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Abstract

We present, based on our results in [18] where the Hopf algebra structure of the
shuffle algebra is described in terms of the Hopf algebra of decorated rooted trees, a
rewriting algorithm that provides a simple recursive way to compute the coproduct
of the shuffle Hopf algebra in terms of a dual basis of the Poincaré-Birkhoff-Witt
basis corresponding to a Hall basis of the free Lie algebra. This can be applied,
for instance, to do computations in free Lie algebras and its enveloping associative
algebra in terms of an arbitrary Hall basis. In addition, we show how to exploit
our results to do algebraic manipulations with Lie series and exponentials of Lie
series [20], either using our rewriting algorithm, or working directly in terms of the
Hopf algebra of decorated rooted trees. In particular, we give an explicit way to
obtain the coefficients of the CBH formula (and also for its continuous version) read
directly from the decorated rooted tree associated to each element of the Hall basis.

1 Introduction

Let us fix Q as the base field. We consider a fixed set D (an alphabet), and denote as
L(D) the free Lie algebra over D. The universal enveloping algebra of £(D) is canonically
isomorphic to the free associative algebra Q(D), or equivalently, the tensor algebra T'(V')
over V := span(D), the free Q-module over the set D. Furthermore, £(D) is canonically
isomorphic to the Lie algebra of primitive elements of the bialgebra 7'(V). This means
in particular that the coproduct in T'(V) can be used to identify the elements of £(D)
in T(V) [20]. In practice, it is often useful to work in a Poincaré-Birkhoff-Witt basis of
T(V) corresponding to some basis of of the free Lie algebra, because in that case, the
coproduct in T (V') admits a very simple description (and in particular, provides a direct
way of identifying the elements in £(D)), but on the contrary, the explicit description of
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the algebra structure of T'(V') becomes more involved. If a (generalized) Hall basis of £(D)
has been chosen, this can be done using some rewriting rule [20].

With the canonical grading of T(V) = Q & @,,, V", the tensor algebra T'(V) has
a structure of graded connected cocommutative Hopf algebra. If D is finite, the graded
dual of T'(V') has a graded connected (actually, strictly graded) commutative Hopf algebra
structure denoted by Sh(V') (here, we identify the linear dual V* with V). The shuffle
algebra Sh(V) is particularly useful in applications that require dealing with Lie series [20]
and exponentials of Lie series. Two such applications are, for instance, non-linear control
theory [13], and the theory of geometric numerical integrators for ordinary differential
equations [15, 16].

The present work is mainly based on the results in [18], where the Hopf algebra structure
of Sh(V) is described in terms of basis associated to Hall sets of decorated rooted trees,
actually, the dual basis of a Poincaré-Birkhoff-Witt basis of T'(V') corresponding to a Hall
basis of £(D). The main tool we use is another graded connected commutative Hopf
algebra associated to the set D, namely, the commutative Hopf algebra of rooted trees
decorated by D, that we denote as Hz(V), V := span(D) or simply as Hpg.

The commutative Hopf algebra structure Hpg on the vector space spanned the set of
(non-decorated) rooted trees was first described by Diir [7], who realized that Butcher’s
group [3] was actually an affine group scheme, and consequently has associated two dual
Hopf algebra structures, a commutative one and a cocommutative one. In [9], the cocom-
mutative dual of Hg is described together with several other cocommutative Hopf algebras
on families of trees including the family of rooted trees decorated by a given set D. Inde-
pendently, Kreimer [6] rediscovered the Hopf algebra Hy in the context of renormalization
in quantum field theory. Brouder [4] seems to be the first author to note the relationship
of Kreimer’s work with Butcher’s theory.

In [18], an epimorphism v of graded Hopf algebras from H (V') to Sh(V) is constructed,
and the graded Hopf ideal Z = ker v is explicitly given, showing that Sh(V") is isomorphic
as a graded Hopf algebra to the quotient Hopf algebra Hz(V)/Z. Closely related results
can already be found, although not stated in algebraic terms, in [19]. In analogy to Hall
set of words (or Hall sets of planar binary trees) [20] Hall sets of decorated rooted trees
were first introduced in [19]. In [18], it is shown that the image by v : Hz(V) — Sh(V)
of an arbitrary Hall set T of decorated rooted trees freely generates the shuffle algebra
Sh(V'), and the Hopf algebra structure of Sh(V') is completely described in terms of their
set of generators v(T). Actually, it turns out that the basis v(F) of the vector space
Sh(V') obtained as the image by v of the set of Hall forests F coincides with the dual of a
Poincaré-Birkhoff-Witt basis of T'(V') corresponding to a Hall basis of £(D) [20].

The main goal of the present work is to exploit the results in [18] from a more com-
putational point of view, with special focus to algebraic manipulations with Lie series and
exponentials of Lie series [20]. Our results, in particular Algorithm 1 (or alternatively,
Algorithm 2) together with recursion (13), can also be useful when doing computations in
free Lie algebras £(D) in terms of Hall basis, and in free associative algebras (that is, ten-
sor algebras over V' = span(D)) in terms of a Poincaré-Birkhoff-Witt basis corresponding



to a Hall basis of £L(D).

The structure of the rest of the paper is as follows. In Section 2, definitions and
fundamental results (together with some useful consequences) on the commutative Hopf
algebra of decorated rooted trees are collected. The shuffle Hopf algebra is considered in
Section 3, and the relation between the shuffle Hopf algebra Sh(V') and the Hopf algebra
Hr(V) of decorated rooted trees, explored in [18], is stated (Theorem 1). Section 4 is
devoted to describe the Hopf algebra structure of Sh(V') in terms of a set of free generators
of the shuffle algebra. The first four subsections in Section 4 collect several definitions
and results from [18] needed in the rest of the paper: Hall sets 7 of decorated rooted
trees are introduced in Subsection 4.1, and in Subsection 4.2, several results from [18]
are collected, where the Hopf algebra structure of Sh(V)(V) is described in terms of the
generator set V(?) of its algebra structure. Subsection 4.4 presents some definitions and
results of technical nature (also from [18]) which are needed in in Subsection 4.5, where
new rewriting algorithms useful to describe the coalgebra structure of Sh(V) in terms a
Hall basis are presented. Finally, Section 5 focuses in exploiting our results to perform
algebraic manipulations with Lie series [20] and exponentials of Lie series. Subsection 5.1
and Subsection 5.2 are of introductory nature, where the exponential and the logarithm
are considered in a general setting associated to arbitrary commutative graded connected
Hopf algebras H. The particular case of H = Hg(V') is considered in Subsection 5.3, where
explicit formulae are presented for that case. In Subsection 5.4, Lie series, exponentials of
Lie series, and the logarithm, are considered with our notation for 4 = Sh(V'). Finally,
we consider the Campbell-Baker-Hausdorff (CBH) formula and several generalizations in
Subsection 5.5 and 5.6. In particular, we give explicit formulae to obtain the coefficients
corresponding to the terms of a given Hall basis in the CBH formula and its continuous
version.

2 The commutative Hopf algebra of decorated rooted
trees

2.1 Rooted trees and forests decorated by D

Given a set D, rooted trees and forests decorated by D can be defined as follows.

A partially ordered set decorated by D is a partially ordered set U together with a
map of U onto D (the decoration of U). The elements of U are called vertices. An edge
(x < y) of U is an ordered pair (z,y) € U x U such that z < y and there exists no z € U
with x < z < y. New decorated partially ordered sets can be obtained from U by adding
and/or removing some vertices and/or edges.

An isomorphism of partially ordered sets decorated by D is a bijection of the underlying
sets that preserves the orderings and the decorations. A forest decorated by D is an
isomorphism class of finite partially ordered sets U decorated by D satisfying

r,y,z€ U, y<z, z<xr — either y<z or z<y or z=uy. (1)



The roots of a decorated partially ordered set U representing a decorated forest u are
its minimal vertices. A rooted tree decorated by D is a forest represented by decorated
partially ordered sets with only one root.

The degree |u| of a forest u decorated by D is the cardinal of the underling set of a
representative partially ordered set (that is, the number of vertices in u). Given a forest u
decorated by D, the partial degree |u|y of u with respect to d € D is the number of vertices
in u that are decorated by d. We denote as F(D) (resp. T (D)) the set of forests (resp.
rooted trees) decorated by D, or simply F (resp. 7) if no ambiguity arises. The empty
forest is also included in F, and we denote it as e.

We will consider several operations on the set 7 of decorated forests. The union of two
forests u, v € F is the simplest one, and it simply corresponds to the union of two disjoint
decorated partially ordered sets representing v and v respectively. We represent the union
of u and v simply as uv. The union of forests is obviously associative and commutative.
Givend € D, t1,...,tm € T, u =11ty € F, we denote by By(u) the decorated rooted
tree of degree |t1| + - - - + |t;m| + 1 obtained by grafting the roots of 1, ..., ¢, to a new root
decorated by d. That is, it corresponds to adding a new vertex r to a partially ordered
forest U representing u, and adding, for each ¢;, a new edge (r < r;) connecting the root
r; of t; with . In particular, By(e) is the decorated rooted tree with only one vertex,
decorated by d. We hereafter identify By(e) with d. Given a decorated rooted tree t € T
and a decorated forest u € F, we denote by uot the decorated rooted tree of degree |u|+ ||
obtained by grafting the decorated rooted trees in u to the root of ¢. In particular, eot =t
and uod = By(u) ford € D, t € T, u € F. We also write ece = e and u o e = 0 for each

u € F\{e}.
Given a decorated partially ordered set U representing a decorated forest u € F, each
subset V' = {x1,...,x,} of vertices of U determines a new forest CV(U) of decorated

rooted trees obtained by removing all edges of the form (y < z;), 1 <i < s. Note that if
z; is a root of U, then CV(U) = CVM#}(U). If r1,...,r; are the roots of U that are not
in V', then the decorated partially ordered sets representing each decorated rooted tree in
CV(U) have either some 7; (1 < i <) or some z; (1 < j < m) as its root. We denote
as RV (U) (resp. PV(U)) the forest of the decorated rooted trees in CV(U) corresponding
to r1,...,m (resp. zy,...,Zy,). For V=0, CY(U) = RY(U) = v and PY(U) = e. For
V = {roots of U}, CV(U) = PV(U) =u and RV (U) =e.

The symmetry o(u) of a decorated forest u is the number of different bijections of the
underlying set of a decorated partially ordered set representing v that are isomorphisms of
decorated partially ordered sets.

The symmetry of forests can be recursively obtained as follows.

Lemma 1 For eachd € D, t1,--- ,t,, € T, t; #t; if i # j,
ole) =1, o(By(w) =o(w), o(w)=]]ilolt)¥, if u=]]t.
j=1 7j=1

The following definition will be used later on.



Definition 1 The factorial u! of each forest u € F is defined recursively as follows. Given
deD,ty,--- ,tn€F,veF, t=By(v), u=1t1---tp,

d=1, t'=0llt), ul=t] -tpl

2.2 A Hopf algebra structure of decorated rooted trees

We next describe the commutative Hopf algebra structure on the vector space spanned
by the set F of forests decorated by D [8]. We denote this commutative Hopf algebra
structure as Hgr(V'), where we write V' = span(D), or simply as Hp if no ambiguity arises.
The product in Hpg corresponds to the union of forests, and the unity element is the
empty forest e. As an algebra, Hp is freely generated by T, i.e., it is the algebra Q[7] of
polynomials in commuting indeterminates indexed by 7. The counit € : Hr — Q is given
by €(e) = 1 and €(u) = 0 for each u € F\{e}. The coproduct A(u) of forest u € F is given
as follows. For the empty forest Ae = e ® e, and for u € F\{e}, let U be a decorated
partially ordered set representing u, then

Au= > PY(U)®R"(U), (2)
VER(D)

where R(U) is a familly of subsets V of U satisfying that
ryeV, = yfz, zLy. (3)

In particular, Ad = d® e + e ® d for each d € D (that is, all the decorated rooted trees
of degree 1 are primitive elements of the Hopf algebra Hpg). Note that, for each ¢ € T,
At —e®t —t® e is a Z-linear combination of terms of the form u ® z where u € F\{e},
z € T, |ul +|z| = |[t|. It is straightforward to check that A(uv) = A(u)A(v), so that
A :Hr — Hr ® Hpg is an algebra map. In addition, we have the following. Let us denote
as My, the linear span of 7, and let us consider the left H g-module structure of Mp given
by the grafting operation o extender linearly (clearly, uot =u'o (z0t) if u'z = u, v’ € F,
z€T,teTU/{e}). Now, define the Hr ® Hr-module structure of Hr @ Mp+ Mr Qe
given by (u®v)o(w®t) =uw® (vot) and (u®v)o (t®e) = e(v)uote, for u,v,w € F
andt € T.

Lemma 2 Givent e T, u € F, it holds that

Afuot) = Au) o A(t). (4)

Proof: As A is an algebra map, and by the left Hz-module (resp. the left Hr ® Hx-
module) structure of Mg (resp. Hr ® Mg + Mg ® e) it is sufficient to prove (4) for
u = z € T. Consider three decorated partially ordered sets T, Z, R representing t, z, and
z ot respectively. Clearly, each subset V of R satisfying (3) gives rise to two subsets V;, V5
of T and Z respectively satisfying (3). Each pair of subsets V;, V, of T and Z satisfying



(3) gives rise to a subset V' of R satisfying (3), unless Vi = {r;} and V5 # {r,}, where r,
and r, are the roots of T and Z respectively. But this exception corresponds to terms of
the form (w® z1) o (t®e) (w € F, z; € T) in the right-hand side of (4), which vanish by
definition of o. O

Remark 1 In the particular case of t = d, d € D, (4) is equivalent to the identity
Alt)=t®e+ (id® By)A(u), de D, uweF, t=By(u),
given in [6, 8]. O

The Hopf algebra structure Hp is compatible with the Z-grading induced by the degree
|u| of decorated forests. Thus, for each n > 0, the set F, of decorated forests of degree n
form a basis of the homogeneous component (#g),. In particular, (Hg)o = Ke, and Hpg
is a Z-graded connected Hopf algebra. The augmentation ideal H}; = ker € has the set of
non-empty forests F\{e} as basis.

As any Z-graded connected bialgebra, the bialgebra Hz admits a unique Z-graded
connected Hopf algebra structure. That is, the antipode S is uniquely determined from
the Z-graded algebra structure of H g and the definition of the coproduct A. Actually, the
antipode S : Hr — Hgr of Hr can be given explicitly as follows. Given t € T, consider a
decorated partially ordered set T representing t, and let r € T be its root, then [6]

Sit)= ) (-)ZcHD), (5)

ZEK(T)

where K (T') denotes the familly of decorated partially ordered subsets Z of T with the
same root as 7.

Different universal mapping properties hold for Hg [6, 8, 18]. The most basic one, that
only involves the algebra structure of H g and the linear maps By : Hr — Hg is as follows.

Proposition 1 Given a commutative algebra A and a linear map Lq : A — A for each
d € D, there erists a unique algebra map ¢ : Hr — A such that 9By = Lq¢ for each
deD.

3 The shuffle algebra Sh(V) over V

The shuffle (Hopf) algebra is a commutative graded connected Hopf algebra that can be
defined as follows. A commutative algebra structure is given to the vector space K@V &
V2 VS @ ... by defining the shuffle product of two words as

(@ ® ) (1 @+ @ ) = Y iy @+ @y, (6)

where di,...,d,1 € D, and the summation goes over all permutations (i1,. .., %) of
(1,...,m+1) that preserve the partial orderings of (1,...,m) and (m+1,...,m+1). The
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unity element is the empty word, which we denote as €. The degree |w| (resp. partial
degree |w|y, d € D) of a word w = d; ® --- ® d,;, is m (resp. the number of letters in
di,...,d, that coincide with d).

As any graded connected algebra, the graded algebra Sh(V') has a unique augmentation
€:Sh(V) — Q (that is, a unique graded algebra map of Sh(V') onto Q), which is determined
by €(€) =1 and €(w) = 0 for arbitrary non-empty words w.

The shuffle product satisfies the following identity, that can be used as an alternative
recursive definition of the shuffle product (6). Given ds, ..., d,, € D, let us denote Cy, (€) :=
diand Cy, (d1 @ - ®dp-1) :=d1 ®dy ® -+ - @ dy,. Then, each non-empty word can be
uniquely written as Cy(u) with d € D and v € Sh(V'). It then holds that

Ca(u)Cy(v) = Ca(uCr(v)) + Cr(vCqy(uw)), d,f e D, wu,veSh(V). (7)

The augmentation ideal Sh(V)"™ = ker € (that is, the vector space spanned by the set of non-
empty words) can be given a left Sh(V')-module structure by setting w o Cy(v) = Cy(wv)
for each d € D and v,w € Sh(V). In particular, Cy(w) = wod for d € D, w € Sh(V).
Now, (7) reads Cy(u)Cy(v) = Cy(u) o Cp(v) + Cp(v) o Cy(u), that is,

uv =uov+wvou, foreach wu,vé€ Sh(V)". (8)

The definition of o : Sh(V) ® Sh(V)™ — Sh(V) can be extended also to Sh(V') ® Sh(V) by
setting w o € = €(w) €. Thus, (8) also holds if u = e and v € Sh(V)™, but it does not hold
ifu=v==t.

Theorem 1 together with Proposition 1, implies that following universal property of the
shuffle algebra [18].

Proposition 2 If in addition to the assumptions of Proposition 1, it holds that
La(a)Ly(b) = La(aLs(b)) + Lf(bLa(a)), d,f €D, a,beA, (9)

then there exists a unique algebra map g/b\ : Sh(V) — A such that aCd = Lng for each

d € D. Moreover, it holds that ¢ = al/, where ¢ : Hr — A is the algebra map given by
Proposition 1.

Proposition 2 implies the following [18].

Corollary 1 Given a commutative algebra A, a vector subspace M of A with a left A-
module structure o : A Q@ M — M satisfying

mm' =mom'+m'om, m,m' e M, (10)

and a map | : D — M, then there erists a unique algebra map qg: Sh(V) — A such that,
o(d) = 1(d) for d € D and ¢(wy o wy) = d(w1) o p(wy) for each wy € Sh(V), wy € Sh(V)*.



Remark 2 The vector space Sh(V') has with o : Sh(V)®Sh(V) — Sh(V') a non-associative
algebra structure that is sometimes called chronological algebra (see [11] and references
therein). Corollary 1 is closely related to the fact that the chronological algebra Sh(V') is
free over the set D [11]. In [21], the term of Zinbiel algebra is used instead, while the term
chronological algebra is reserved for a different (although related) non-associative algebra
structure introduced in [1]. O

The commutative graded connected algebra Sh(V') is endowed with a unique graded
(commutative and connected) Hopf algebra structure by defining the coproduct A
Sh(V) — Sh(V) ® Sh(V) as below.

In order to avoid confusion, we will denote in what follows each word d; ® --- ® d,,
as (diT---Tdp). More generally, given two words u = (diT:--Tdy,) and v =
(dmi1 T+ Tdmyn) we define the concatenation w = wuTwv as the new word w =
(di T+ Tdmyn). We also define uTe=¢Tu = u.

Now, we can define the coproduct Au of each word w as

Ay = Z v w, (11)

u=vTw

where the summation is over all pairs of words (v, w) (including the empty word €) such
that vTw = u. R

It is straightforward to check that the following holds for the coproduct A in Sh(V).
Given w € Sh(V)™, let d € D and v € Sh(V) be such that w = Cy(v) = vTd, then

Aw) =w @&+ (id ® Cy)A(v). (12)

Clearly, (12) recursively determines the coproduct of w € Sh(V)*. An identity analogous
to (4) (that can also be used to recursively determine A(w) for w € Sh(V)™), can be
obtained from (12) as follows. Consider, given v, vy, w; € Sh(V), w; € Sh(V)™,

(11 @ vg) o (w1 @ wz) = ww @ (v2 0 wa),
(11 ®uy)o(w, ®E) = viow ®Ueo€ = €(Va)v1 0 W Q€.

This gives a left Sh(V') ® Sh(V')-module structure to Sh(V) ® Sh(V'). Then, (12) implies
that

Alwov)=A(w)oA(v), w,v e Sh(V). (13)
The relation between the Hopf algebras Sh(V') and Hg(V') can be stated as follows [18].

Theorem 1 There exists a unique algebra map v : Hr(V) — Sh(V) such that v(d) = d
and v(uot) = v(u) ov(t) for each d € D, u € Hg(V), t € Mg. Moreover, v is an
epimorphism of graded Hopf algebras. The graded Hopf algebra Sh(V') is isomorphic to the



graded quotient Hopf algebra Hr(V')/Z, where T = kerv is the graded ideal generated by
Im (¢ — id), where & : H}, — Mg is the linear map given by
g(tl"'tm):Z(tl"'ti—lti+1"'tm)oti; tl,...,tmGT, m>1, (14)
i=1
and £(t) =t ift € T.
Remark 3 Clearly, it holds that vB; = C,v for each d € D. This implies that
l/(l?d1 s Bdm—l (dm)) = (le SR Tdm), m>1, dl, cee d, € D, (15)

which provides a bijection between the set of non-empty words and the set of decorated
rooted trees without ramifications. O

Remark 4 Let us denote S, = {&(t1 -+ tm)—t1--tm : t1,...,tm € Mg} for each m > 1.
It is not difficult to check that 7 = ker v (the ideal generated by Im (id — &) = )" ., Sn)
is actually generated by the set S, U S3, or alternatively, by the set Sp U (S0 Mg). O

4 The shuffle algebra and Hall sets of rooted trees

4.1 Hall sets of rooted trees

Given a subset 7 of the set 7~ of rooted trees decorated by D, we consider the set of forests
u =1y ty, where t;,...,t, € T. We denote by F the set of such forests, including the
empty forest e, and we denote as 7 the subset of decorated rooted trees of the form By(u),
de D, ue F.

If 7 has a total order relation, we give a total ordering to T U {e} by considering
e<tforeachte 7. fu=t;---t, € F, we define min(u) = min(ty,...,ty,), max(u) =
max(ty,...,t,), min(e) = e, and max(e) = e.

Definition 2 A subset T C T is consistent if the following condition holds. Given
t1yeeistm €T,d€ D, if By(ty---ty,) € T, thend,ty,...,t,, € T.

Definition 3 Given a totally ordered consistent subset T of T, and the corresponding set

~

T := Uyep Ba(F) , the standard decomposition (t',t") of eacht € T is diﬁned as follows.
Iflt| =1, thent' =t and t" =e. Ift = By(t1--tm), dE€E D, t1,...,tp € T, t1 < -+ < 'tp,
then t" = t,, t' = Ba(t; - tm_1).

Definition 4 We say that a consistent set TcT supplied with a total ordering < is a
Hall set of rooted trees decorated by D (or simply a Hall set of rooted trees, if D is clear
from the context), if D C T and the following condition holds.

tzeT, t>z>t" = zoteT, zot>z (16)

If in addition t > t' for each t € T of degree |t| > 1, then we say that ('7—, <) is a special
Hall set of rooted trees decorated by D.



Remark 5 Condition (16) can be rewritten as follows. Given ¢ € T of degree [t| > 1, let
(#',¢") be the standard decomposition of ¢. If # € T and ' > ¢” then t € 7 and t > ¢"
(and t > ¢’ if T is a special Hall set). O

Remark 6 If 7 is a special Hall set of rooted trees, and t1,...,tm,2 € T and 2 >
max(t; - - -t,), then (2%t ---t,) oz € T for each k > 1. If T is a Hall set satisfying that
for each t,z € T,

It < |z| = t<z, (17)
then 7T is a special Hall set, and
T=DU{zot: t,z€T, t>z}. (18)

In fact, this is true if the ordering of 7 is compatible with any Z-grading of V = KD.

If 7 is provided with a total ordering < satisfying (17) (or the corresponding compat-
ibility relation with an arbitrary Z-grading of V' = span(D)), then there is a unique Hall
set T of rooted trees decorated by D whose total ordering is inherited from that of 7,
namely, the special Hall set given by (18). O

Remark 7 Given a Hall set H of words over the alphabet D [20], a Hall set T of rooted
trees decorated by D can be obtained as the image of a map r : H — T from the set of
Hall words H to the set of decorated rooted trees defined as follows. For d € D C H, set
r(d) = d. For a Hall word w € H of degree |w| > 1, let d € D be the rightmost letter
in w, so that w = vTd (that is, w = Cy(v)), where v is a (non-necessarily Hall) word. Tt
is a standard result [20] that there exists a unique non-decreasing decomposition of v in
Hall words, that is, v = w,, T --- Tw;, where wy,...,w,, € H are Hall words satisfying
that w,, > --- > w;. Then, we set ¢t = r(w) = By(r(wy) - --r(wn)). Conversely, given
a Hall rooted tree t = By(t;---t,,) € T of degree |t| > 1, where d € D, t1,...,tm € T,
t; < --- < tp, then the corresponding Hall word is w = r 1(t) I (7 )T Tr’l(tl)—l—d.
We thus have that r(w) = r(w") o r(w') if w = w" Tw' is the standard factorization of the
Hall word w € H, and r—1(¢) = r—1(¢") Tr—*(¢') if (¢, ¢") is the standard decomposition of
the Hall rooted tree t € T. Note that, compared to [20], we have reversed the left and
right factors in the concatenation product of words, and also the role of the total order
relation < on H. O

4.2 Hall basis of the shuffle algebra over V

Hereafter, T will denote a given Hall set of rooted trees decorated by D, and F will be
the corresponding set of Hall forests. Let us denote Hp = K['?] the subalgebra of Hp
generated by 7, which is a commutative graded connected algebra. Clearly, the set 7 F\{e}
of non-empty Hall forests is a basis of its augmentation ideal 7, = ®n>1(HR)

The proof of following results (Subsections 4.2-4.4) can be found in [18]. Theorems 2
and 3 below were originally given with different approach and notation in [22, 17, 20].
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Theorem 2 As a graded algebra, Sh(V') is freely generated by the set {v(t) : t € '7\'},
where v : Hr(V) — Sh(V) is the unique graded Hopf algebra homomorphism given by
Theorem 1.

~

Remark 8 Theorem 2 implies that v(F) = {v(u) : u € F} is a basis of the vector space
Sh(V), so that each word w = d;T ---Td,, in Sh(V) (d; € D) can be written uniquely
as a Q-linear combination of elements in the basis v(F). Actually, each word is written
as a Z-linear combination of terms of the form v(u)/o(u), v € F. In [18], it is shown
that a new forest u* can be found for each u € F such that v(u*) = v(u)/o(u), and that

{v(u*) : u € F}is a Z-basis of Sh(V). O

Remark 9 A complete description of the coalgebra structure is given, according to The-
orem 1, by the identity

Av = (v ®v)A, (19)

that is,

Av(u)= Y v(P5U)@v(R5U)), ueT, (20)

VER(U)

where R(U) is the familly of subsets S of a decorated partially ordered set U representing u
that satisfy (3). It can be seen that, P¥ (U) € F in (20), but in general RY (U) ¢ F. If it is
required to express A (v(u)) in the basis {v(v;)®v(v2) : v1, v € F}, one of the options is to
rewrite each v(RY (U)) in (20), in the basis v(F). Each v(t) with ¢ € T\T can be rewritten
in terms of the basis v(F) in a recursive way if one has an explicit description of the linear
maps Cy : Sh(V) = Sh(V)" in terms of the basis #(F). One just need to consider d € D,
Zly.ey2m € T such that t = By(z1 + - zm), rewrite each z;, and take into account that
vBy = Cyv. An alternative for expressing ﬁ(l/(u)) in the basis {v(vi) Qv (ve) : vy,v9 € ]?}
is to apply recursively (12), so that we again need the explicit description of the maps
Cy: Sh(V) = Sh(V)™" in terms of the basis v(F). O

Lemma 3 The restriction E: ﬁ;g — @uep Bd(ﬁR) to the map & given in Theorem 1 is
an isomorphism of graded vector spaces.

Proposition 3 Given w,v € ]?, deD,

Ca(v(w)) = v(€ 'Ba(w)), v(uw)ov(v) = v *(uof(v))). (21)

A~

4.3 The dual basis of v(F)

Let us now consider the dual algebra Sh(V)" of the coalgebra structure of Sh(V'). That is,
as a vector space, Sh(V)" is the linear dual of Sh(V'), the unit in Sh(V)" is the counit € of
Sh(V), and for each «, 8 € Sh(V)*, the product o is defined by

(aB,w) = (a® B, Aw), w € Sh(V). (22)
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Recall that the subalgebra of Sh(V)* of linear forms « such that (o, w) # 0 for a finite
number of words w is isomorphic to the tensor algebra T'(V).

We now consider the dual basis of the basis {v(u)/o(u) : u € F} of Sh(V), which
is a basis of the underlying vector space of the tensor algebra T'(V') defined as follows.
We hereafter denote v(u) = v(u)/o(u) for each u € F (that is, following Remark 8,
() = v(u)).

Definition 5 For each u € F\{e}, we define F, € Sh(V)* such that, given v € F,
( Fu,v(v) ) is equal to 1 if u =v and 0 otherwise.

The following theorem states that {F; : t € T} is the Hall basis [20] of the free Lie
algebra L(D) over D associated to the Hall set ’7\', and that the dual basis {F, : u € .7?}
of Y(F) = {(u) : u € F} is the Poincaré-Witt-Birkhoff basis of T(V) corresponding to
the basis {F, : t € T} of £(D).

Theorem 3 Let us assume that T is a Hall set of rooted trees decorated by D. Given an
arbitrary t € T with |t| > 1. Let (t',t") be the standard decomposition of the Hall rooted
tree t, then it holds that

Ft = [Ftll, Ftl]. (23)
Furthermore, for arbitrary t,...,t, € '/7\' such that t; < --- <t,,, it holds that

F,=F,_---F,, for u=t-- tp. (24)

4.4 Auxiliary definitions and results on Hall rooted trees

Let us denote T := Uaen Bd(]?), and for each t € T of degree |t| > 1, we consider the
standard decomposition (¢',¢") € T x T.

Definition 6 We define the map T : F\{e} — T given as follows. Given u € F\{e}, if
u €T, weset I'(u) = u, and if u ¢ T, we define I'(u) = vot such thatt € T, v € F,
u=tv and t < min(v).

Lemma 4 The map ' is bijective, and for each t € T, it holds that I-'(t)=tifte T
and T71(t) = t"T~Y(¢') otherwise.

Remark 10 Lemma 4 gives a convenient way of obtaining the values I' () for t € T in
a recursive way. O

Definition 7 For each u € .7?\{6}, we define a set S, C F of Hall forests as follows.
Let tg, ..., tm € '7‘, koy...,kym > 1 be such that to < --- < t,, and u = tlg"---tfnm. Let
us consider for each 1 = 0,...,m the Hall forests u;,v; € F such that u = u;t; and
v; = [Y(u;0t;). (In particular, we have by definition of T’ that vy = u.) Then, we define
Sy =A{v1,...,vm}, and denote p(u,u) = —1/ko and p(u,v;) = —k;/ko for i =1,...,m.
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Lemma 5 Given u,v € F\{e} such that v € S, let t = min(v). It holds that min(u) <
t" < t and max(v) < max(u), |min(u)| < |min(v)|, and |min(u)|q < |min(v)|y and
|ulg = |v|4 for each d € D.

Definition 8 Given u,v € .7/-:\{6}, a path of length m from u to v is a finite sequence
W = (wo, . .., wn) such thatm > 0, w, ..., wy € F\{e}, wo = u, Wy =v and w1 € Sy;,
0<j7<m—1. In such case, we write

u(W) = 1:[ p(w, wi4).

We define a partial order = in F\{e} as follows. Given u,v € F\{e}, we write u = v
if there erists some path from u to v. In such case, we denote pu(u,v) = >, (W)

where the summation is over all paths from w to v. For each u € F\{e} we denote

S, ={veF\{e}: u>uv}

Remark 11 Lemma 5 implies that min(u) < min(v) < max(v) < max(u) provided that
u > v. Hence, > is a well defined partial order on F\{e}. Moreover, if u > v, then
|ulg = |v|q for each d € D. As the sets of forests with same partial degrees are finite, the
connected components of F\{e} with respect to the partial order > are finite (actually,
with the partial order >, the connected components represent finite oriented graphs). In
particular, S, is finite for each u € F\{e}. O

Remark 12 Lemma 5 implies that the maximal length of paths starting from a given
u € F can be bounded by |u| — | min(u)| (this upper bound is not optimal). If T is
a special set of Hall rooted trees, then such maximal length for a forest u = t'fl R
(t1,...,tm € T) can be bounded by m — 1. O

Lemma 6 Consider the inverse £ * of the restriction & : HE — Ducn By(Hg) to the
linear map & giwen in Theorem 1. For each u € F,

E(T(w) = pl(w,v) u+ Y plu,v)v. (25)
vES,
Proposition 4 Given w € F, d € D, If T }(By(w)) = u € F, then

Ca(v(w)) = ulu, wv(u) + Y plu,v)v(v). (26)

Uegu

Lemma 7 Given u,v € F, v(u) o v(v) is a Q-linear combination of v(uv) and terms of
the form v(w), w € Syy.
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4.5 Rewriting algorithms

The following provides algorithms that can be used to rewrite each v(u)ov(v), u, v € F\{e}

~

recursively in the basis v(F) of Sh(V) without making explicit use of Lemma 7.
Definition 9 We consider the subset off' x F defined as
S={(u,v): u,v¢T, max(u) > max(v)} U{(u,*): u & T, t €T, max(u) > t}, (27)

and define a partial order > on F x F as the completion of the following relations. Let
t,z €T, and u,v, w, wy,wy € F\{e},

t>z = (t,2) > (2,1), (28)
0T = (tv) > (v,), (29)
uw = wiwy = (u,v) > (wy, ws), (30)
u,v €T and max(u) < max(v) = (u,v)> (v,u), (31)
min(w) > max(uwv) = (wu,v) > (w,uv) (32)
Lemma 8 If (u,v) € S then there ezist wy, ws € F\{e} such that
u = wiwy and, if w = wov, then (u,v) > (w1, w). (33)

Proof: By definition of S and the partial order relation on FxF , it is sufficient to
choose wy,wy € F\{e} such that u = wywy and min(w;) > max(wyv). Clearly, this is
always possible, in particular, one can choose w; = t = max(u) or also w; = t*¥ such that
u = thw, with ¢ > max(wy). O

Algorithm 1 Given u,v € F\{e},

1. If u=wF, v =w', where k,l > 1 and w € .7?\{6}, then

v(u)ov(v) := kL—H

bl

I/(wk+l)

2. Otherwise, if (u,v) > (v, u) then
v(u) o v(v) := v(ww) — v(v) o v(u),
3. Otherwise, if (u,v) € S, then, choose w,wy € F\{e} such that (33) holds, and
v(u) ov(v) := v(wy) o (v(wy) o v(v)),
4. Otherwise, we have that v =tF, k> 1,t € 7’, and then
v(u) ov(v) := kv(w) ov(z),

where w € F and z € T are such that (t*"'u) ot = wo z = I'(wz), and T is given in
Definition 6
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Remark 13 By definition of S, in Step 4 in Algorithm 1, it always holds that u = t’i,
t €T, k>1, and max(u) < ¢t. The resulting algorithm is particularly convenient when T
is a special Hall set of rooted trees, because (*~'u)ot¢ € T if t > max(v), so that Step 4
of Algorithm 1 requires no recursion (that is, Step 4 always gives w = e). O

We will verify our rewriting algorithm by considering Algorithm 1 for an arbitrary set S
and a partial order relation on F x F satisfying the following assumptions.

Assumption 1 There is a partial order relation < on the set of pairs (u,v), u,v € j-:\{e}
and a set S C {(u,v) : u,v € F\{e}, u € T, (u,v) # (v,u)} satisfying the following

conditions. Let t,z € T, and u,v, w,wy, wy € F\{e},

1. If (u,v) # (v,u), then either (i) (u,v) € S, or (ii) v = tk, t € T, k > 1, and
min(u) < t, or (iii) there exist w € F\{e} and k,l > 1 such that u = w*, v = w'.

2. If (u,v) € S then there exist wy, ws € F\{e} such that (33) holds.
3. If uv > wywsy, then (u,v) > (wr, ws)
4. For each u,v € F\{e}, the set of pairs (wy, ws) such that (u,v) > (wy, ws) is finite,

Remark 14 Conditions 1 and 3 hold by Definition 9, and Lemma 8 precisely states that
condition 2 hold. As for condition 4, it follows from the observation that, given a pair
(u,v), only a finite number of pairs (ws, wy) satisfy each of the conditions (28)—(32) giving
the relation (u,v) > (wy,we) without applying the transitivity of the relation > (recall
that, according to Remark 11, the set S, = {v € Frius v} is finite). O

Proposition 5 Under Assumption 1, Algorithm 1 can be used to express, in a finite num-
ber of recursion steps, each v(v) ov(u) in the basis v(F).

Proof: The correctness of the formulae in Steps 1,2,4 of Algorithm 1 follows from the
fact that v€ = v. As for Step 3, it uses the fact that o : Sh(V) ® Sh(V) — Sh(V) is a
Sh(V')-module map.

It is now sufficient to show that each of the steps in Algorithm 1 rewrites v(u) o v(v)
expressed in the basis v(F) provided that we have already rewritten each v(w:) o v(w,)
with (u,v) > (wy,wy) and each v(w;) o v(v) such that u = wyw, for some wy € .7?\{6}
This trivially holds for Steps 1-2. For Step 3, it follows from Lemma 7 and condition (33).
In Step 4, we have by Definition 7 that wz € S,; and thus ut > wz, and then (u,t) > (w, 2)
by condition 3 in Assumption 1. O

Remark 15 Note that the order in which the steps in Algorithm 1 are considered does not
affect the proof of Proposition 5, however it does in general change the actual algorithm if
the cases in Steps 1,3,4 are not disjoint. O
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Remark 16 Assumption 1 implies that (28) and (29) hold. Otherwise, condition 1 in
Assumption 1 would not be satisfied. O

If one wants to avoid rational coefficients in the rewriting process, then the Z-basis
W(F) ={¢Y(u) =v(u)/o(u) : u € F} can be used instead. Algorithm 1 then leads to the
following algorithm, that under Assumption 1, can be used to express each ¥ (v) o ¢(u) in

the basis w(]/-:)
Algorithm 2 Given u,v € F\{e},

1. If u = w*, v = u!, where k,! > 1 and w € F\{e}, then
Y(u) 0 9p(v) = k(") p(wt),
2. Otherwise, if (u,v) > (v,u) then
p(u) oY (v) = k(u,v) P (uv) — P (v) o ¥(u),

3. Otherwise, if (u,v) € S, then, choose wy, wy € .7?\{6} such that (33) holds, and

() 0 P(v) == ——— () o ((w2) 0 B(v)),

k(wl, ’LUQ)

4. Otherwise, v =tk k> 1. t € T and min(u) < ¢, and
Y(u) o ¥(v) = k(u, t*71) r(u, t) Y(w) 0 P(2),
where w € F and z € T are such that (tFlv) ot =wo 2z = T(wz),

where k(u,v) = o(uwv)/(o(u)o(v)) € Z and r(u,t) = o(uot)/(c(u)o(t)) € Z for each
u,v € Fandt € T.

Remark 17 In order to completely avoid fractional numbers, in condition 2 of Assump-
tion 1, there must exist wy,ws € F\{e} satisfying (33) such that w; and ws have no
common factors, so that k(wq,ws) = 1 in Step 3 of Algorithm 2. In the particular case
of the partial order < and the set S given in Definition 9, this will be accomplished by
choosing wyw, € F\{e} in Step 3 of Algorithm 2 as w; = t*, where ¢ = max(w) and k > 1
is such that ¢ > max(ws), w = tfw,. O
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5 Lie series and the CBH formula

5.1 The exponential and the logarithm

We next present some known results about arbitrary graded connected commutative Hopf
algebras, which will be later applied to the particular cases of Hg(V) and Sh(V'). Let H
be a commutative graded connected Hopf algebra with unity element 14, coproduct Ay,
counit €3, and antipode Sz. Let us denote as H* the augmentation ideal ker e, of H.
Then, as H is graded connected, H = Q1y @ H™.

Given an arbitrary algebra A (with multiplication p4 and unity map 74 : Q — A) the
coalgebra structure of H endows the set of linear homomorphisms hom(?#, .A) of H onto A
with an algebra structure (over Q), with unity element nqey : H — A, and multiplication
* defined as follows. Given «, 8 € hom(#H, A),

(axB)(u) = pa(a® B)Ay(u), for each u € H. (34)

In particular, when A = #, the algebra structure on hom(#,#) is called the convolution
algebra [23] (and * the convolution product). Actually, the antipode Sy is defined as the
inverse in the convolution algebra of the identity map idy in H.

Definition 10 Given an algebra A (over Q). If a € hom(H, A), and a(1y) = 1, then the
logarithm of o is a new linear map log o € hom(H, A) defined as

Jul (_1)k+1

- (0 — naen)™(uw),  for each u € HT. (35)

loga(ly) = 0, loga(u)=
k=1

If B € hom(H,.A), and B(13) = 0, then the exponential of B is a new linear map exp B €
hom(H, A) defined as

u

expa(ly) = 1, exppB(u) = Z %(ﬂ)*k(u), for each v € H™. (36)

k=1

Proposition 6 Given o, € hom(H, A) with a(ly) = 1 and 5(13) = 0, it holds that
logexp 8 = and exploga = .

Remark 18 Proposition 6 implies that, as an alternative to (35), § = log « can be deter-
mined with the recursion obtained by solving §(u) from (36). Another interesting recursion
is

lul-1

f=at Y (gt ea), (37

k=1

where {By} is the sequence of Bernoulli numbers, that is, z/(e* — 1) =1+ >, ., Bi/k! 2*
(in particular, By = —1/2, B, = 1/12, and Bgy,; =0 for k > 1). O -
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5.2 Affine group schemes and associated Lie algebras

If K is a commutative algebra, then hom(#,K) has a K-algebra structure, and the sub-
space of hom(#, K) of algebra homomorphisms forms a group, that we denote as G(K).
Actually, G is an affine group scheme, that is, a functor from commutative algebras to
groups. The inverse of o € G#(K) can be determined in terms of the antipode S of H as
follows. For each u € H, a™'(u) = a(Sx(u)). The definition (35) of the logarithm can be
applied for o = id (the identity map in H) to give logidy. Then, if a € G4(K), it holds
that log a(u) = a(logid(u)) for each u € H.

A linear map S € hom(#H,K) is a (ngey)-derivation if S(uv) = nxey(u)B(v) +
nrex (v)B(u). It can be seen that, if & € Gy(K), then § = loga is a (ke )-derivation.
Conversely, if § € hom(H,K) is a (nxey)-derivation, then exp(8) € G (K). We thus
denote as log(G#(K)) the subspace of hom(#,K) of (nxe)-derivations. By definition of
(nkey )-derivation, 8 € log(G#(K)) if and only if u € Q1y & (HT)? C ker 8. It is straight-
forward to check that log(G4(K)) has a Lie algebra structure (over @, but also over K)
under the bracket [8, B2 = f1 * B2 — B2 * (1.

If H is freely generated as an algebra by a set T3 C H (such set always exists for
commutative graded connected Hopf algebras over Q) then the elements of both G(K)
and log(G#(K)) are determined by its values for ¢ € 7.

5.3 The case of the Hopf algebra Hz(V)

Let us now consider the Hopf algebra Hg of rooted trees decorated by D. In this case,
we denote Gy simply as G. In what follows, K denotes a commutative algebra over Q.
Recall that Hpg is freely generated as an algebra by the set 7 of decorated rooted trees,
and thus, given 8 € log(G(K)), S(u) = 0 for each u € F\T. Hence, (2) and (34) imply
that, if 5 € log(G(K)) and v € hom(# g, K), then, given u € 7 and a decorated partially
ordered set U representing u, it holds that

(Bx7)(w) =Y BEPEU) (R U)).

zelU

This implies in particular that if 51, 8o € log(G(K)), then, for each ¢ € T, given a decorated
partially ordered set 7' (with root r) representing ¢, it holds that

B al(t) = Y (Bi(PEHD)B(RUHT)) = Bo(PEHT)) BL(REHT)) - (38)
2€T\{r}

This formula for the bracket of the Lie algebra associated to the affine group scheme G
was first given (for the non-decorated case, i.e. #D = 1) by Diir [7].

Next we obtain explicit formulae for exp § when § € log(G(K)) (i.e. when S(u) = 0 if
u € F\T) and log a when a € G(K).

Definition 11 Given 8 € log(G(K)), we define B’ as the unique map ' € G(K) such that
B'(t) = B(t) for each t € T, so that B'(t1 - tm) = B(t1) -+ B(tm) if t1,. .., tm € T.
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From (2) and Definition 10, one directly obtains the following.

Lemma 9 Given 8 € log(G(K)), t € T, let T be a partially ordered set decorated by D
representing t. Then it holds that

epft) = 3 %mzw))
ZeK(T) )

where K(T) is the familly of decorated partially ordered subsets Z of T with the same
root as T (with decoration and partial order inherited from T ) and p(Z) is the number of
different total orderings of the set Z that preserve the partial ordering in Z.

Lemma 10 Given a € G(K), t € 7\’, let T be a partially ordered set decorated by D
representing t. Then it holds that

loga(t) = > w(Z)a(CT)) (39)

ZEK(T)

where K(T) is given in Lemma 9 and

where, for each k > 1, w*)(Z) is the number of different ordered partitions (7., ..., Z) of
Z satisfying that

re€Z, ye€z, z<y = 1i<]. (40)

Remark 19 Note that both p(Z) and w(Z) for decorated partially ordered sets Z in
Lemma 9 and Lemma 10 respectively only depend on the structure of rooted tree in 7
(both are decoration-blind). This is also the case of the factorial ¢! of decorated rooted
trees given in Definition 1. O

Remark 20 Lemma 9 and Lemma 10 imply the following. Let o € G(Q) and g8 €
log(G(Q)) be such that, given ¢t € T, a(t) = B(t) = 1if || = 1 and «a(t) = B(t) =0
otherwise. Then, p(t) = |t|'exp a(t) and w(t) = log 3(t) for each ¢ € T. This is true for
arbitrary D, and in particular for #D = 1, that is, 7 being the set of standard rooted
trees. O

Remark 21 It can be shown by combinatorial arguments that |t|! = p(¢)¢! for each rooted
tree t. Actually, Remark 20 can be interpreted using the standard terminology in the
theory of numerical integration of ordinary differential equations that p(t)/|t|! is the B-
series coefficient (associated to the rooted tree t) of the exact solution of the differential
equation, which is known to be 1/t!, while w(t) is the B-series coefficient of the modified
equation of the explicit Euler method. O

19



According to Remark 21, we have the following.

Lemma 11 Given a forest u € F, let U be a decorated partially ordered set representing
U, and let p(U) be the number of different possible total relations of U that extends its
partial ordering, then it holds that |u|! = u!p(U).

Remark 20 together with Lemmas 9-11 imply the following two results.

Proposition 7 Given § € log(G(K)), t € T, let T be a partially ordered set decorated by
D representing t. Then it holds that

o) = Y 5 B(CNT)

ZEK(Z)

where K(Z) is given as in Lemma 9.

Proposition 8 Given o € G(K), t € 7\’, let T be a partially ordered set decorated by
D representing t. Then (39) holds with w € log(G(Q)) being uniquely determined by
expw € G(Q) such that, givent € T, expw(t) =1 if [t| =1 and expw(t) = 0 otherwise.

The coefficients w(t) in (8) can recursively be obtained for each (undecorated) rooted tree
t as follows. Note that w(t) =1 if [¢| = 1.

Lemma 12 Let t be a rooted tree of degree |t| > 1 and u be the forest obtained by removing
the root of t, then it holds that

w(t) = Y (u). (41)

More specifically, let U be a partially ordered set representing the forest of rooted trees u,
and let K(U) be the set of partially ordered subsets V' of U that include all the roots of U.
Then it holds that

wity= > %w'(CV(U)). (42)

VeK(U)

Proof: Recursion (41) follows from (37) by observing that the following holds. If o €
G(K) is such that, given t € T, it holds that a(t) = 1 provided that [t/ = 1 and a(t) =
0 otherwise, then (v * «)(t) = 7(u) for arbitrary v € hom(Hg,K), t = By(u) € T.
Successive application of (2) applied to (41) gives (42) with 1/V! replaced by p(V')/|t|!, so
that Lemma 11 finally leads to (42). O
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5.4 Lie series

Let us now consider 2 = Sh(V), and denote G as G. Note that in the particular case of
K = Q, we have that hom(Sh(V),Q) = Sh(V)*, and that when «, 8 € Sh(V)", then «a * 3
coincides with the product af given in (22).

Given a commutative algebra K, the K-algebra hom(Sh(V'),K) (with product *) is
isomorphic (using the terminology in [20]) to the K-algebra of formal series K((D)) of
words over the alphabet D (with concatenation product T), each @ € hom(Sh(V'), K) being
identified with the formal series ) ., @(w)w, where W denotes the set of words on the
alphabet D (including the empty word €). Furthermore, the Lie algebra log(G(K)) over K
is isomorphic to the Lie algebra (over K) of Lie series over the alphabet D with coefficients
in K (characterization (iv) of Lie series in Theorem 3.1 of [20] says that @ € hom(Sh(V), K)
is a Lie series if and only if @& is a (nge)-derivation). This implies that @ € hom(Sh(V), K)
is the exponential of a Lie series if and only if & € G(K).

Consider for each u € F a Z-linear combination of words P, defined recursively as
follows.

Definition 12 For each d € D, P; = d, P; =€, for each Hall rooted trees t € T of degree
|t| > 1, P, = PuTPy — PyT Py, where (t',t") is the standard decomposition of t, and for
eachu =1ty -t, wherety,.. ., tp, €T, m>1,t,>-- >y, P,L=P,T--- TP, .

Thus [20], {P,: t € T} is a Hall basis of the free Lie K-algebra Lx (D) over the alphabet
D, and {P, : u € F} the Poincaré-Witt-Birkhoff basis of K(D) corresponding to the
Hall basis {P, : t € T} of Lx(D), and according to Definition 5 and Theorem 3, the
isomorphism of hom(Sh(V), K) and K((D)) identifies each F, (u € F) with P,. Then, for

each o € hom(Sh(V'), K), the corresponding formal series can be rewritten in terms of that
Poincaré-Witt-Birkhoff basis of K(D) as

Y aww=Y" a(ay(gg)) P,

weW ueF

We then have that, given &, 3 € hom(Sh(V), K),

S | 7 () -y )

ueF ueF ueF

and thus, in order to compute the product of two such series in terms of the PWB basis
{P,: u e F} (that is, in terms of the coefficients &(v (u)),ﬁ(l/( ), u € F), it is only
required to have the coproduct Al/( ), u € .7-" written in terms of this basis, which can be
obtained efficiently by means of recursion (13) and Algorithm 1.

It is often required in applications to obtain, given & € @(K), the Lie series 3 = loga.
In order to express such Lie series in terms of a basis associated to a Hall set (i.e a Hall set
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T of decorated rooted trees), we need to compute the coefficients log a(v(t))/o(t) of the
term of the Hall basis associated to each t € 7. In order to do this, we need to be able
to perform the product (34) in hom(Sh(V'),K) (for instance, as we have just mentioned,
by means of recursion (13) and Algorithm 1). Once the product * is implemented, the
required values B(v(t)) = loga(v(t)) can be obtained either by applying the definition in
power series (35) of the logarithm, or, for instance, by means of some recursion based on
the fact that the logarithm is the inverse of the exponential (36), for instance (37).

Consider an arbitrary algebra A over Q. For each @, 8 € hom(Sh(V), .A), we obviously
have that «, 8 € hom(H, A) for « = av and § = BV. Then, (19) implies that

-~ -~

@By = axp, [afblv = [of] (43)

-~

(loga)y = loga, (expf)r = exppf. (44)

In addition, given a commutative algebra K, it holds that & € G(K) (resp. Be log(G(K)))
if and only if @ = av € G(K) (resp. 5 = Bv e log(G(K))). We thus can apply the results
on Hpg, and in particular, those in Subsection 5.3, to work in the algebra hom(Sh(V'), A),
the Lie algebra log(G(K)) of Lie series, and the group G(K) of exponentials of Lie series.
Thus, if the values of @« = av € G(K) for arbitrary decorated rooted trees in 7 are available
then the coefficients log@(v(t)) (t € T) of the Lie series log@ of an arbitrary & € G(K)
can be explicitly obtained by applying Proposition 8 for a = aw.

In particular, we will explicitly obtain the formal expansion of log(exp(X) exp(Y)) as a
Lie series over the alphabet {X, Y} (known as Hausdorff series, and also as the Campbell-

Baker-Hausdorff formula) expressed in an arbitrary Hall basis of the free Lie algebra over
{X,Y}.

5.5 The CBH formula and some generalizations

Let T be a Hall set of rooted trees decorated by D = {z,y}, and F the corresponding set
of Hall forests. Consider P; € log(G(K)) (¢ € T) given in Definition 12, and identify the
symbols X and Y with P, and P, respectively. The CBH formula then reads

B(t
log(exp(X) exp(Y)) = ) % P, (45)

where for each ¢ € T, B(t) = B(v(t)), B = logd, @ = exp(B,) * exp(B\y) € G(Q), and
Ba € log(G(K)) for d = z,y € D are determined by B4(d) = 1 and B,(w) = 0 for any word
w # d (note that each Bd coincides with Fy given in Definition 5). Alternatively, we have
by virtue of (43)-(44) that § = logca, where o = av = exp(f;) * exp(f,) € G(Q), and
Ba = Bav € log(G(Q)) for each d € D = {x,y}. That is, given u € F, B4(u) =1 if u=d
and B; = 0 otherwise. The following result explicitly gives the coefficients 3(¢) in the CBH
formula (45).

22



Proposition 9 Consider D = {z,y} and B4 € log(G(K)) defined for each d € D as
follows. Givenu € F, B4(u) =1 ifu=d and B4 = 0 otherwise. Let o = exp(f,) * exp(5y)
and B =loga. Givent € T (D), let T be a decorated partially ordered set representing t,
then

1. a(t) = 1/CY(T)! if there exists a subset V of T satisfying (3) such that all the vertices
of PY(T) are decorated by x and all the vertices of RV (T) are decorated by y (there
is at most one such subset V') and «a(t) = 0 otherwise.

2. and B(t) is given in terms of a by Proposition 8, or directly as

Wy y(Z
py= 2, 05((:/’))!

ZeM(T)

where M (t) is the set of decorated partially ordered subsets Z of T with the same root
as T such that each decorated rooted tree in the forest C%(T) is decorated either only
by x or only by y, and wyy(z) € Q is given for each z € T as follows. Let Z be a
decorated partially ordered set representing z, then

wey(Z)= Y, w(Z7)

Z*eN(Z)

where N(Z) is the set of decorated partially ordered subsets of Z with the same root
as Z and the same number of vertices decorated by y as Z.

Proof: Proposition 8 implies that exp 4(¢) = 1/t! if all the vertices in ¢ are decorated
by d and exp B4(t) = 0 otherwise. As for o = exp(8;) * exp(8,) € G(Q), (34) and (2) lead
to first statement of Proposition 9. Application of Proposition 8 to such o € G(Q) leads
to the required result, by observing that, if Z € M(T'), then N(Z) coincides with the set
of decorated partially ordered subsets Z* of Z such that o(C% (T)) = C4(T)!. O

Remark 22 It is not difficult to generalize Proposition 9 to obtain similar explicit formulae
for the coefficients of the Lie series expansion of log(exp(X}) - - - exp(X,,)) for the symbols
X;. O

Remark 23 As mentioned in Remark 8, for each ¢ € 7\', there exists a decorated rooted
tree t* € T such that v(t*) = v(t)/o(t), so that G(t)/o(t) = B(v(t))/o(t) can be replaced
in the CBH formula (45) by §(t*) as given by Proposition 9 for the decorated rooted tree
t*. O

Remark 24 In practice, if the coefficients 3(t) = B(l/(t)) in (45) for Hall rooted trees up
to a certain degree are required, they can be more efficiently computed following different
recursive procedures, for instance, based on (37). From a computational point of view, it
may be preferable to use algorithms that only involve the sets of Hall rooted trees T and
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Hall forests F , as the numbers of decorated rooted trees of a given degree increase very
fast compared to Hall rooted trees. R R

The task of obtaining S(v(t)) for ¢t € T is simplified if the Hall set of rooted trees T
is constructed in such a way that > y. In that case, it holds for a = exp(ﬁz) * exp(By)
that a(v(t)) = 1ift = x or t = y, and @(v(t)) = 0 otherwise. It then remains to obtain
the values of B = loga for v(t), t € ’7\', which can be done efficiently, as indicated in
Subsection 5.4, with the help of (13) and Algorithm 1. O

Remark 25 The CBH formula can also be recursively obtained working exclusively in the
free Lie algebra generated by the symbols {X, Y}, which involves Bernoulli numbers [24]
as in (37). The resulting recursion does not seem however to be advantageous in our
framework. O

Further generalizations of the CBH formula can be obtained with the help of recursion
(13) and Algorithm 1. Given Lie series /31, ..., B, over an alphabet D with a commuta-
tive Q-algebra K as base ring (we can interpret them, using our notation, as elements in

~

log(G(K))), a new Lie series of the form

B = log(exp(ﬁl) Kook exp(B\m))

can be similarly expressed in a Hall basis of £(D), with (13) and Algorithm 1 as the
main tools to obtain the coefficients B(v(t))/o(t) corresponding to the element P, (¢ €
'7') of the Hall basis of £(D). This is useful, for instance, in the context of numerical
integration of ordinary differential equations, in particular, when studying composition
integrators [15, 16]. Note that, according to (43)—(44), the coefficients 3(v(t)) (t € T) of
the Lie series B\ can alternatively be obtained as §(t), where 5 = log(exp(f1) *- - - xexp(5m))
and f§; = Bizx belong to log(G(K)), and thus the computations can be performed with the
tools developed in Subsection 5.3.

5.6 Continuous CBH formulae

A continuous version of CBH formula was first considered in [5], and since then it has
been considered in the literature in several contexts. For instance, in nonlinear control
theory (see [11, 12, 21] and references therein), stochastic differential equations [2], and in
Lie group techniques of numerical integration of ordinary differential equations [10]. The
problem of expressing the continuous CBH formula in a basis of £(D) can be reduced to
writing in terms of this basis the Lie series (with coefficients in a commutative Q-algebra)
obtained as the logarithm log & of a particular @ € @(K) representing a series of iterated
integrals. In nonlinear control theory, K is the vector space of Riemann-integrable real-
valued functions, and @ represents the so-called Chen-Fliess series. In stochastic differential
equations, K is the algebra of (real-valued) stochastic processes, and the integral operators
correspond to the Stratonovich integral formulation of stochastic differential equations [2].
In Lie group integrators [10], the continuous CBH formula arises, for instance, when the
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study of numerical methods for matrix differential equations of the form X' = B(#)X
requires rewriting its solution as X (¢) = exp(}_, -, Yit*) provided that B(t) = Y_, ., Bxt".

The problem can be stated in algebraic terms as follows. Consider a commutative
algebra K over Q and a Q-linear map [ : K — K such that the following property
(integration by parts) holds,

NS =[S+ [(ufA), foreach N\ peK (46)

Let A be a K-algebra, and let [, : A — A be a Q-linear map such that [, 74 = 74 [
for the unity map 74 : K — A in the K-algebra A. With some abuse of notation, we will
write the map fA also as [. Assume that, given b € A, the equation

a=14+ [(ab) (47)
has a unique solution. Fixed point iteration gives the formal solution
a=14+ [+ [(JO)b+ [([([b)b)b+--- (48)
Let us denote as A.ons the subalgebra of A defined by
Acons ={a € A: [(ba) = ([ b)a, for each b € A},

and similarly for Keons. Assume that, in (47), b =), Aaaq where D is a set of indices,
and for each d € D, \y € K and ag € Acons. In that case, (49) can be rewritten as

a=1u+ ZdeD(f ’\d)ad + Zdl,d2ED (f(f ’\dl)’\dz)adladz +o

or equivalently,

a = Z &(w) oy s (49)

weWw

where W denotes the set of words on the alphabet D (including the empty word €), and
a(w) € K and a,y € Acons are recursively defined as follows.

az =1y, GuTq= ayaq, w€EW, foreach de D, (50)
ale) =1g, a(wTd) = [(a(w)As), foreach weW, de D, (51)

Obviously, (51) determines a unique @ € hom(Sh(V'), K), which turns out to be an algebra
map, that is, @ € G(K). To see this, consider for each d € D the Q-linear map

Li:K—K, Ly(pu) = [(u)g), foreach pek (52)

and observe that (46) implies that the assumptions of Proposition 2 hold for A := K and
L, given for each d € D in (52), so that there exists a unique algebra map ¢ : Sh(V) - K
such that ¢Cy = Le¢, i.e. p(wTd) = [(a(w)Aq) for each d € D and w € W. Hence ¢ = @.
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The map w € W — ay, € Acons extended by linearity to w € Sh(V) — ay, € Acons
is actually the unique algebra homomorphism of the algebra K(D) (with concatenation
product T) onto the subalgebra of A..,s C A generated by {aq : d € D}, which gives rise
to an homomorphism of the algebra of formal series K((D)) (isomorphic to hom(Sh(V), K))
onto the algebra of series of the form (49)-(50). This shows in particular the following.
Given a Hall set 7 of rooted trees generated by D and the corresponding set F of Hall
forests, let us denote with some abuse of notation a, := ap, for each v € F. Then it
formally holds that for any @ € hom(Sh(V), K),

Z a(w) ay = Z &((Tl/(ngu))) Qy

wew u€F

As a consequence of previous considerations, we have that the formal solution (49) of (47)
can be expressed in the form

a = exp ZM% : (53)

t
teT o(t)

The formal representation (53) of the solution of (47) can be considered as a continuous
version of the CBH formula, which can be applied in different contexts, in particular, in
those mentioned at the beginning of the present subsection. The practical problem of find-
ing the continuous CBH formula then reduces to obtaining the coefficients log &(v(t))/o(t)
for each t € 7. This can be done in terms of Hall rooted trees and forests, as indicated
in Subsection 5.4, with the help of (13), Algorithm 1, and either (35) or recursion (37).
Alternatively, an explicit formula for log @ (v ()) can be obtained by applying Proposition 8
as follows.

Consider the algebra map a = av € G(K), so that, according to (44), log o = (log @)v.
Moreover, Theorem 1 and (51) imply that aBy = Lga for each d € D, where the Q-linear
map Ly : K — K is given in (52). Thus, « is the unique algebra map Hr — K given
by Proposition 1 for A := K and Ly given by (52). In other words, a € G(K) can be
determined as the unique Q-linear map such that, given d € D, u € F, t1,...,t,, € T,

ale) =1, a(Bi(u)) = [(a(u)ha), alti - tm) = alty) - atn). (54)

Recursion (54) thus assigns an iterated integral to each decorated rooted tree and forest.
Thus, application of Proposition 8 to a € G(K) given by (54) provides and explicit formula
for the coefficients log a(t) = loga(v(t)), t € T in (53).

In [14], iterated integrals are associated to decorated rooted trees as in (54) in the
context of renormalization in quantum field theory (there, only finite-type integrals satisfy
the integration by parts property (46) that guarantees the existence of @ € G (K) such that
a = av for o € G(K) given in (54)).

It may be of interest to note that a recursion for the coefficients B(t) = B(v(t)) for
B = log@ in the continuous CBH formula (53) that only involves operations in the Lie
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algebra log(G(K)) (or log(G(K)) for that matter) can be obtained, derived from the so-
called Magnus expansion (see for instance [10] for a presentation of Magnus formula in the
context of Lie group integrators), which can be generalized in our framework provided that
the identity

(Ja)([b) = [(a[b)+ [((Ja)b), foreach a,b€ A,

holds.

Equation (47) can be generalized by considering formal series expansions of the solution
c € Aof ¢ = cy+ [(ch), for prescribed cg,b € A. If cp,b admit expansions of the
form c¢g = Y e V(W) aw, b = Do B(w) ay with g, B € hom(Sh(V),K), then ¢ =
Y wew V(W) @y, where 5 € hom(Sh(V'), K) is the solution of 7 = %—i—f@*ﬁ) Alternatively,
C= i %au, where 8 = B, 7o = Fov and v € hom(Hy(V),K) is the solution of y =
Yo+ [ (y*8). We thus simply can assume that A = hom(Sh(V), K) or A = hom(Hz(V), K),
with [ 4 - A — A representing composition with J : K — K, and Ao consisting of maps
with values in Kns. In particular, we have that (51) (resp. (54)) is the solution of
a=nxe+ [(ax B) (resp. a = nxe+ [(axB)). We will proceed with A = hom(Sh(V'), K),
but similar arguments can be applied for A = hom(Hz(V), K).

If Yo € Acons, then 7 = 5 x @, with @ € A being the solution of & = nxe+ [ (@ * B)
This is closely related to Chen’s convolution formula for the iterated integrals of paths [5].
We have previously shown that, if 3(w) = 0 when |w| # 1 and 3(d) = Ay (d € D), then
a € G(K) (actually, it can be shown that & € G(K) provided that 3 € log(G(K))), and
thus, in such case, 3 € G (K) provided that 7, € @(K)

By considering A = hom(Hg(V), K) instead, similar arguments (now with [ not neces-
sarily satisfying (46)) show that, if 7o € Acons, and o € A is the solution of o = nge+ [ (o)
then the solution of v = o + [(7 * 3) is 7 = Y * @, and that o,y € G(K) provided that
B € log(G(K)) and vy € G(K). This corresponds to Kreimer’s generalization [14] of Chen’s
convolution formula for iterated integrals associated to decorated rooted trees.

In connection with continuous CBH formulae in [11, 21|, the following observations may
be of interest. Let us denote as M the image of [ : K — K, and assume that there exists
a linear map D : M — K that is left inverse of [, so that D [ A = X for each A € K. In
that case, (46) implies that D is a derivation from M to K, and that Aoy := [(A(Dp)) for
A € K, u € M gives a left K-module structure to M which satisfies (10). This implies that
the vector space M together with the bilinear binary operation o has a non-associative
algebra structure referred as chronological algebra in [11] and as Zienbel algebra in [21].
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