M, T H[M, Q] Q) + [[M, '], 9] + [M, T~ [M, ]
[[[M, 9], 9], Q] + [M, Q"] + [[M, @], ],

from which we immediately deduce that

1
fo=dy— 5 f'f(M) =0,
as we would expect from a second-order methods, and, moreover,

fa=ds — 5 (f"(f, /) (M) + f'f' f(M))
— LM, Q" — [Q,Q] - 203,

hencef; is a quartic polynomial inl/. For our computations, it will be conventient to wrifgas

o= 11—2<[M, 0]~ [V 0, @] + [[M, 9], 9] — 2[M, 2], 2.13)
Note thatfs is a quartic polynomial in\/. This confirms what had been already proved in (Deift, Li &
Tomei 1992) by a completely different argument: Deift et al. used the theory of loop groops an2l rank-
extension and their expression fR(M) = f3(M) is given as a limit of a double integral. In the sequel,
we shall see that, due to its simplicity, our form is much more amenable and easy to use in
numerical computations to dramatically improve the performance of the DMV algorithm.

At this point it is important to stress an important difference between the expressions for the modified
vector field of (Hairer et al. 2002) and ours. While the vector field discussed in (Hairer et al. 200B)is in
hence the”’ is a symmetric quadratic operator, this is not the case for our vector field which is on matrices,
thus in generalf” (f'f, f) # f”(f, f'f). This non-commutative case is discussed with more generality
in (Munthe-Kaas & Krogstad 2002). However, we observe #ilathe terms containing combinations of
f”, f" and f correspond simply to higher derivatives ff The mixed terms are treated instead specifically.
Therefore, we have

fo=ds— 5 M) — L(f f5+ fif)

(2.14)
fo=ds — LMW — L(f fa+ fuf + H2(fF+ Ff3))

9



whereby all the vector fields are computed\at
By direct computation,

f’fS = %([[M, O — [Q,Q’] — 2Q3]aQ] + []\47 j_l([M, Q//] _ HM7 QLQ/] + HM, Q/LQ] B 2[M7 QSD])
= % ([[M, QO _ [Q, Q’] _ 293]’ Q] + [M, Q" _ S(QQQ, n Q/QQ)])
1

o (=2([M, 9], Q3]+ [M, 0% + QQ'Q + Q2)) — ([M, Q], [Q, )] + [M, [, Q"]])

+[[M,9, Q"] + [M, 7~ ([[M, ), 91, )] + [M, 7~ ([M, 2], Q)]
+ M, TN IM, QL QD] + [M, T (([M, 9], 2]
+ M, T M, T M, QL Q)] + [M, T H(M, T~ HM, Q)
= %(*2([[1\4» Q, %) + [M, Q% + Q'Q + QQ']) — ([[M, 0, [, ] + [M, [2, 2"]])
+[[M, 9], "] + [M, Q).

faf

To reduce the second term jfif; we have used the equation fay’” in Table[2, thence the identities
M, Q] = M' = Q' J +JQ = —[Q2,J].
We have

Pl fof = 5 (2AM07) + 200,97, 0) - 4[[M, 9, 9

— [M, 59%Q 4 2Q0/Q + 500 + [[[M, '],9], Q] — [[[M, 9], ], ]
By a long and tedious computation, it is verified that indeed

E

; 1
M = 5 (faf + ['fs) = 0.

Jfi=ds—
Similarly,
fs = &5 [M, QU] — LM [Q, Q"] + 2 [M, Q5 — QY
- M [, - A [M,00"0) — £[M, 92" + 00?) (2.15)
+ LM, 08, )] — A[M, 20 + 0072 + Q[, 20,

The fact thatfo = f, = 0 is not unexpected. Indeed, it can be proved that all the functigns 0 for
1=1,2,...,as shown in the result below.

Theorem 2.1 The discrete Moser—Veselov algorith{.1) is time-reversible, hencg,; = 0 for i =
1,2,....

Proof. It is sufficient to show that iV, .1 = &, (M) andMy o = O (My41), thenMy o = M.
By construction,

M, = w,;rJ— Jwp,
Mk+1 = (I)k(Mk) = —wa+ le;r

Recall that, for a positive time step, the orthogonal solutiaf the matrix equatiorfl.6)
M=w'J-Jw

is computed as the unique matrix such tiat= w " J has eigenvalues with positive real part (§@)-

10



Next, we computeM;.» = ®_p,(Myy1). For negative step size, either i) we compute the unique
solution corresponding to eigenvalu)esolving having negative real parts, or ii) we take the solution
with positive real parts and exchangeby w " ; both procedures are equivalent. Considering the first case,
we have

M1 = wp 1 J — Jwit1,

which, by comparison witd/y, ;1 = —wiJ + Jw, gives immediately

for sufficiently small step size, because of the uniqueness of the orthogonal solution with the required
eigenvalues properties and t@e{fﬂ) consistency. Hence,

My = Wk+1Mk+1W1;r+1
= Wy (—wpd + Jwp wp
= w];rJ — ka
= My,

which implies that®_,, = <I>;1. This condition is equivalent tf,, = 0, fori = 1,2,..., see (Hairer et al.
2002). a

Moser and Veselov (Moser & Veselov 1991) prove that, for gendrathe algorithm is a time-
reparamtetrisation of the flow of the original vector field of the rigid body: since the mapping preserves the
underlying Poisson structure and all the integigls= ¢; of the system, it commutes with all commuting
Hamiltonian flows generated by theés, M’ = {M,VF;}. The nonsingular compact level séfs =
N;(F; = ¢;) consists of a finite union of tori and on each torus the DMV mapping is a shift along the
trajectory depending on an integral quantify which will be introduced later.

This, in combination with Theoren 2.1, means t{fiat]) solves the modified equation

M = (1+h27'3+h47'5+"'+h2i7'2i+1 +"')[M,Q]7

wherefh is the stepsize of integration and thg. 1, for: = 1,2, ..., are constants that depend only on the
function H,, the matrixJ and the Casimirs of the system.

In what follows, we use our results on the modified vector field of the DMV algorithm to find an explicit
expression for some of thgs in the3 x 3 case.

3 Modified vector fields and time reparametrisation of the Discrete
Moser—\Veselov algorithm for the3 x 3 rigid body

The previous results were general and independent of the dimensions of the rigid body under consideration.
In what follows, otherwise specified, we focus on the 3 case. In this case, the equations of motion for
the componentsiz = —mj 2, M1 = —My 3, M2 = Mg 3 ale

m, = — (J2 = J3)mams
(J1+ J2)(J1 + J3)
(J1 — J3)mims
(Jl + JQ)(JQ + Jg)
m., = _ (J1 — J2)mimy
3 (JQ + Jg)(J1 + Jg)’

my =

11



The correspondence between the matrix and vector notation is well known and is given hptrtrep
function,

0 —as as
~ T
a=A= as 0 —aq s a:(a17a27a3) P
—a9 a1 0

while commutatior{A, B] corresponds to computing the cross-produet b of the corresponding vectors
(A = a, B = b). The Hamiltonian is

2 2 2
mio mis m3 3

H = .
J1+ Jo J1+ J3 Jo+ J3

(3.1)

In Figure[3.1 we display the components , m2, ms of the solution of the DMV algorithm (dotted
line) compared with the exact solutions of the RB equat@ (solid line) and the exact solutions of the
modified vector fields + h? f5 (dash-dotted line) anfi+ k2 f3 + h* £5 (dashed line) in the intervéd, 50].
The initial conditionm, and the matrix/ are reported iff7. The stepsize of integratidnfor the DMV is
chosen as = %. The “exact solutions” are computed using the MATLAB routode45 with absolute
and relative errors set to machine precision. The numerics confirm that the order of approximations are two,
for the RB; four for the modified vector fielfl + h2 f; and six forf + h?f; + h* f5. Figured 3.]L and 32

1

L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50

Figure 3.1: The DMV solution of the RB equations (dotted line), the exact solution (solid line) and the
trajectories corresponding to the modified vector figlds h? f; (dash-dotted line) and + h2 f3 + h* f5
(dashed line) in the intervéd, 50] with h = .

indicate that DMV approximation, though preserving very well the ‘qualitative’ features of the solution of
(1.4)), oscillates too rapidly compared to exact solution.
In what follows, we focus on th& x 3 case and we set

Hy =m3 5 J5 +m3 3J5 +m3 5J7, (3.2)

and
A= (J1+ J2)(J1 + J3)(J2 + J3). (3.3)

Proposition 3.1 The functionfs is of the form

f3 = TS[Mng

12
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Figure 3.2: Error on the Hamiltonian (top) and Casimir, 2-norm of the solution, (bottom) for the DMV with
h=2.
10

where

1
= oAz ((Bdet()ur() + JJ3 + JTJ5 4+ J3J3) |mlj3 + (3(J1Ja + JiJs + JoJs) +tr(J?)) Ha).
is a constant which depends the integral functiés on the Casimitjm||2 = ||m(to)||2 and on the entries
of the matrixJ.

73

Proof. We start recalling thatf, in (3.2) is an integral of the systﬂnthough it is not independent of the
Hamiltonian H. Reducing the right-hand-side to a common denominator and eliminating it, we
obtain

(J1 4+ L) (1 + J3)(J2 + J3)H = (J1J2 + JiJs + JoJs)(mT 5 +m3 5+ m3 3) + Ha.

Note thatm? , 4+ m7 3 + m3 3 = ||ml|3 is constant, thereforél, cannot depend on time and must be a
constant too.

Secondly, let us denote fy = (fs.1, f3.2, f3;3)—r the three-vector such thf = f3. We show that the
first component of this vector is of the form

faa = Tsm/1-
To this scope, we compute explicitfy,; using(2.13). Collecting terms carefully, we have

_(J2 - J3)m2m3 2 2/ 712 2 2 2
1 = 3J2(J1 s + JiJs + Jods) + JE(J? + J2 + J.
f3:1 6(Js + 12)2 (T + J5)3(Jo + J5)? (( L(N1de + Jids + Jads) + JT(J7 + J5 + J5))my
+ (B3I (1 Jo 4 JiJs + JoJ3) 4+ Ja(J? + J3 + J2))m3
+ (B8J2(J1Jo + JiJs + JoJ3) + J2(JE + J2 + J3))m3

(BI1Jads(Jr + Jo+ Js) + JiJ5 + Ji T3 + J5 J5)(mi +m3 + m§>),

from which, using the above expression fds, the identitym? + m3 + m3 = ||m||3 = ||m(t)|3, and the
equation form/, the result follows.

IMoser and Veselov call this quantif, while we reserved for the Hamiltonian functio ﬁ)

13



The procedure is analogous for the other components of the \igctor |

Before proceding, we introduce the following simplifying notation: fgi = 1,2, .. ., let
Crij = I+ J1J+ 133
Cri = Cuiy
C; = Cja.

Proposition 3.2 For the3 x 3 RB, the functiorys is of the form
f5 =T5 [M7 Q]7
where

1
™ o= o ((3tr(J4) +27C 0 + 15tr(J2)Cy + 45 det (J)tr(J)) H2

+ (10C 3 + 50 det()tr(J)Cy + 10 det(J)tr()tr(J?) 4 2C s 2tr(J?) — 28 det(J?))||m)|3 H
+ (60 det(J?)Cy 4+ 3C 14 + 27 det(J?)tr(J?) + 15det(J)(Cya3 + CJyg,Q))HmH;*)

is a positive constant which depends on the constant funéfigrihe Casimir||m ||, and on the entries of
the matrix.J.

Proof. By direct computation, as in the casemf The positivity of 5 is not immediate, because of the
presence of the term28|/ml||3 det(.J?) Ho, but can also be verified by expanding the above expression (
is ultimately a combination of positive terms with positive coefficients). O

4 Constructing higher order integrable approximations

In this section, we wish to use the results derived in the previous section to obtain higher order integrable
approximations to the RB equations. To preserve the properties of the integrable discretisations, we propose
to simply scale the initial condition (since this amounts to a time reparametrisation for the continuous
equations). The scaling must, of course, depend on the step efzategration.

As our ansatz we choose to scale the initial condition as

h(QUtr)J + JQ(t))
1+ 73h? + 7sht + -

(4.1)

We perform again the backward error analysis. We set@ow exp(—h§y — k204 + - --) and solve for
the(2;s as the skew-symmetric matrices that solve

h(1 = 73h® + (7 =)W' + ) (T +JQ) =& TJ - Jo. (4.2)

It is immediately verified that

1
Qo = Qo = 0, 91291259/,

hence itis clear thaf; = f; = 0 andf, = f» = 0 for the new modified vector field. The fir; to differ
is Q. Equating theh® term and taking into accou ii we have

1

Qod +JQy = —7(QJ + JQ) — T

1
(T + JN) — a[(Qle + 21Q), J],

14



hence 5
QQ = 7%394’92

Thus,
- - 1 ~ - ~ ~
d3 = *[927M]+§[Q17[Q1,M“:7’3[9’M]+d3:*7'3[Ma9]+d3-
Moreover,
3 7 1 " ~ 1 111
f3 = d3—§M Z—T3[M,Q]+d3—§M

- _%3[M7Q]+f3:(_7:3+7-3)[Maﬂ]a
hence, in order to have an order-four scheme, we mugtset0 which corresponds to the choice
7~'3 = T3.

One could be tempted to extrapolate that= 75 does the job of rendering the methods of order six, but
unfortunately this is not the case, since there are more complicate nonlinear effects arising from the scaling
of the initial condition. Therefore we need to proceed with our backward error analysis.

The equation fofl; is identical to, whereby(2, is replaced by, hence,

Q5 = Q5 — 7.

For what(, is concerned, we need to take into account alsoitheerm on the left-hand-side dft.2)),
hence

(73 = %) (Q+JQ) = QuJ + IO+ %[Q?’Qo + Qo0 + Qs + Q0Q3, J]
n %((Qgﬁg 4 Q0000 + Q02 + Q02 + Q100 + 0200)J
+ J(20 + Q000 + 002 + Q02 + Q0 + QfQO))
4 %[9891 2000 + Q0002 + 008, ]
+ (057 + J0D)

from which we deduce ) 5
Qu = (7 —7)Q + 578 — ST + Q.

We now computel; according to(2.12)),

Js = ~(7~7)[0, M+ S 351907, M)~ S 35160°, M]= 37519 [0, M, [0, MI) 457519, 9, [0, M)+

Because of the nature of the scaling, it is evident fhat f, = 0, therefore
|
fs=ds — aM(U)»

having choseri; so thatfg = 0. We have

fo = (= )0 M+ S50, M)~ L7[0%, M) — (10,190, M)+ [, 190, M) + 3 75[92 [0, [0, M]]

15



+ds — éM(U)
- (- e SR, M) - SRI0% M) - SR, [0 M) + [, [0 M) + 57(9 (9,19, M)

Fhtg (”)+Za(ff3+f3f> M)

= (772 — 75 + T5)[M Q] + §7~'3[QH,]\4] - %7:3[93’]\4] - %7:3([(2’ [leMH + [Q/’ [€2, M]]) + %%3[Q’ [€2, (€2, M]]]

+ ZE(f f3+ f31).

Sincef; = 73[M, ), we havef’ fs + fif = 273 f'f, henceg (f'fs + f3f) = 2n(f"(f. /) + f'f'f) =

273 M. Moreover, recall thafs = 75[M, €]. It follows that

fo = (7= s )M 0] - SR+ 5 7IM, 0% — S([M, 1,0+ [[M,9],9]) - 27V, 9,2,

+ 5ma([M, €., 9] + [M, 2, 9] +2([M, 0, &) + [M,2)
= (7 7+ 7) M) 17(IM, Q"] + [M, ), 9] ~ [[M,9], @] ~ 2[M, ).
We recognise that the last term is proportionafifo= 7 . Hence,
fs = (75 — 75 + 75 = 375)[M, Q] = (=275 — 75 + 75)[M, €1,

and settingfs = 0 we find
’7’5 =T5 — 27’;

This value off gives indeed a method of order six.

The new proposed algorithms of order four and six are described below.
The DMV4 algorithm:

1. Computers and setMy = Moh/(1 + h273).

2. Compute the roots having positive real parts.

3. Fork=0,1,...,n—1,
find the uniquew;, as in§[1.2 such tha), = w,| J — Juwy,
Seth+1 = wkMkwkT
end

4. Reconstruchs,, ~ M(t,) = M, (1 + h%73)/h.

The DMV6 algorithm:
1. Computers, 75 and setts = 75 — 272 and My = Moh/(1 + h*m3 + h'7s).
2. Compute the roots having positive real parts.

3. Fork=0,1,...,n—1,
find the uniquew, as in§[L.9 such thabz, = w] J — Juwy,
setMyy1 = wkMkw,;r
end

4. Reconstruch/,, ~ M(t,) = M, (1 + h%m3 + h*7s5)/h.

16



5 How large can the step sizé be?

The choice of the step size is intimately related to the accuracy of the method. Other limitations to the choice
of the step size for a method can be loss of stability or convergence (for instance for an implicit scheme).
For the DMV-type algorithms described in this paper, there is a further limitation, which comes from the
spectrumS of the polynomialP () in (L.8): when two opposite-sign roots become purely imaginary, then
the choice ofv in the Moser—Veselov equaticfi.6)) is no longer unique; in other words the relatifin6))
cannot give rise to a one-to-one map.

In this section we intend to investigate this limit on the step &ifer the original DMV algorithm and
the new proposed algorithms DMV4 and DMV6.

In Figure[5.8 we plot real and imaginary parts of the eigenvalyes the characteristic equatidf.g)
versus step sizk for our running test problem (sé¢g)). The roots are computed using MATLAB's routine
roots for finding zeros of polynomials. Whefis very small, all the roots are real (they correspond to
plus/minus the squares of the moments of inertid)inFor larger steps, the typical behaviour is that some
roots become complex.

For the DMV algorithm (circles joined by a dotted line) the maximum allowed step size-id .2; for
this value, two couples of opposite-sigh complex and conjugate roots hit the imaginary axis. This occurres
also for the DMV6 algorithm, though at a larger step sizes 2.2; afterwards the spectrum recovers its
original splitting. Remarkably, the roots of the DMV4 algorithm do not appear to hit the imaginary
axis at all for this test problem and preserve the desired spectrum spor all values ofh. Does
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Figure 5.3: Real (top) and imaginary (bottom) part of the eigenvalyes a function of the step size
Legend: DMV corresponds to circles joined by dotted line; DMV4 to pentagrams joined by dash-dotted
line; DMV6 to hexagons joined by dashed line

this mean that the limitation on the step size are dictated only by the accuracy required in the computations?
The answer is no: let us look more carefully at the polynomi&i(\) in . Assume thain, is the given

initial condition, that we scale through the algorithms DMV4 and DMVé&itg/ (1 + h%73) for DMV4 and

mg /(1 + h%73 + h*75) for DMV6. Let us denote by-P;()\) and— Ps()\) the corresponding characteristic
polynomials in which we factor out the dependence on the scaling from the initial condition,

2

—P4,h(>\) = )\6—<J12+J22+J32—m‘

mo2) A* 5.1
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h2 2 2 712 12
HI?%?HQA’“A%%

h2

+ (JRI3 + TR} + TG —

“Pon(A) = X0 (J24JF 45— 5 l[mg 224 (5.2)

(1+ h27s + h4%5>
h2
(1 + h271g + h47~'5)2

+ (JfJ§+JfJ§+J§J§ - Hz)Atijng,

whereH, = \|mo|\2(J1Jf+AJlJ3+J2J3) is independent of.. By a similar token,
—P(\) = A — (J2 + T3+ T2 — B2 |mg|| PNt + (JETE 4+ JETE 4+ J2TE — hPHo)N? — JEJ2 2.

We consider the polynomial as parametrised by/ttend we analyse their roots lettihg— oo. Starting
with P,,, we have
— Py (N) = |lmyp||2A* — Ho\2.

Two pure imaginary roots are have disappearetia&t, two pure imaginary roots go to zero, and two stay
real. In particular, this means th@.6) cannot be made into a map which is symplectic.
The situation is different for the scaled methods DMV4 and DMV6. Since

B2 B2
P SR :
oo (L4 W22 hvoo (14 1275 4 hi7s)2

:07

we have
—Piog=—Pooo=—Pro=—Pso =\ — (J} + J3 + JHN + (JTJ3 + JLJ5 + J3J5)N* — J1 I3 J3,

which is the same as havirfg = 0 — in other words, no motion! Hence, the map is still integrable,
symplectic and momentum preserving, but the motion becomes slower and slower until it stops at infinity.
This seems to indicate that there exist optimal values of the stepsize for motlaradeve plan to explore
the phenomenon in more details in a latter paper.

The behaviour of the roots ef P, — P4 1, —Fs 1, for largeh is displayed below in Figu@A.

6 RATTLE =DMV

In this section we consider the RATTLE algorithm for the integration of the RB and prove that RATTLE is
the same as DMV.

In brief we mention that the RATTLE algorithm can be derived as a Lie—Poisson integrator and it is
described at a larger detail in (Hairer et al. 2002). A reformulation of RATTLE for the RB equations is in
(Hairer et al. 2002), pg. 247, which we report here for convenience. Note that we répleitie —h to
obtain the same equations. The notation is as in this paper.

The RATTLE algorithm for the RB equations:
With the same notation of this papét(tg) = JQ(to) + Q(to)J is the initial condition.

1. SetYy = JQ(to).
2. Fork=0,1,2,...,n—1,

e determine a symmetric matri such that) = I — hJ—lYl/g is orthogonaly}; /, = Yo — hS;

18
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Figure 5.4: Real (top) and imaginary (bottom) part of the eigenvalyess a function of the step size
letting h — oo. Legend: DMV corresponds to circles joined by dotted line; DMV4 to pentagrams joined
by dash-dotted line; DMV6 to hexagons joined by dashed line

¢ determine a symmetric matriX¥ such thatJ—'Y; is skew-symmetric, wher&; = Y, —

hYy2Y T, 7t = BT

e setYy =Y7;
end
3. Reconstruc),, = J71Y; ~ Q(t,), M,, = JQ, + Q. J ~ M(ty,).
The first step in 2. is equivalent to solving the Ricatti equation
J 1S+ 8T = —(Yy — hS) T T 2(Yy — hS).
This method is of ordeg, it preserves the Casimjjm||3 and the Hamiltonia in (3.1]).
Theorem 6.1 The RATTLE method for the RB equation is equivalent to the DMV algorithm.

Proof. It is sufficient to demonstrate that the two algorithms are equivalent for the first step.
By construction, we have/ (to) = JQ(tg) + Q(te)J = Yo — Y, andY, = w + hS, whereS'is
a symmetric matrix determined so th@tis orthogonal. Hence, by direct computation,

hM(to) = (Yo - ¥, ) = Q" J - JQ,

namely,@ is a solution of the Moser—Veselov equat. Similarly, sinceT” is a symmetric matrix and
Yo—hS=JI-Q)/h,

— _ 0T . AT
R B A B =
= Q'J-JQ-J2I-Q-Q")+(2I-Q-Q")J
= JQT_QJa
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which, compared with(2.1)), reveals that’; — Y;" is precisely the DMV approximation fob/ (¢;) =
M (to + h), since, for sufficiently smalt, the DMV gives the only order-2 solution consistent with
the dynamics of the flow. Hence RATTLE coincides with DMV. |

As a consequence, our results on the DMV can be immediately be extended to RATTLE for the Rigid Body,
and it is of no surprise that the method preserves both the Hamiltonian and the Casimirs of the system, since
the method is integrable.

Moreover, our analysis allows us to improve the order of the RATTLE approximation to diaei6
simply by scaling the initial condition and the scaling back the final approximation!

The RATTLE4, RATTLES® algorithms:

1. Computers for order4 andrs, 75, 75 = 75 — 274 for order6. SetYy = JQ(to)/(1 + h?73) for order
4 andYy = JQ(to)/(1 + h*13 + h*7s5) for order6.

2. Fork=0,1,2,...,n—1,

e determine a symmetric matri such that) = I — hJ*lYl/Q is orthogonal}; ;, = Yy — hS;

e determine a symmetric matri¥ such thatJ—'Y; is skew-symmetric, wher&; = Y, —
hYl/QYJQJ*1 — hT;

e setYy = Yy;
end

3. Reconstruct),, = (1 + h?73)J Y7 ~ Q(t,), M,, = JQ, + Q,J ~ M(t,) for order4 and
Qp = (14 k%5 4+ h*75)J 1Y, = Q(t,), My, = JQ, + Q,J ~ M(t,,) for order6.

This equivalence is particularly interesting since the RATTLE algorithm can be efficiently implemented by
using quaternions (Hairer 2003).

7 Comparison with other methods

In this section we compare the numerical results of the DMV algorithm with the new proposed schemes
DMV4 and DMV6. Moreover, we also compare with

o the explicit second-order Lie—Poisson integrator for the RB of McLachlan (LP2) (McLachlan 1993),
which is obtained by splitting the Hamiltonial in three piecesH = Hi; + Ho + Hs, whose
corresponding vector fields can be integrated exactly, generating thedlows 1, ¢s 5. Then, at
each step, the numerical approximation is computed as

My 1 = @35/20 G2,n/2 © P11 © P2.n/2 © P35 /2(My), k=0,1,2,...;
and

¢ the well known implicit midpoint rule (IMR), reading
+
yk+1:yk+hf(yk kaﬂ), k=0,1,2...,

for the problemy’ = f(y), which is second-order, energy and momentum preserving — but implicit.
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In Figurd 7.5 we display the error of the methods versus stefisize’;

The error is computed &t = 100 for our running example,

mgy =

0.4165
0.9072 |,
0.0577

0.9218 0
J = 0 0.7382
0 0

1
5894720

11

0
0
0.1762

and ther.8,1,1.2,1.5,2.2,2.5, 4.

(Without loss of generalityn, is normalised so thdtmg||s = 1.) The slope of the lines agrees with the
order of the methods under consideration. The original DMV method is the one that has lowest accuracy
and the most limitations on the step size: it fails at arolird 1.2 (see also Tablg| 4) never to recover. Also

DMV fails, but at around: = 2.2 to recover afterwards.

Method | h =1 | h=%] h=12] h=22] h=25] h=4|
LP2 6.7903e-03] 5.1043e-01] 1.6055e+00] 1.7002e+00] 1.9489e+00] 1.3902e+00
IMR 1.5494e-04] 9.9329e-03] 1.3119e-01] 3.9514e-01] 2.5276e-01] 6.1905e-01
DMV [ 1.5014e-02| 5.9899e-01 NaN NaN NaN NaN
DMV4 [ 1.757e-07| 7.6167e-04] 1.0785e-01 1.6094e+00] 5.0245e-01| 5.1624e-01
DMV6 | 1.962e-10| 1.6440e-06 7.0269e-02 NaN | 7.0407e-01] 1.0519e-01

Table 4: Error for the various methods and selected step sizes
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10
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Figure 7.5: Error versus step size computed at 100 for the methods LP2, IMR, DMV, DMV4, DMV6.

In Figure 7.6 we plot instead the cost of the methods (in floating point operations) versus their accuracy.
We have not taken into consideration the computatiory @nd 75, but these are very small and done only
once for all the computations, hence irrelevant to the overall estimate of the methods. As one can see, the
methods DMV, DMV4 and DMV6 have the same floating point operations — they only differ on the scaling
of the initial condition. The gain in accuracy for the latter two is however so significant that DMV6 is the
method which is the most efficient, especially when good accuracy is required.
The DMV, DMV4 and DMV6 are implemented using the algorithm described in the appendix and we
have done very little effort to optimise the computations.
Finally, in Figurg 7.} we plot the solutions obtained with the methods LP2, IMR, DMV4 and DMV6 for
a large value of,, h = 5. The method LP2 performs very poorly in this case, the solution loses completely
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Figure 7.6: Floating point operations versus accurdty=(100) for the methods LP2, IMR, DMV, DMVA4,
DMV6.

its shape, DMV is not plotted because it does not generate a solution for this choice of the step size. As
our analysis predicted, DMV4 and DMV6 still produce a solution, which has precisely the same integrals
of the original problem, but is much too slow compared with the true solution. Remarkably, the IMR
still preserves some form and the integrals of the original problem. For this test example the IMR fails to
converge ah ~ 6.5.

For comparison, in Figure 7.8 we plot the solutions fioe= 1. In this case, both IMR, DMV4 and
DMV6 give a very good agreement with the exact solution.

8 On the explicit solution of the Moser—Veselov equation for thg x 3
rigid body

8.1 Reduction to a matrix Ricatti equation

Consider the matrix equation
M=X"J-JX, (8.1)

whereM is a skew-symmetric matrix, and is diagonal. Cardoso & Leite (2001) have shown that every
solution of (8.1)) (not necessarily orthogonal) can be written as

X =JY-M/2+5),

for some symmetric matris. The proof isimmediate. Clearly, i is symmetric X = J~'(—-M/2+5)is
a solution of(8.1). Next, assume that solves(8.1) and setY = JX. Then(g.1) becomes{ " — X = M.
Recall that any matri¥XX' can be uniquely decomposed in its symmetric and skew-symmetric part,
% L s - T L s T
X:i(X+X )+ =-(X—-X")
from which follows that the skew-symmetric part &fis precisely—M /2, while the symmetric part is an
arbitray symmetric matrixs. From this it follows immediately tha = J~1(—M/2 + 9).
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Figure 7.7: Numerical approximations of the RB equationsiftarge ¢ =

Figure 7.8: Numerical approximations of the RB equationsifer 1.
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Furthermore, they have shown thétis an orthogonal solution @ if and only if S is a symmetric

solution of the Ricatti equation
SST 4+ S(M/2) + (M/2)TST — (M?/4+ J%) =0. (8.2)

Thus, the problem is reduced to the well known problem of solving Ricatti equations.

Ricatti equations can be associated to symplectic matrices. For this problem, the corresponding sym-
plectic matrix is

M I
Hsympl = |: %2 j_ J2 % :| (83)

If MTz +.J2 is positive definite, it has been shown in (Cardoso & Leite 2001)@ has a unique solution
S which is symmetric, positive definite, and such that the eigenvalues of

W=(-M/2+5)"
have positive real parts. This matfiX is precisely the same matrix in Moser & Veselov (1991) such that
WWT = J?%and

w=J 1w,

In this case, Cardoso & Leite (2001) propose the following algorithm for the computatioh af the
unique solution of{8.1)) in the special orthogonal groD (V).

1. Find a real Schur form aff symp1,

Ty Tia } (8.4)

~T =
Q HsymplQ_ |: 9] T22

whereT}; andTy, are block upper-triangular matrices such that the real parts of the spectim of
are positive and the real parts of the spectruriigfare negative definite.

2. Partition@ accordingly,

~ | Qu Q2
©= { Q21 Q22 ] '
Then, compute
S =QuQy
3. Compute
X=J1 (—]\24+S>.

A real Schur form ofH, 1 can be computed using the QR iteration for eigenvalues (Golub & van Loan
1989), which is a(’)(N3) operation for aV x N matrix M, a cost that is comparable with that of using
implicit ODE methods for the solution of the rigid body equations.

In what follows, we focus on the particular case whénr= 3. In this case, the eigenvaluesif, ., are
explicitely known (they are the roots of the polynom#&))), hence it is possible to find an explicit spectral
decomposition ofsymp1 (Without using the QR eigenvalue method). Only the eigenvectors corresponding
to the rootsh\;, A, and A3 of with positive real part need be computed. We construct the partial real
Schur decompositio of this eigenspace and hende This yields arexplicit numerical method for
thereduced RB equations.

To this purpose, assume that = { z; ] is an eigenvector offs,,p1 With eigenvalue\. From

M I x
2 2 Ll=a| ™
Lwte w][5]2]2)]

we deduce thaty, = A\xz; — %azl, hencer, is an eigenvector for the quadratic eigenvalue problem
Jx, + MMz = Na,. (8.5)
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8.2 Computation of the eigenvectors

For the irreducible case (all the roots are real\, A3 > 0), we solve the quadratic eigenvalue problem

(8.5)
Ax,xin, = (J2 = NI+ M\ M)z, =0, i=1,2,3,

by computing the QR factorization efy, = Q», R,, whereR,, is now an upper-triangular matrix with the
last diagonal element equal to zerdy( is singular, rank?). We choose the third component®f », # 0
arbitrary and determine the remaining components by solving the upper triangular system

R)\iiL’L,\i =0.

T1N;
T2z,

The procedure is analogous in the case of one real and two complex and conjugate roots, except for the
fact that the complex eigenvalues require complex arithmetic. In that case, complex arithmetic is avoided in
the usual way, computing real and imaginary part of the corresponding eigenvectors. Specifically, assume
that

Then, we construets », = \iz1 )y, — & a1, andz,, =

A=p+iv
is a complex eigenvalue with eigenvectpr = u, + iv;. From the eigenvector equatioy, + AMy, —
A2y, = 0, separating real and imaginary part we obtain
J*uy + pMu, — vMo, + (1/2 — p®)uy +2uvv, = 0,
J?*v, + vMuy + pMvy — 2pvuy + (V2 — p2v; = 0,

which can be written as

J? 4+ M+ (V2 — p?)I —v+2uvl up | [0
vM —2uvl J?+ uM + (V2 — )1 vy | | 0|’

If 1 # 0, the6 x 6 coefficient-matrix on the right-hand-side of the above linear system has rank four. The

vectorsu; andwv; can be computed by performing a QR factorization factorization of the coefficient matrix

(eventually, with column pivoting) and then by solving an upper triangular system by backward substitution.
Onceu; andv; are computed, we compute also

M
Uy = MU — VU1 — ?’U,l
vy = vup+ pv; — ?'Uh

hence, we sat = { “1 ] andv = [ Y1 ]
U2 V2

Note that it is not necessary to compute the real Schur forfgf.,1 explicitely. What is needed is
only the an orthogonal basis that spans the eigenvectors space. This basis can be obtained either by QR or
simply by a Grahm—-Schmit orthogonalization.

e Construct thes x 3 matrix V' = [z, Tx,, ®,] if A;, i = 1,2,3 are all real and positive; dr =
[z, u,v]if A1 is real and positive andl, = A3 are the two complex and conjugate roots with real
party > 0.

e Compute the QR decomposition (or the Grahm-Schmit orthogonalizafiéiny- V, and decompose

V= { gl } , whereV;, V5 are3 x 3 blocks.
2
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e ComputeS = V5V, !
e ComputeW = —M/2+ S
e Computew = J W T.

This is the core of the explicit algorithm used to implement step 2 of DMV and step 3 of DMV4,DM6 for
the3 x 3 RB.

In view of the connection with RATTLE, it would be interesting to see whether the RATTLE algorithm
can be implemented more efficiently, although we have done very little effort to optimise our implementa-
tion.
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