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Abstract
In this study an alternative to backward error analysis (BEA)for geometric
numerical integration schemes is introduced. It allows us to prove KAM and
Nekhoroshev stability theorems for symplectic discretizations of close to inte-
grable Hamiltonian systems, without the restrictions of traditional BEA. The
results are qualitative in nature and explain in further detail why symplectic
integration of Hamiltonian systems is so successful.
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1 Introduction

Symplectic integration (SI) of Hamiltonian differential equations has received a lot of
attention in the last few decades. For long time-span simulations, such as those of
celestial mechanics, molecular dynamics and accelerator dynamics SI-schemes have
shown outstanding performance, not seen in traditional discretization schemes.

By retaining the geometric properties of symplectic flows, SI often leads to im-
proved error growth and retention of global qualitative properties of the exact flow.
The technique of BEA has been used to analyze and explain this behavior.

Suppose we are given an analytic! Hamiltonian function h : R*™ — R. If the
flow of h is discretized by a symplectic integration scheme, WAy p, then BEA tells us
[3, 40, 17, 39, 16, 18] that there exists a formal autonomous Hamiltonian function
h so that its time-At flow, ¢ AT is equal to Wayp up to all algebraic orders in At.

The series defining h is generally divergent, but very accurate approximations, E*At,
are possible in the limit A¢ — 0. For the general case, when no assumptions on the
dynamics of h are made, one can prove the worst case bound

Uapn(z) = Par () + O(exp(—cor/At||Oh]|,)), for |At] < At*, (1)

where the positive constant ¢g < 27 depends on the method ¥a.p but not on At.
The norm || ||, is defined as the supremum of the individual components of the vector
Orhg on complex tubular neighbourhood of radius r > 0 of the trajectory.
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When the existence of an optimally truncated E*At has been established, stability
results from the theory of differential equations can be applied to E*, and in this
manner the stability properties of ¥a; p up to the effects of the exponentially small
remainder term are found. This idea was explored in different contexts in [17, 39, 19]
giving various stability estimates for symplectic integrators. The most immediate
consequence is that B s a virtually conserved quantity restricting the dynamics
produced by the numerical scheme to a 2n — 1 dimensional subspace of R>".

When applying BEA to real calculations it becomes apparent that the bound At*
is highly conservative, and that numerical experiments with SI often performe better
than this theory predicts. Indeed if At||0h||, > 27r the exponential estimate can no
longer be considered small, but experiments indicate good stability even then. Even
for small At the estimate (1) must be viewed as conservative.

Overall, one can say that the strength of BEA is that one can always construct
the Hamiltonian E*At under mild assumptions on the flow of h but quite restrictive
assumptions on At, and the implications are often less than optimal.

1.0.1 Close to integrable systems

A more careful analysis of close-to-integrable Hamiltonian systems (h = ho(I) +
er1(1,0)) shows that the exponential remainder term in (1) originates from step-size
resonances, i.e. when some oscillatory component of the exact solution has period
equal to the step size At [31]. Therefore to improve the stability estimates of BEA, one
can make more assumptions on the step size, At or on the unperturbed Hamiltonian
ho so that such resonances or their effects are avoided [48, 18, 30]. Along these
lines a KAM theorem for SI-schemes by Shang [47], see also [18, 43], shows that
for Kolmogorov non-degenerate Hamiltonians and step sizes belonging to a certain
Cantor set, strongly non-resonant orbits are essentially preserved, and therefore the
stability in this case is not subject to the exponential estimate (1). Further evidence
for the importance of non-resonance conditions is given in [52] where Wisdom and
Holman give an alternative analysis of the effect of step size resonances and show
examples where stability is actually lost near the resonant step sizes.

In this paper we introduce a different approach to backward error analysis which
overcomes the shortcomings of traditional BEA, and use it to study the KAM stability
(infinite time stability) [23] and Nekhoroshev stability (exponentially long stability
times) [33] of SI-schemes. A similar technique was used by Douady [8] to prove the first
general KAM theorems for symplectic mappings close to the identity. The Nekhoro-
shev stability results are particularly useful for explaining the superior approxima-
tions produced by SIl-schemes as they avoid the impossible-to-check non-resonance
conditions of KAM theory and allow initial values in open subsets of phase space.
An improved stability result for orbits close to KAM-tori derived by Morbidelli and
Giorgilli [32] can also be derived for SI schemes giving a super-exponential stability
result for simulations close to strongly-non resonant orbits.

1.1 Set-up

We consider discretizations of the flow of perturbed integrable Hamiltonian systems.
For the analysis we assume the Hamiltonian has been put into the form h(I,6) =
ho(I) + eri(1,60), and is analytic in the action-angle variables of the unperturbed
system (I,6) € D x T", D C R" is an open set and T = R/Z = {f#(modl) : § € R}.



The corresponding differential equations are then

I = —0gery(1,6)
4 Orho(I) + Orery(1,0) (2)

The perturbation er; is assumed small and hg will be assumed to satisfy various
non-degeneracy conditions so that the exact flow ¢, is stable. We say that the flow
¢¢p, is T-stable if the following bound holds

sup [|I(t) — I(0)[| = R(|ler1]]), where R = O(|ler1]|") 3)
te[o,T]

for some constant b > 02. If one can conclude that T = oo then the flow is sta-
ble in the classical sense. However for applications with non-degenerate conser-
vative systems, finite but large T can be useful, in particular exponential bounds,
T = O(exp(C||er1]|~*)), where a > 1.

1.1.1 The numerical method

The exact flow of a Hamiltonian system is well known to be symplectic, i.e. preserves
the two-form w = Y1 dI Adf, (¢)sw = w. The discretization of the flow ¢y,
is obtained by iterating a map Wa¢, which we assume is analytic, i.e. it can be
expanded as a convergent Taylor expansion in the step size At around At = 0, and is
consistent to order p, ¥a;p = Parn + O(At”“). We also assume, like for the exact
flow, that the map WA is symplectic, (¥ a¢p)«w = w. We note this assumption can
be weakened to assuming that Wa¢ p is conjugate to a symplectic mapping, i.e. there
exists a diffeomorphism, x, on phase space so that xa¢,n0 ¥a¢no XZ%, h = PAt,n Where
 is a canonical symplectic map. Alternatively, one may say that the non-canonical
symplectic two form w, = (xa¢,n)«w is left invariant by ®a, . Methods of this type
include operator splitting methods such as the Stérmer/Verlet method, methods of
Runge-Kutta type such as the trapezoidal rule and midpoint rule together with the
Gauss methods of arbitrary high order[18] and others.

We also note that the assumption that the Hamiltonian is written in action-angle
coordinates is not necessary, for the numerical discretization, we merely rely on the
fact that it is possible to write it as above for the stability analysis.

1.2 Non-autonomous backward error analysis

As an alternative to BEA, non-autonomous backward error analysis (na-BEA) rep-
resents an intermediate step in the stability analysis. By not carrying out the time-
averaging[?] the exponentially small remainder term are avoided, yet it is sufficient for
the application of standard stability results from Hamiltonian perturbation theory.
The idea of na-BEA is to construct a non-autonomous perturbation ery(I,6,t/At),
At-periodic in ¢ so that the At-flow map of h + ers is equal to Wy p, i-e.

¢At,h+erz = lI"At,h-

2The norm of a function is the sup-norm in some complex neighbourhood of D x T", while that
of vectors is the Euclidean norm.



A simple construction of er; is found by letting H and eR, be the Hamiltonian vector
fields corresponding to h and ers respectively. Then we may define

eRy := 0% oWl —H

ot bl

; (4)

provided ¥y, is an invertible mapping on D x T" for ¢ € [0, At]. Enforcing the At-
periodicity in ¢ gives a Hamiltonian h+ery(1,6,t/At) whose flow exactly interpolates
the trajectory of Was . A stability theory for SI schemes was derived for this setting
in [30], where questions related to the invertibility of ¥, ; were also addressed. See
also the work by Fiedler and Scheurle[12] for other results along these lines.

This simple construction is not sufficient as er, is not analytic (or even C*([0, At])
at t = 0 and ¢ = At, which makes the application of fast-converging Fourier series
difficult and hence it reduces the usefulness of traditional perturbation techniques.
In particular if one is interested in applying results from Hamiltonian perturbation
theory, more ( e.g. C* with k > 2n) regularity is necessary for KAM-type results [1,
46]. For exponential stability estimates such as the Nekhoroshev estimates [33] it will
be necessary that h + ers is analytic in some complex neighborhood of (I,0,t/At) €
D x T" x T. The existence of such an analytic perturbation ery(1,6,t/At) is the
theme of a paper by Kuksin and P&schel [25] see also [20, 8]. From [25] the following
result follows directly

Theorem 1 Suppose U p, is an analytic®, symplectic numerical method approzimat-
ing the flow ¢¢ p, then for sufficiently small € there exists a At-periodic perturbation
era(1,0,t/At) so that pahters = Yarn. Moreover h + ery is analytic in some open
neighborhood of D x T" x T and ery — 0 when er; — 0.

Theorem 1 replaces the role of BEA for close-to-integrable Hamiltonian systems,
while a result by Pronin and Treschev [49] and Trifonov [50] generalizes the Theorem
1 to all analytic mappings. If standard BEA is desired, then e.g. the time-averaging
procedure of Neishtadt [34] can be applied to h + ers to remove the time-dependency
up to an exponentially small remainder term.

We note that the proof by Kuksin and Pd&schel is an existence proof, and it is not
clear from their technique how to derive a rigorous bound on the magnitude of ers.
If rigorous bounds are desired the approach by Pronin and Treschev [49] is possibly
more useful.

1.2.1 The extended Hamiltonian

Instead of carrying out a time-averaging on h + ers reducing the dynamics to R™ x T"
we now introduce the variable e € R which is canonically conjugate to 7 = t/At. In
this way we are led to consider the extended Hamiltonian

b= ho(I) + e/ At + ery (I,6) + ers (1,6, 7),

on the phase space (I,6,7,e) € D x T" x T x R, with a symplectic two form is given
by & := w + de A dr, left invariant by the flow ¢, ;, (¢, ;,)«@ = @. For the extended

Hamiltonian the unperturbed part is g := ho(I) + e/At, while the perturbation is
taken as €fy = er; + €rs.

3We say the numerical method ¥ is analytic if when applied to analytic Hamiltonians it produces
an analytic mapping in phase space.



The application of stability results from Hamiltonian perturbation theory is now
a matter of verifying that the assumptions that hold for the original unperturbed
Hamiltonian hg(I) still hold for the extended unperturbed Hamiltonian h¢(1,€). Any
discrepancies will then indicate how the phase portrait of the approximation Wy p
differs qualitatively from that of the exact flow, ¢a¢ . In other words, the results indi-
cate when numerical discretization introduces instabilities not present in the original
system. As the results we are studying are perturbative we will assume throughout
that the perturbations e7; = er; are “sufficiently small”.

2 KAM theorems for symplectic integrators

KAM theorems are the best known stability theorems of close-to-integrable Hamil-
tonian systems of ODEs. They are perturbative in nature, and give the existence
and persistence of invariant toral submanifolds in phase space. In other words they
give the existence of a symplectic coordinate transform (I,0) = ®(I,6) so that the
perturbed Hamiltonian ho(I) + ery (I, 6) in the new coordinates takes the form hg(I).
Shang [47] proved a KAM theorem for numerical discretizations of Kolmogorov non-
degenerate systems, but we will in this section study KAM theorems for numerical
schemes in more generality.

There are essentially three assumptions made before KAM theorems can be ap-
plied;

1) A certain smoothness is required for both the unperturbed Hamiltonian hq and
for the perturbation, er.

2) The unperturbed Hamiltonian ho must satisfy a non-degeneracy condition.

3) The trajectory generated by hg is not close to resonant, i.e. Vm € Z" \ 0 we
have | < 9rho(1(0),e(0)),m > | > Q(Jm|1) > 0, for some function Q that is
usually taken as Q(s) = ys~¢ for some constants ¢,y > 0.

A qualitative formulation of a KAM theorem is then

Theorem 2 (KAM, Generic) Suppose 1)-3) above are satisfied for a particular
initial value I(0) € D and that the perturbation, e is sufficiently small, then there
exists a symplectic coordinate transform (I,0) = ®(I,0) so that in the new coordinates
the Hamiltonian ho(I) + e (I,6) only depends on the new action variables, I, when
represented in the coordinate system (I,0).

Arnol’ds version of the KAM theorem shows that the measure of the initial conditions
for which the tori are destroyed goes to zero as e — 0 [1].

By Theorem 1 ery can be made analytic, and thus assumption 1) is that of an-
alyticity.* The question we are interested in is how assumptions 2) and 3) might
be affected by numerical discretization. We will call degeneracies introduced by nu-
merical discretization, i.e. when going from hgy to hg, numerical degeneracies, while
violations of the resonance condition will be referred to as numerical resonances.

41t is unknown if the construction of ery is possible for the C* category.



2.1 Degeneracy conditions
2.1.1 Kolmogorov vs isoenergetic degeneracy

To start we consider the two classical non-degeneracy conditions from Hamiltonian
KAM theory. Let the unperturbed Hamiltonian hgy satisfy the Kolmogorov non-
degeneracy condition [1],

det(0?ho(I)) #0, for I €D.

It is not difficult to see that (det(@%,eﬁo) = 0) Kolmogorov non-degeneracy is lost
through numerical discretization. However, if hg is Kolmogorov non-degenerate then
one can show that hg is isoenergetically non-degenerate:

- . 0%h 0 Orh
62 hO 61 hO 1'% 1790 1
det Le) i€ = det 0 0 1/At | = —— det(8?ho(I 0,
e <61,eh0T 0 e / AL et(Otho(1)) #

81hg l/At 0
and therefore numerical degeneracy is avoided for Kolmogorov non-degenerate hg
which implies the results of Shang[47]. So the question that remains in this classical
case is what happens to isoenergetic non-degenerate Hamiltonians such as hg = I? /2+
L.

Note 1 To detect the effect of numerical degeneracy in real simulations is hard as the
perturbation er1 might in fact restore the non-degeneracy. Furthermore from standard
BEA or time-averaging [34] it follows that the drift in the action variables due to nu-
merical degeneracy is at most O(texp(—Cr/At||h||-)) or even O(texp(—Cr/At||er1||r))[51]
when the step size satisfies certain non-resonance conditions.

2.1.2 Riissmann non-degeneracy

The most general non-degeneracy condition for analytic systems which includes the
Kolmogorov and isoenergetic non-degeneracy condition is the Riissmann non-degeneracy
condition [41].

Theorem 3 (Riissmann non-degeneracy) For analytic hg, the following condi-
tion is necessary and sufficient for KAM non-degeneracy: the image Orhg : D — R"
does not lie in any hyperplane passing through the origin.

It was the important observation by Sevryuk that Riissmann non-degeneracy is both
necessary and sufficient [46]. I.e. for a Riissmann degenerate Hamiltonian there exists
an arbitrary small perturbation er; so that all the invariant tori of the unperturbed
system are destroyed. For our analysis we will apply the following characterization
on Riissmann non-degeneracy using standard multi-index notation.

Theorem 4 [4/1] Let D C R™ be open and connected. Then for an analytic frequency
vector w : D — R™ to be non-degenerate it is sufficient that the Taylor expansion

drho(I) =w(l) = Y (I_li“ro)lw(”(Io)
1eN" '

of w(I) at some point Iy € D contains n linearly independent coefficients w® (Ip)
I=1,la,...,1, € N", and it is necessary that among the Taylor coefficients w® (Iy)
there are n linearly independent coefficients at each point Iy € D.



As a corollary of this theorem we have

Corollary 1 Suppose hg is Rissmann non-degenerate, then izo is Rissmann non-
degenerate.

The proof is trivial, and follows from the e-independence of ho(I). This striking
result shows that within the most general definition of non-degeneracy, numerical
degeneracy does not occur.

It is appropriate to mention that different types of degeneracies have different con-
sequences for which tori are destroyed by perturbations. If the unperturbed Hamilto-
nian is Kolmogorov or isoenergetic non-degenerate it is known that the measure of the
destroyed tori is O(e'/?) [46] while for Riissmann non-degenerate hg it is O(e'/2N))
where N is the highest derivative needed to achieve linear independence in Theorem
4. From the definition of the Riissman non-degeneracy condition it follows that NV is
equal for hg and hy and the measure of the preserved tori is asymptotically the same
order of magnitude. This does not exclude the possibility that some tori invariant
in h are destroyed in h, although we now know that the mechanism for this must be
something other than degeneracy.

2.2 The resonance condition

In most presentations of KAM theorems a strong non-resonance condition
| < drho(I),m > | >~m|¢, VYmeZ" (5)

with ¢,y > 0 typically I-dependent is assumed®. The resonance condition restricts the
action variables I to Dy, C D, which is a Cantor set, i.e. a closed, totally disconnected
and perfect subset of D . For Dy, to be of positive measure we can assume ¢ > n.
When analyzing hg+ery numerically it is also of interest to study how one must choose
the step size At not to lose stability for I € Dw, that is, we need a condition on At
for a strong non-resonance bound like (5) to hold for | < 91 .ho(I,€),7n > | assuming
(5) holds. To do that we follow Shang [47] and first define the set of resonant steps

k
R(Orhy) =< AteR:3 Zn k€l => ANt = ———— 6
(Orho) { € m € Zy,k € Zy <61h0,m>}’ (6)
with R = R if for some m € Z!} < Orhg,m >= 0. The set of non-resonant At is then

R\ R. Among the non-resonant At we have strongly non-resonant steps which we
define by

2 ¢
NR(drho) = {At eR:|Af+ k Mmf e Ik € Z+} . (7)

< Orho,m > y(jm|: + [k|)¢

where ¢ and « are defined through (5), while ¢ and 4 positive constants to be de-
termined. We assume for simplicity that At < 1. To show that AR has positive
Lebesgue measure, p in R, we find

S ¢
W(R\NR) < 2y %
mEZ:_,kEZ.;. ’7(|m|1 + |k|)C

SZY ={m e Z" : |m|; # 0}
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The number of vectors 7 € Z7™" such that ||y = I is bounded by 2"*1I" and it
follows that

1 > ;
< ot T =
D A R
mel 1 =1

if { >n+1+¢. Since u(R\NR) is bounded u(NR) is positive and it can be shown
[47, 18] that density of N'R increases when At — 0. With this definition of N'R we
find

. 1 k
e ) 7 = Az ’ A a1
| < Or,eho, ™ > | At|<31h°m>|| t+<61h0,m>
> 1, (8)
At(lmly + [k[)¢  |m)$

thus BI,JLO also satisfies a strong non-resonance condition provided At € N'R. The
estimate f > 2n + 1 is not sharp, and this originates from the choice of N'R. If we
consider frequencies and time steps together as frequencies in R™! it can be shown
that the set

{@1ho(1), 80) :| < 0o, > | 2 Al S, v € 2} ©

has a large measure in R™*! provided f >n+1.

Furthermore the lower bound (5) is one of convenience, and a careful study of
weaker assumptions made by Riissmann [41] has revealed that it is sufficient in the
analytic category to assume the lower bound

| < 6Ih0,m > | > QI(|m|1) >0 (10)

with Q7(s) satisfying

/oo Q1(s)log(s)/s*ds < oco.

This weaker assumption enlarges the Cantor set Do, and a similar analysis to that
above would be interesting to pursue. With this comment we now formulate

Corollary 2 (KAM, Numerical) Consider the analytic Hamiltonian h = ho(I) +
er1(1,0) where ho satisfies the Rissmann non-degeneracy condition and ery is suffi-
ciently small. Suppose Orho(I) satisfies (5) and define the Cantor sets N'R(Orho) C R
for appropriate 4 and é . Let the flow of h be discretized by a consistent symplectic,
numerical method W a¢ p, with a sufficiently small At € N'R(Orho). Then a large mea-
sure of the invariant tori in Do of the original Hamiltonian persist in the discretized
dynamics.



The reason why not all the tori in Dy, are preserved is because the perturbation
changes from ery to efy.

Note 2 Other adaptations of KAM theorems as we have done here for the classical
case are possible for lower dimensional tori or around elliptic equilibrium points [25].
Such results for lower dimensional tori may then be used to explain the good preser-
vation of first integrals by SI schemes applied to systems that do not have a complete
set of n integrals in involution.

3 Nekhoroshev theorems for symplectic integrators

A weakness of the KAM theory is that the subset of the phase space filled by invariant
tori is not open, and determining if an initial value is in Dy, requires an infinite number
of inequalities to be verified. Further difficulties related to this are introduced by
the finite precision effects of computers, guaranteeing that all steps are resonant.
Furthermore, it has also been numerically verified that roundoff effects are sufficient
for a trajectory to cross a torus [9], whereby showing that invariant tori are not strict
barriers to the flows approximated by ¥a;j, on computers. Roundoff effects aside,
when we consider resonant initial points (i.e. I € D\ D) it is known that through
a process named Arnold diffusion that ||I(¢) — I(0)|| might grow as O(t) when n > 2,
see e.g. examples in [1, 27]. For specific systems, bounds on the Arnol’d diffusion
have been worked out [26]. By making certain assumptions on hg one can prove the
boundedness of ||I(t) — I(0)|| for exponentially long times for initial values on open
subsets of D. Nekhoroshev theorem gives such a bound for the generic class of steep
Hamiltonian systems.(For definition, see below.)

Theorem 5 (Nekhoroshev, Generic) Let ho(I) be a steep analytic function on
some domain I € R™, and er1(1,0) a sufficiently small perturbation, then there exists
constants 1 > a,b > 0 depending only on hg so that the action variables I € R™ can
be bounded as

11(0) = I(®)[| = R(ller]l), where R(|ler1]]) = O(ller1["),
for times bounded as
t <T = O(exp(Cller1[|™*)),

for some positive constant C that depends on the neighbourhood of D x T™ on which
we define the function norm and hg.

3.0.1 Quasi-convexity vs convexity

The simplest class of steep systems are given by convex and quasi-convex Hamiltonians
[2, 36, 7]. A function is said to be m-convex in D if

| < 87ho -v,v > | > mllvll5, m >0, VIeD,veR",
while it is Mm-quasi-convex in D if
| < 0%hg - v,v > | > m||v||? Vv € R, v L rhg,VI € D.

Nekhoroshev theorem holds for both these assumptions with stability exponents of
a=1/(2n) and b=1/(2n).



Theorem 6 Suppose hg satisfies the m-convezity assumption and that ||Orholl2 < M
on D, then hg is quasi-convex on D with constant 1 = m/(1 + At> M}).

Proof Let ¢ = (v, 2) with v € R" and z € R. Then we have

2
‘< | %o 0 oo >‘ | < Bho-v,0> | > miloll
by the assumption of m-convexity. Now, consider 9 I,e)ilO = (Orho, 1/At) which gives,
assuming 0 L 6(1’6)30, that < Orho,v > +2/At = 0. From [|5|3 = |[v||3 + |2|* we
have |z| = At| < Orhg,v > | < At||Orho||2]|v||2. From this it follows that

m(|[oll3 — [2*) > m([lo]l3 — At*[|0sholl31v]13)

6l
1+ At*||0rholl3

mlfvll3

= mlvll3

vV

So on the domain on which ||8rho||2 < M; we can conclude that kg is 7 —quasi-convex
with 1 =m/(1 + A? M}). O

This result is the analogue of the Kolmogorov degeneracy and isoenergetic de-
generacy in the KAM case. While Theorem 6 implies the Nekhoroshev stability for
SI schemes that are applied to a convex hg, in the case of quasi-convex systems a
Nekhoroshev theorem for numerical methods was proved in [30].

Note 3 This result can be used to explain the behaviour of SI simulations of e.g.
weakly coupled rotators with hy = E;‘Zl I]? without the tricky resonance condition en-
forced by KAM theorems. In particular when simulations of systems with Kolmogorov
degeneracy in the form of convezity are simulated it may very well be a manifestation

of the Nekhoroshev stability the numerical analyst is observing.

As in the KAM case with Riissmann degeneracy we now study the generic case for
Nekhoroshev theorem to hold.

3.0.2 Steepness

The most general Hamiltonians to which Nekhoroshevs theorem can be applied are
the so-called steep systems [33, 35]® These were first defined by Nekhoroshev [33], who
showed that steep functions are generic in the class of C*° functions. A Hamiltonian
function ho(I) is called steep on D with indicies p; > 1 and constants C; and § > 0 if

i Or(h > ;&P
22X im0 (el ()] > Cug?,
for all planes A C R"™ with dimA = ¢ and for each £ € [0,d]. Or(ho|a) denotes
the gradient of hg projected onto the plane A. Note that it is sufficient to consider
only the planes orthogonal to Orhg. II’yashenko [21] gives the following, simpler,
characterization of steep analytic functions.

Theorem 7 Let hg : D — R be an analytic function defined in some neighbourhood
of a closed bounded domain D C R™. Suppose that hg does not have critical points
and that the restriction of ho to each plane A (1 < dim A < n) has only C-isolated
critical points. Then hg is steep in D.

8For orbits close to elliptic equilibrium points a weakening of steepness is possible[14].
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From this theorem it follows that
Corollary 3 If the analytic function hg is steep in D, then ho is steep in D.

This is the analogue of Corollary 1 and shows that SI schemes do not destroy the
steepness properties of the original system.

Quantitatively the most interesting estimates of the Nekhoroshev theorem are the
stability exponents a and b. Niederman [35] showed that, assuming ||02hy || < M
and 1/M < ||0rho|| < M for M > 1 one may take

a=b=1/(2n—-1)p1-p2---pn1+1)

as a generalization of the believed-to-be optimal estimates for convex and quasi-convex
Hamiltonians where p; = 1.

Theorem 8 Suppose the Hamiltonian ho has stability indices {p1,...,pn—1} and that
162851l < M on D, then ho has indices {p1,...,pn—1,1} on D.

ProofLet A be a plane in R"*! with 1 < dim(A) <n,and P an orthogonal projection

onto A so that ]3(61,6;10) = 0. Partitioning P = [P;§], gives Pdrho(ly) + /At = 0,
and we find

|1 POy ho(D)|| = | P(Orho(I) — 8rho(Lo))]-

Expanding P and § in powers of At we find that P = By + O(At) and § = At +
O(At?), and it follows that Py must be an orthogonal projection operator. The
following bound is trivial

|P(Orho(I) — 8rho(Io))|| > || Po(@rho(I) — 8rho(Lo))|| — (P — Po)(Orho(I) — drho(Lo))||-

Because ||(P — Py)(8rho(I) — drho(Io))|| — 0 when At — 0 it follows that there exists
a At* and a constant ¢; < 1 so that

|1POrho(D)|| = ||Po(drho(I) — drho(Io))|]
> c1||Po(drho(I) — drho(Ip))||, At < At*.

When i = rank(130) < n by the steepness assumption on hy we have that the following
bound holds

max min ) || Po(@rho(I) — Brho(Io))|| > CiéP:.
0<H<E || 1- o]l =n,(Le)eA

However when dim(A) = n By is full rank, the steepness can not be used, but instead

max min  ¢1||Po(drho(I) — drho(Lo))||
0<n<E ||[I—Io||=n,(I,e)eA

ax ' drho(I) — drhol(I
OB 1ol i 2 1(Orho(T) = Orho (o)

= max min er 182he (I = T,

0<n<E ||I—Iy||=n,(I,e) €A 1] T o(I*)( o)l
> max min e 182Rhe (T~ 1I(T = T
= B an s e 0T T = Do)
Z 01”6-?}10([*)_1”_16:CIMé-:Cng,

11



thus p, = 1.
To complete the proof of steepness we need to show that the above bounds hold,
with possibly different constants C;, when replacing

min with min .
(I,e) €A, |l I-TIoll=n (I,e)€A,|[(1,e)—(To,e0)ll=n

To do this we consider the Taylor expansion of ho(I,e) around (Ip,eo) € A with
(I,e) e A

ho(I,e) = ho(Io,e0) + P(dr.eho)(Io,e0)(I — Io,e — eo) + 83 (ho(I*[3))(I — Io, I — Ip)
= hola(To,e0) + 83 (ho(I*|))(I — Io, I — Ip)

for some I* € [Iy,I]. Using the bounds ||8rho|| < My and ||8%ho|| < M, it follows
from the Taylor expansion that

le—eo| < AL - Lol| + MaflI - Lo||*) = Atm*|| - o,

for sufficiently small ||I — Iy||. From this bound we have

i P(0r..h
oax, min |1P(3r,eho)l
[I(I,e)—(Io,e0)l|=n
= max min |1P(8r,eho)l
0<n<€ (1,0)eA
I I-Io||24|e—eo |2=n?

2 i P(8; .k
= 0eX g | P(Or,eho)l
1?2 I-Lo|[2>n2—(Atm*)?|| I-Io||?
= i P(dr.eh
0<ne (e 1P(0r.cho)l
72> I—Io||2>n2 /(1+(Atm*)2)

2 max min || P(3r,cho)||
0<n< —=£ _ (T,e)er
T Vi@ [ To]l=n
C;

2 AT @it

Therefore hq is steep with indicies p; = p;, 1 < ¢ < m and p, = 1 and constants

Ci = mmﬁw, where Cn = ClM- O

Corollary 4 Let ho(I) be steep, and suppose the flow of the perturbed system h =
ho(I)+ery(I,0) is discretized by a consistent symplectic integration method, (In11,0n41) =
Uat,h(In,0rn). Then for sufficiently small At, and ery the variation in the action vari-
ables is bounded over exponentially long time-intervals.

1
”In - IO” < R(é, At), for |n| < A_tT’

where R(||ef1]]) = (’)(||ef1||i’) and T = O(exp(C/||e#1]|%)) for a positive constant C
and

1
(2n+1p1 - pp1 +1

G=5b=

12



In order to prove the corollary a small modification of Niedermans proof is nec-
essary. Niederman assumes that 87hg ! is bounded, while for hy we assume that the
isoenergetic non-degeneracy holds with the corresonding bound.

It was noticed by Pdschel that for initial values I(0) close to resonant orbits the
stability exponents a,b can be improved. In particular for periodic orbits in convex
and quasi-convex systems one may take a = b = 1/2 [36, 7], however there are further
improvements in the neighbourhood of strongly non-resonant orbits.

3.0.3 Super-exponential estimates

Although steepness and non-degeneracy as required by the Nekhoroshev and KAM
theorems are independent concepts, the intersection of the set of steep functions
and e.g. Riissmann non-degenerate functions is not empty. It is clear, for example,
that convexity implies Kolmogorov non-degeneracy, and it is then natural to ask if
improvements in the Nekhoroshev estimates can be made if non-resonance conditions
are taken into account.

A complete picture of what happens to convex Hamiltonian systems was given
by Morbidelli and Giorgilli [32]. By studying the proof of the Nekhoroshev theorem
a drastic improvement of the stability in the neighbourhood of points I € D, was
discovered. An alternative proof for the quasi-convex case which is of interest to us
was given in [7]. Let d denote the distance in D from a torus satisfying (5), then
Delshams and Gutiérrez state that for quasi-convex ho

1/2n
MO - 10 = Oflersllexp (-5 )™, g <1
Cy 1/2n
where T = O(exp (” A exp(Cg(S_l/(Hl))) ), (11)
€r1

for some positive constants C; and Cs.

Note 4 The bound (11) emphasizes Note 3 on numerical integration of convex Hamil-
tonians even more. In particular when simulating convex Hamiltonians the tori Dy
represent “very sticky” sets [51] and it is this stickiness that gives rise to the obser-
vations from computer simulations.

3.0.4 Discretizations of perturbed linear systems

If no structural assumptions are made on the perturbations, perturbed systems of
Harmonic oscillators h =< w, I > +eri(I,0) are degenerate in the sense of Riissmann.
In this situation the best estimates one can obtain are for strongly non-resonant
perturbed linear systems giving exponential stability, T = O(exp(C/||e ||/ (€+1)),
see e.g. [51, 18, 48, 11, 30]. Indeed Katok [22] showed that for systems with w; > 0
arbitrary small perturbations exist so that the motions are ergodic on the energy
surface, and hence the I are not necessarily bounded as t — n. See Lochak [27] for a
discussion of how the nonlinearity of €1 can restore the non-degeneracy for systems
of Harmonic oscillators, which may explain why numerical simulations of resonant
systems of oscillators still show good preservation of invariants. For linear systems of
resonant oscillators other mechanisms stabilizing the error growth might explain the
good preservation of invariants in numerical experiments[18], although it is unlikely
that the variation in all the action variables(integrals) can be bounded in such cases,
which is necessary for good error propagation.
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3.0.5 Singularities in action-angle coordinates

We have relied on action angle coordinates and the assumption that hg and er; are
analytic along the trajectory. One important case when the analyticity does not
hold is at elliptic equilibrium points. One can still deduce stability results in annular
neighbourhoods of the equilibrium point but not on domains that include it. Cartesian
coordinates avoid this singularity, and special versions of the Nekhoroshev theorems
[13, 37] and KAM theorems have been developed for this case. The version of the
Nekhoroshev theorem proved in [13] can be adapted to the quasi-convex case, and we
may therefore apply it to ho. In contrast to the standard Nekhoroshev theorem, a
weak non-resonance condition is needed in this case. Assuming that the equilibrium
point is at (p,¢) = 0 and forming the Taylor expansion h(p,q) = ha + hs +hsa++- -+,
where h; is homogeneous of order j in p and ¢ the first condition of [13] is that
< w,m ># 0 where hy = Y, w;(p; + ¢7) for |m| < 4 while the second is that the
terms hg + hs makes ho + hs + hs convex (or quasi-convex). The stability for the SI
schemes follows by the same argument as for the standard Nekhoroshev result, and we
may therefore conclude that also for elliptic equilibrium points a Nekhoroshev type
theorem holds for SI schemes provided the step size At belongs to some open set of
non-resonant steps up to order 4.

4 Implications for the global error growth

Under different conditions several authors have given proofs bounding the error growth
of SI schemes [10, 5, 6, 17, 48, 18, 30]. In the earliest results quite degenerate systems
with periodic orbits were studied, while some of the latter gave results for strongly
non-resonant orbits. We are now able to give an error bound with even weaker
assumptions on the Hamiltonian A, in particular we will see that the Nekhoroshev
bound gives linear error bounds for exponentially long intervals.

We assume that hy satisfies non-degeneracy, steepness or strong non-resonance
conditions such as those required by the Nekhoroshev or KAM theorems so that
Corollaries 2 and 4 hold with the corresponding bound R on the variations of I(t) for
t<T.

We will derive a bound on the error based on making two comparisons. First we
compare the orbits (Io(t) = Io, 00 (t) = 8o +1t0rho(lo)) and (I1(t),61(t)) corresponding
to the flow of hg and hg + ery respectively. Second we compare the orbit (Io(t),80(t))
with that of hg + €r1 + ers = ho + €71, given by (I2(t),02(t)) all with the same initial
values Iy € D, 6y € T". The triangle inequality then gives an upper bound for the
global error.

We start by using the nonlinear variation of constants formula,

L) - \ _ [ 1 0 —0per1(I1(s),01(s))
( 01(t) - 00(t) ) - /0 [ S&?ho(]l (S)) 1 ] ( 6[67‘1(.[1 (s),01(s)) ) dS,
hence for the angles this gives

/t 50%ho(I1(s))0per1(I1(s),0:(s))ds

0

16:(8) — o) <

+t sup  |[|Oreri(Z,0)|
I1eD,0eT™

t t s
= “tA B?ho(Il(s))B.gerlds—/O A 6%]10([1(5))6067‘1(]1(8),61(8))d8
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+ t sup [|Oreri(Z,0)|
IeD,0cT"

t 8 t
< 4 / o Orho(T1(5))ds | + / Orho(L (5)) — Orho(Io))ds
0 0
+ t sup ||Oreri(Z,0)||
IeD,0eT"
< wMpR(lersl)+¢  sup_ |Brers(L,O)]. (12
IeD,0eT"

where Ms := sup;¢p ||02ho(1)]].

Since er; is bounded on I € D and R(||er1]|) is bounded for ¢t < T' it easily follows
that [|61(¢) — 6o(t)|| is bounded by a function that grows linearly with time at most.
The bound on ||I; (t)—Io(¢)|| for t < T follows from the assumptions and after applying
the corresponding stability theorem.

Because of Corollaries 2 and 4 exactly the same bounds hold for (I5(t),02(t)) with
the only modification that R and T is now a function of ||ef;|| instead of er;. From
these two bounds and the triangle inequality we have that the error in the numerical
integration can be bounded by a linearly growing function:

1) =L@ < G,
[62() = 62()|| < tCp, fort<T,

with
Ci = R(|ler]]) + R(||er1])
Cy = 2M>(R(|ler][) + R(|lef1]]))
+  sup ||Oreri(1,0)|+ sup ||Orefi(Z,0)].
I1eD,0eT" IeD,0eT"

We can summarize the stability results in the following table which is ordered by
decreasing stability times

Degeneracy Resonance At € T= R=
Riissmann | non-resonance (5) | N'R 00 O([lef1||*7?)
convex non-resonance NR | super exponential (11) | O(||er1||*/?)
degenerate non-resonance NR | O(exp(C/ ey ||1/(5+1) ) | O(lef1]])
steep any any O(exp(C/|le1[|*)) O([lef1]|")
degenerate any any O(|ler||~1) 1

From the proof above it is apparent that for a Hamiltonian system for which one
can establish boundedness in the variation of the actions, I for ¢ < T the numerical
approximation produced by a SI scheme will have a global error that can be bounded
by a linearly growing function in ¢ up to t < T'.

Example 1 The two degrees of freedom Hamiltonian

1 .
h = 5(112 —122) +€Sin(01 —02)

admits the solution I(t) = (—et,et) O(t) = —1(et?, et?), thus the actions are not

bounded for t € R for this particular solution. This Hamiltonian is Kolmogorov
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non-degenerate, but not steep and we may expect some initial values to be on, or
close to, invariant tori, to further improve the chances of this we choose the small
value € = 107 for the parameter. A numerical simulation of this trajectory shows a
quadratically growing error in 61, while a linearly growing error in I.

Changing the initial values to (I,I5) = (1,7), v = (V5 +1)/2 and (I1,I5) =
(1/10,+/10) (61, = 6> = 0) ensures that the strong non-resonance condition is satisfied
and the solution together with the numerical approzimation behaves very differently.
We see, for this case, in Figure 1 a piecewise linear growth in the global error in 6.
This can be explained by the stickiness of invariant tori. Once a trajectory comes close
to an invariant torus the actions, I, remain close to that torus for a relatively long
time, and in this way forcing the angles to evolve linearly. Then through the slow drift
away from the torus the stickiness is rapidly lost and the actions quite quickly evolve
until they hit the next torus and the angles evolve linearly again et cetera. Figure 2
shows the error in the action I, which is linearly growing for (I1,I5) = (0,0).

x10°

(,.1,)=(1/10,i10)

(1,.1,)=(1/10,110)

Absolute error in 8

el ZY)
|

(1,1)=00)

(1,1,)=0,0)

x10

Figure 1: Graphs of global error in ; against time shows a quadratically growing
error in the angles for the initial value (I, Iz) = (0,0), while for the other two initial
values give a linearly bounded error growth. The integration was done using the
Stormer /Verlet scheme with a step size of At = 4/3/100 which should ensure that
At € NR(Orho).

Note 5 It is clear from the above error bound that the linear growth in the error
originates from phase errors in the angle variables. In a version of the proof of
KAM theorems the perturbed system h = hg + er1 is put into a normal form which
only depends on the actions, h(®(I,0)) = ho(I) = ho(I) + eny(I,€), while for the
numerical scheme h is put into the form hg+eny +ens. The phase errors then behave
as t0rna(Iy). However, by the non-degeneracy condition on hg there exists a modified
initial value I§ so that Orho(lo) + Oreni(Io) = Orho(I3) + Orna (L) + Orna(13), and
therefore the frequencies of the orbits produced by the numerical scheme can be made
equal to those of the exact solution by a perturbation in the initial values. If that is
achieved then the numerical integration error will be bounded by a constant. This idea
was partly carried out by Saha and Tremaine [42] who create o warm-up scheme that
in effect modifies the initial values so that all the terms of order € are removed from
the phase errors. This represents an alternative to the coordinate transformation used
by the very accurate method of Wisdom and Holman [52].
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x10°

(1,,1,)=(1/10,y/10)

(ORASER)

(1,1)=(0.0)
ol

-3+

Figure 2: Graphs of global error in I; against time shows a linearly growing error for
the initial value (I1,I5) = (0,0), while the error remain bounded, or slowly growing
for the two other initial values(whose graphs overlap).

4.1 Non-symplectic numerical integration schemes

So far we have only considered symplectic flows discretized by SI schemes. We will
now focus on two general cases of vector fields that often share similar stability results
as Hamiltonian vector fields. They are the vector fields of Lie subalgebras of the Lie
algebra of smooth vector fields in R"(In addition to Hamiltonian vector fields there
are divergence free vector fields and contact vector fields [29].) and vector fields with
a time reversing involution Z : R™ — R™. A mapping 7 is called an involution if
ZoZ(z) = =z, and the vector field g(y,t) is said to be reversible with respect to Z
provided g(y,t) = —dZg(Z(y), —t), where dZ is the Jacobian of Z in R™. Pronin and
Treschev [49] gave a theorem which can be formulated for ¥ ay p, as follows

Theorem 9 Let Uay p, be an analytic map on R™ isotropic to the identity. Then there
exists a vector field g(y,t) analytic and At-periodic in t so that its flow coincides with
Ua¢n- Furthermore if a5 belongs to some Lie subgroup of the group of diffeomor-
phisms on R™, then g can be constructed so that it belongs to the corresponding Lie
subalgebra of smooth vector fields. Or if Wy 5 is reversible, i.e. ZoWay pol = \IJZ;f,
then g can be made T-reversible.

Theorem 9 can be a starting point for the analysis of more general geometric inte-
grators that e.g. preserve reversing symmetries, volume or contact structure for which
KAM theorems do exist, while less is known regarding the existence of Nekhoroshev
type results. For systems with reversing symmetries and volume preserving integra-
tors results for the case of perturbed linear oscillators were given in [30, 18], while
KAM results for reversible systems can e.g. be found in [45] and in the volume pre-
serving case in [53]. Numerical experiments indicate that both these cases give rise
to the same linear error growth as we have shown for Hamiltonian systems [18, 38].
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4.2 BEA vs. na-BEA

In the rigorous derivation of results in BEA, few assumptions are made on the struc-
ture of the flow of h, and is naturally restricted by the worst case scenario (resonance).
This is in contrast to the systems for which a good understanding of stability exists
such as the close to integrable systems with non-degenerate unperturbed part hg
with an appropriate resonance condition. Applying BEA to systems for which hg
is non-degenerate and non-resonant is therefore heavy handed, while na-BEA leads
to a Hamiltonian & which is sufficient for applying the stability results which were
valid for h. If one is willing to accept suboptimal estimates such as (1) BEA gives
the advantage that B~ = hg + er; + O(e), hence the non-degeneracy and steepness
conditions are automatically satisfied for the perturbed Hamiltonian 1" and most of
the discussion in this paper would have been avoided, at the cost of optimal stability
times, T'.

5 Conclusions

The qualitative behavior seen for symplectic integrators has been explained here using
well established results from Hamiltonian perturbation theory in as general a setting
as possible. We have not aimed at quantitative bounds on e.g. €1, but believe
that the results as we have stated them give a complete picture of what happens
when close to integrable systems are discretized by SI schemes. The main finding is
that within the class of Riissmann non-degenerate Hamiltonians the transformation
ho — ho = ho + e/At does not introduce degeneracy and the same holds for steep
systems. This fact together with Theorem 1 then opens up the whole theory available
to Hamiltonian differential equations for use in the analysis of symplectic numerical
integration schemes. The classical stability theorems such as the KAM and Nekhoro-
shev results are then applied to h and a general linear error bound for SI schemes is
derived. Indeed it follows from the analysis that for SI schemes it is the boundedness
in the variation in the actions that leads to a linear bound on the error.
Acknowledgements: The author thanks the Australian Reserach Council for its
financial support, and R. Quispel for reading through a draft of this paper and dis-
cussions on symplectic integrators.
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